Mathematica 11.3 Integration Test Results

Test results for the 499 problems in "4.3.7 (d trig)*m (a+b (c
tan)*n)*p.m"

Problem 33: Result more than twice size of optimal antiderivative.

JCsc[ewa} (a+bTan[e+fx]?) dx
Optimal (type 3, 25leaves, 3 steps):

aArcTanh[Cos[e+fx]] bSecl[e+fXx]
- +
f f

Result (type 3, 51 leaves):
atog[cos[5 - ]| atog[sin[5 - ]| psecie-fx

f f f

Problem 34: Result more than twice size of optimal antiderivative.

JCsc[e+fx}3 (a+bTan[e+fx]?) dx

Optimal (type 3, 51leaves, 4 steps):
(a+2b) ArcTanh[Cos[e+fx]] aCot[e+fx]Cscle+fx] bSecle+fx]

- +

2f 2f f

Result (type 3, 123 leaves):

aCsc[i(eﬂcxHZ aLog[Cos[%(eﬂcx)]] bLog[Cos[i(eﬂcx)H
- - +
8f 2f f
aLog[Sin[%(eﬂcxH} bLog{Sin[%(eﬂcx)H aSec[%(eﬁ:x)]z bSec[e + f ]
+ + +
2f f 8 f

Problem 35: Result more than twice size of optimal antiderivative.

JCSC[E-%—'FX}S (a+bTan[e+fx]?) dx

Optimal (type 3, 79leaves, 5steps):
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3 (a+4b) ArcTanh[Cos[e + fx]]

8 f
(5a+4b)Cot[e+fx]Csc[e+fx] aCot[e+fx]3Cscle+fx] bSecle+fx]
- +
8 f 4f f

Result (type 3, 276 leaves):

_3aCscE (e+-FxH2_ szc[i (e+fx)]2 _aCsc[i (e+1:x)]4_

32 F 8f 64 f
3aLog[Cos[i (e+fx)]] 3bLog[Cos[§ (e+fx)]] 3aLog[Sin[i (e+fx)]]

- + +
8f 2f 8 f
3bLog[Sin[i(e+fx)H 3aSec[§(e+fx>]2 bSec[i(eﬂcx)]2 aSec[i(eﬂcx)]4
+ + + +

2f 32 f 8f 64 f
bSin[i(eJrFxH bSin[i(eJr-FxH

f (Cos[i (e+Fx)] 7Sin[§ (e+fx)]) f (Cos[i (e+Fx)] +Sin[§ (e+fx>])

Problem 47: Result more than twice size of optimal antiderivative.

2 dx

stc[e+fx}3 (a+bTan[e+fx]?)
Optimal (type 3, 82leaves, 5steps):
a (a+4b) ArcTanh[Cos[e +fx]]
2f
a(a+4b)Secfe+fx] a’Cscle+fx]2Sec[e+Ffx] b2Secle+fx]3

- +

2f 2f 3f

+

Result (type 3, 376 leaves):

_aZCsc[i (e+-Fx)]2 (-a2-4ab) Log[Cos[% (e+Fx)]]

+ +
8 f 2f
(a2 +4ab) Log[Sin[i(eJr-Fx)H aZSecE(ewa)]2
2f ' 8 f '
b2 bZSin[i(eJr-Fx)]

+ —

12 f (Cos[i (e+Fx)] —Sin[% (e+1‘:x)”2 6F (Cos[% (e+Fx)] —Sin[i <e+fx)])3

b2sin[> (e« fx)] b2

+

6f (Cos[% (e+-Fx)] +Sin[i (e+fx)])3 ’ 12 f (Cos[i (e+-Fx)] +Sin[§ <e+fx)])2

—12abSin[§ (e+Fx)] —bZSin[% (e+fx)] 12absin[> (e+fx)] +bZSin[§ (e+Fx)]

6f (Cos[i (e+fx)] +Sin[% (e+fx>]) ' 6f (Cos[i (e+Fx)] —Sin[i (e+fx)])
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Problem 48: Result more than twice size of optimal antiderivative.

JCsc[ewa}s (a+bTan[e+-Fx]2)2d1X

Optimal (type 3, 123 leaves, 6 steps):
(3a%?+24ab+8b?) ArcTanh[Cos[e+fx]] a (a+8b) Cote+fx]Cscle+fx]

- - +

8f 8f

(a2+8ab+4b2) Sec[e+fx] a?Cscl[e+fx]*Sec[e+fx] b?Sec[e+fx]3
- +

4f 4f 3f

Result (type 3, 447 leaves):

(—3a2—8ab)Csc[i(e+fx)]2 aZCsc[i(ewaH4
- +
32 f 64 f
(-3a2-24ab-8b?) Log[Cos[i (e+fx)]] (3a*+24ab+8b?) Log[Sin[i (e+Fx)]]
+ +
8f 8f
(3a2+8ab)Sec[i(e+fx)]2 aZSecE(em‘:xH4
+ +
32 f 64 f
b2 ) b2sin[> (e« fx) ] )

12 F (Cos[i (e+-Fx)] —Sin[% (e+fx)”2 6f (Cos[% (e+-Fx)] —Sin[i <e+fx)])3
)]

bZSin[i(ewa b2

6F (Cos[i (e+Fx)] +Sin[i (e+fx)])3 ' 12 f (Cos[% (e+Fx)] +Sin[§ <e+fx)])2 '
-12absin| (e+fx)] —7bZSin[% (e+-Fx)] 12abSin[i <e+fx)] +7bZSin[i (e+-Fx)]

(e+fx)] +Sin[i (e+fx)]> 6f (Cos[i (e+fx)] 7Sin[§ (e+fx>”

N RN e

6Ff (Cos[

Problem 57: Result more than twice size of optimal antiderivative.

J Sin[e + f x]

a+bTan[e+fx]?

dx

Optimal (type 3, 60leaves, 3 steps):

/b Secle+fx
\/FAr‘cTan[ e ] Cos e+ f X]

<a_b)3/2-F (a-b) f

Result (type 3, 121 leaves):
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\/r—\/a_Tan[i (e+Fx)]

#\/a—b Vb ArcTan| |+
(a-b)*f Vb
Va-b ++/a Tan[? (e+fx)]
Va-b /b ArcTan| 2 | + (-a+b) Cos[e+fx]

Vb

Problem 58: Result more than twice size of optimal antiderivative.

J Cscle + fx] dx

a+bTan[e+fx]?

Optimal (type 3, 60 leaves, 4 steps):

/b Secle+fx
\/FAr‘cTan[ Vab ] ArcTanh[Cos[e + fx]]

ava-b f af
Result (type 3, 144 leaves):

o
afa-b)f

Va-b -+a Tan[1 (e+Fx)]
Va-b /b ArcTan| = 2 |+
b

Va-b ++Va Tan|? (e+Fx)]
vJa-b \/FAr‘cTan[ = 2 ] -
b

(a-b)

Log]cos | - (e x]]] - Log[sin[ <e+fxm]]

Problem 59: Result more than twice size of optimal antiderivative.

J Cscle+fx]3

a+bTan[e+fx]?

dx

Optimal (type 3, 89leaves, 5steps):

vJa-b \/FArcTan[M}

N (a-2b) ArcTanh[Cos[e+fx]] Cot[e+fx]Cscle+fx]

2 f 2a%f 2af

Result (type 3, 195leaves):
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F—\/?Tan[i (e+Fx)]

! 8+a-b \/FAr‘cTan{ | +
8a%f Vb
VJa-b +\/?Tan[l(e+fx)] 1 ,
8+va-b \/FAr‘cTan{ = 2 ]—aCsc[;(eﬂcx)] _
b

4alog|Cos|

N |

(e+Fx)]] +8bLog[Cos[% (e+fx)]]+

4aLog[Sin[§ (e+fx)]] —8bLog[Sin[§ (e+fx)]] +aSec[§ (e+1=x”2

Problem 60: Result more than twice size of optimal antiderivative.

Cscle+fx]°
J dx

a+bTan[e+fx]?
Optimal (type 3, 130leaves, 6 steps):
(a _ b)3/2 \/FAr‘cTan[ﬂb Secle+f x }

Ve (3a2-12ab+8b?) ArcTanh[Cos[e + f x]]
) a’f ) ga’f )
(5a-4b) Cot[e+fx] Csc[e+fx] Cot[e+fx]3Cscle+fx]
8af . 4af

Result (type 3, 326 leaves):
Sec[i—(e#x)} (\/ﬁCos[i—(e+fx)}—\/?Sin[§ (e+‘Fx)” ]

(a- b)3/2 \/FArcTan[

Vo +
a’f
(a—b>3/2\/FAPCTan[SECH(eHCXW (mCosH(e+fx)}+\/?sin[§(e+fx)” }
Vb +
a’f

(-3a+4b) Csc[i (e+fx)]2 _Csc[i (e+fx)]4 ) (-3a2+12ab-8b?) Log[Cos[i (e+Fx)]] )

32a%f 64af ga’f
(3a?-12ab+8b?) Log[sin[i (e+fx)]] (3a-4b) Sec[i (e+fx)]2 Sec[% (e+1°x”4
+

+

8aif 32af 64af

Problem 72: Result more than twice size of optimal antiderivative.

Cscle+fx]3
J dx

(a+bTan[e+1‘:x]2)2

Optimal (type 3, 147 leaves, 6 steps):
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(3a-4b) \/FAr‘cTan[M]

Job (a-4b) ArcTanh[Cos[e + fx]]
2a3+/a-b f 22 f
Cot[e+fx] Cscl[e+fx] b Sec[e + fx]

2af(a-b+bSec[e+fx]?) a’f(a-b+bSec[e+fx]?)

Result (type 3, 325leaves):

(32 4b]Va b b

2a° (-a+b) f

Ar‘cTan[\/}Sec[i(eﬂcx)] vJa-b Cos[%(ewa)]—\/?Sin[%(e+fx)} ]_2a3<—::+b)f

Sec[ (e+fx)] (\/a—b Cos[% (e+fx)] ++/a sin[? <e+-Fx)])
(3a74b) va-b \/FAr‘cTan[ 2 2 2 },
Vb
b Cos[e + f x] 7Csc[i(e+fx)]2+

a’f (a+b+aCos[2 (e+fx)]|-bCos[2 (e+Fx)]) 8alf

(-a+4b) Log[Cos[i (e+fx)]] ) (a-4b) Log[Sin[i (e+fx)]] +Sec[i (e+-Fx)]2

2a3f 2a3f 8aZf

Problem 84: Result more than twice size of optimal antiderivative.

dx
3

J Cscle+fx]3
(

a+bTan[e+fx]?)

Optimal (type 3, 205 leaves, 7 steps):
Vb (15a2-4@ab + 24 b?) ArcTan [M]

Jabh
. ga* (a-b)*?f )
(a-6b) ArcTanh[Cos[e + f x] ] Cot[e+fx] Cscle+fx]
2atf 2af(a—b+bSec[e+fx}2)27
3bSec[e+fx] (11a-12b) bSec[e + fx]

4a%f (afb+bSec[e+fx}2>2 gal (a-b) f(a-b+bsSecfe+fx]?)

Result (type 3, 414 leaves):
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1
sec[ (e+fx)] (Va-b Cos[3 (e+Fx)]-Va sin[} (e+fx]]]
Vb
! Va-b /b (15a%-40ab +24b?)

8a* (-a+b)*f
Sec[i (e+Fx)] (\/ﬁCos[i (e+Fx)] +\/?Sin[§ (e+fx)])
\/F

va-b +/b (15a2-40ab + 24 b?)

ArcTan|

|+

ArcTan |

} +

b? Cos[e + f x]

+

a?(a-b)f(a+b+aCos[2 (e+fx)]|-bCos[2(e+fx)])?

-9abCos[e+fx] +8b2Cos[e +fX] _Csc[i(e+fx)]2+
4a°(a-b)f(a+b+aCos|[2 (e+fx)|-bCos[2 (e+fx)]) 8a’f
(-a+6b) Log[Cos[%(ech)H (a-6b) Log[Sin[%(eﬂcx)H Sec[%(eﬂcx)]z
+ +
2a%f 2a%f 8a’f

Problem 92: Result more than twice size of optimal antiderivative.

Jsin[e+fx15\/a+bTan[e+fx]2 dx

Optimal (type 3, 161 leaves, 6 steps):
WArcTanh[m

a-bsb Sec[e+f x]2 Cos[e+f x] \/a—berSec[eJr-Fx}2
£ . f '
2 (5a-4b) Cos[e+fx]3 (a-b+bSec[e+fx]2)*? Cos[e+fx]® (a-b+bSecle+fx]?)>?
15 (a-b)*f . 5(a-b)f

Result (type 3, 1022 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

7a-8b)C +f 25a-29b) Cos[3 (e+f
(7a ) Cos e X]+( a ) Cos[3 (e X)],icOs[s (e+Fx) ]
60 (a-b) 240 (a-b) 80

+

1

a+b+ (a-b)Cos[2 (e+fx)]
240 (a-b) f

[(89a2+2263b331b2) (1+Cos|2 (e+fx>})\/

1+Cos[2 (e+fx)]

\/2b+a (1+Cos[2 (e+fx)])-b(1+Cos[2 (e+fx)]) (Log[\/1+Cos[2 (e+fx)] |-

Log[2b+\/?\/FQ(2b+a (1+Cos[2 (e+-FxH) -b (1+Cos[2 <e+fx)])>]) Sin|
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e+fx]sSin[2 (e+fx) |

V2 /b [~ [~1eCos[2 (e )] (1+Cos[2 (e fx)]]

/

(a+b+ (a-b)Cos[2 (e+fx)]) \/1—Cos[2 (e+fx)}2 ]] _

1

3 (89a%-254ab+149b%) \/1+Cos[2 (e+fx)]

\/a+b+ (a-b) Cos[2 (e+fXx)]

\/a+b+ (a-b) Cos[2 (e+fXx) ]|

1+Cos|2 (e+fx)]

[(\/1+Cos[2 (e+fx)] J2b+a (1+Cos[2 (e+fx)])-b (1+Cos[2 (e+Fx)])

(Log[\/1+Cos[2 (e+fx)] | -Log[2b++/2 Vb

J(2b+a (1+Cos[2 (e+Fx)]|)-b (1+Cos|2 (e+fx)”)}) Sinfe + f x]

/

\/a+b+ (a-b) Cos[2 (e+fXx) ] \/1Cos[2 (e+fx)]2 ] -

Sin[2 (e+fx) |

VT Gz (o £]]) (1 cos[2 fo- ]|

(\/1+Cos (e+fx)] \/2b+a(1+Cos[ (e+fx)])-b(1+Cos[2 (e+Fx)])
[/ (b (-1+cos[2 e+ Fx)]) -a(1eCos[2 (s Fx)]]] + (a-b] y(-2b (-1

)
Cos[2 (e+fx)])+2a(1+Cos[2 (e+fx)])) Log| J1+Cos[2 (e+fx)] |+
(-a+b)/(-2b (-1+Cos[2 (e+fx)]|)+2a (1+Cos[2 (e+Fx)]))

Log[2b+\/7\/F\/(2b+a (1+Cos[2 (e+fx)])-b(1+Cos|2 (e+-FxH))])

/

\/7(71+Cos[2 (e+fx)]) (1+Cos[2 (e+Fx)]) \/a+b+ (a-b) Cos[2 (e+Ffx) ]

|

)
L

Sin[e+fx]3sin[2 (e+-FxH

3 (a—b) Vb (1—Cos[2 (e+fx)])

\/1Cos[2 (e+1‘x)]2 \/—b (-1+Cos[2 (e+fx)])+a(1+Cos[2 (e+Fx)])

Problem 93: Result more than twice size of optimal antiderivative.

JSin[e+1"x]3\/a+bTan[e+1Cx]2 dx

Optimal (type 3, 113 leaves, 5steps):
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\/FArcTanh[—\@M—}

a-b+bSec[e+f x]?

.F

Cos[e + f x] \/a—berSec[eJr-Fx]2 Cos[e+fx]3 (a—b+bSec[e+1‘xj2)3’/2

+

f 3(a-b)f

Result (type 3, 367 leaves):
1

12/2 (a-b) f+/(a+b+ (a-b) Cos[2 (e+Fx)]) Secle+Fx]?
(-9a2+2ab+15b2-8(a2-3ab+2b2)Cos[2(e+fx)}+
a’Cos[4 (e+fx)|-2abCos[4 (e+fx)]|+b’Cos[4 (e+fx)] -
12\/?a\/F\/a+b+(afb) Cos[2 (e+fx)] Log| \/1+Cos[2 (e+fx)] |+
12+/2 b¥2 Ja+b+ (a-b) Cos[2 (e+fx)]| Log[+/1+Cos[2 (e+Fx)] | +12+/2 a /b
\/a+b+(a—b) Cos[2 (e+fx)] Log[2b+\/7\/7\/a+b+ (a-b) Cos[2 (e+fx)] |-
12\/7b3/2\/a+b+(a—b)Cos[Z(eH‘x)]
Log[2b+\5\m\/a+b+(a—b)Cos[Z(eﬂcx)] ])Sec[e+fx]

Problem 94: Result more than twice size of optimal antiderivative.

JSin[ewa} \/aerTan[eercx]2 dx

Optimal (type 3, 72leaves, 4 steps):

\/FAr'cTanh[—\Lf—]—b secle-fx
a-b+b Sec [e+f x]2 Cos[e+fx] \/a—b+bSec[e+1‘:x}2

f f

Result (type 3, 166 leaves):
\/?\/a+b+ (a-b) Cos[2 (e+fx)] +2\/FLog[\/1+Cos[2<e+-Fx)] |-

2\/FLog[2b+\/7\/F\/a+b+ (a-b) Cos[2 (e+fx)] ])

\/(a+b+ (a-b) Cos[2 (e+fx)])Secle+fx]? Sin[2 (e+fX) |

7((Csc[e+fx}

/

o)

Problem 95: Result more than twice size of optimal antiderivative.

JCSC[E-%—'FX] \/a+bTan[e+-Fx]2 dx

Optimal (type 3, 84 leaves, 6 steps):
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Va ArcTanh[ —aseclesfxl 1 /b ppcTanh| (b seclefxl
a-b+bSec[e+fx]?

a-b+bSec[e+f x]?
+

.F

.F
Result (type 3, 503 leaves):

1+Cos |2 (e+Fx)]
(1+Cos[e+fx])
(1+Cos[e+fx])?

arbr(a-b)Cos[2fe+fx)] ertx)]?] -
\/ 1+Cos[2 (e+fx)] {\Emg“a"[z( £x) "]

ZWLog[l—Tan[

N |

(e+-FxH2]+\/?Log[a—aTan[ (e+-FxH2+2bTan[ (e+-FxH2+

N |
N |

\/?\/4bTan[§ (e+fx)]2+a [71+Tan[§ (e+fx”2]2 ] +Va Log[2b+

2

(e+fx)]2] | -2

a [—1+Tan[

N |
N |

(e+fx)}2] +\/?\/4bTan{

(e+1:x)]2+a [—1+Tan[

N |

2

\/FLog[berTan[% (e+1cx)]2+\/g\/4bTan[1 <e+fx)]2+a (71+Tan[§ (e+FxH2)2]

(—1+Tan[§ (e+fx)]2) [1+Tan[1 (e+fx)]2)

2

4bTan[§ (e+fx>]2+a (71+Tan[i (e+'FXH2)2

(1+Tan[§(e+fx”2)2 /

2'F\/a+b+ (a-b) Cos|2 (e+-FxH \/[—1+Tan[

N |

(e+fx)]2]2

\/4bTan[i <e+fx)]2+a (—1+Tan[

N |

(e+~FxH2)2]

Problem 96: Result more than twice size of optimal antiderivative

JCsc[eﬂcxP\/a+bTan[e+fx]2 dx

Optimal (type 3, 127 leaves, 7 steps):
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(a+b) Ar‘cTanh[JL‘—]—a Sec[e+fx ]

a-b+bSec[e+fx]?
- +

2+/a f
WAr‘cTanh[L‘—]—b Seclerfx
a-bib Sec[e+f x]? Cot[e+fx] Csc[e+fx] \/a—b+bSec[e+1cx]2
f 2f

Result (type 3, 1100 leaves):

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] COt[eJr‘f:X} Csc[e+fx]
1+Cos[2 (e+fXx)]

2f

2f

1+Cos |2 (e+fx)] \/a+b+(a—b)Cos[2 (e+fx)]
2 1+Cos|2 (e+fx)]

= || (a-b) (1+Cos[e+Fx])J

(1+Cos[e+fx])

Log[Tan[i(eJrfoZ} 2Log[1—TanE(e+-Fx)]2] 1 1 5
- - + Logla-aTan[~ (e+fx)| +
\a b Va 2
2bTan[§ (e+fx>}2+\g\/4bTan[; (e+fx>]2+a (—1+Tan[§ (e+Fx)]2 ’ ] +

LLog[2b+a (—1+Tan{l (e+-FxH2] +
2
a

1
2 Log|

Vb

2 2

\/?\/4bTan[1 (e+fx>}2+a (—1+Tan[1 (e+fx)]2)2 |+

2

b+bTan[i(e+fx)]2+\/g\/4b'ran[ (eJ”cX”Z] ]

N |

(e+fx)]2+a (—1+Tan[

N |

Tan[l (e+fx)] (—1+Tan[1 (e+fx)]2)

2 2
(e+fx)]2)2 /

\/4bTan[

4\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[§ (e+-FxH2]2

N | R

(e+fx)]2+a (—1+Tan[

N |

(Tan[% (e+fx)]+Tan|

(e+fx”3]

N |
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2

J%Ta”{i (e #x))" a1 eTan[2 e fx) )]’ J

(1+Tan[§ (e+FxH2)

(1+Cosfe+fx]) 1+Cos|[2 (e+fx)]

{(a+3b) (1+Cos[e+fx]) \I 1+Cos|2 (e“‘X)J \/a+b+ (a-b) Cos[2 (e+Fx)]

N =

(e+-Fx)]2]

Log[Tan[i e+fx)}2} 2Log[1—Tan[ 1 5
- + + Logla-aTan[~ (e+fx)| +
Va Vo a ?
2bTan[i(e+fx>}2+\/?\/4bTan[i(e+fx>]2+a(—1+Tan[;(e+Fx)]22]+

%Log[2b+a[—1+Tan[§(e+-FxH2]+
\/;\/4bTan[§(e+fx”2+a(—1+Tan[§(e+fx)]2)2}—%2mg[
b+bTan[i(e+fx)]2+\/g\/4bTan[i<e+Fx)]2+a(1+Tan[;(e+-FxH2]2]

(71+Tan[§ (e+fx)]2) [1+Tan[% (e+fx)]2)

2

J%Ta“[i(“fxﬂﬂa(1+Tan[2<e+fx>]2) }/

(1+Tan[i (e+~FxH2>

4\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[§ (e+fx)}2]2

\/4bTan[

Problem 97: Result more than twice size of optimal antiderivative.

N |

(e+fx)]2+a (—1+Tan[

N |

(e+fx)]2)2 ]]

JCsc[eﬂcx]s\/a+bTan[e+1Cx]2 dx

Optimal (type 3, 187 leaves, 8 steps):
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(3a2+6ab-b?) Ar‘cTanh[—\@M—} \/FArcTanh[—\@M—

a-b+bSec[e+f x]? \/ a-b+b Sec[e+f x]?
4 _
gad2f f

(3a+b) Cot[e+fx] Cscle+fx] \/a—b+bSec[e+-Fx}2
8af

Cot[e +f x] Csc[e+1:x13\/a—b+bSec[e+1:x12
4 f

Result (type 3, 1161 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+COS[2<e+'FX)]

(—3aCos[e+fx] —bCos[e+fx}) Cscle+fx]%2 1

1
- —Cot[e+fx]Cscle+fx]3|+
8a 4 8af

(3a-2ab-b?) (1+Cos[e+fx]) J - <e+fX)J \/a“b+ (2-b) Cos|2 [e+ £x)]

(1+Cosfe+fx]) 1+Cos|[2 (e+fx)]

Log[Tan[%(ewaHz} 2L0g{1—Tan[i(e+Fx)]2] 1 1 5

- - + Logla-aTan[~ (e+fx)]| +
Vr /o Va 2

2bTan[;(e+fx”2+\/?\/4bTan[z(e+fx>]2+a(—1+Tan[;(e+1:x)]22]+

éLog[2b+a[—1+Tan[§(e+fx”2]+
1 2 1 2) 2

\/?\/4bTan[;(e+fo +a(71+Tan[;(e+fx)]) }+\/F2Log[

b+bTan[;(e+fx)]2+\/F\/4bTan[;<e+-Fx)]2+a(—1+Tan[;(e+-FxH2]2]
Tan[% (e+fx)] (—1+Tan[% (e+-Fx)]2)

N R

(e+fx)]2+a (—1+Tan[

N |

\/4bTan[

4\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[l (e+fx”2]2

2

(e+Fx)]2)2 /
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(Tan[% (e+fx)] +Tan[§ (e+fx”3]

(1+Tan[i (e+'FXH2>2

J%Ta“[i e+ #x)]7+a (-1 Tan[L (e Fx)]%) ]

[(3az+14abb2) (1+Cosle+fx]) J L+Cos[2 (e+fx)] \/‘-’”b* (a-b) Cos[2 (e+fx)]
(1+Cos[e+fx])? 1+Cos[2 (e+fx)]

N

+ + Log[a—aTan[l(e+fo2+

Va Vb Ve 2

{Log[Tan[l(eﬂcxHZ} 2Log[1—Tan[%(e+fx)]2] 1

2bTan[1 (e+-Fx>]2+\/;\/4bTan[1 (e+-Fx>]2+a (—1+Tan[1 (e+fx)]2 ’ |+

2 2 2

éLog[zbJra (71+Tan[§ (e+fx”2] +

(e+fx)]2)2}1uog[

\E\/4bTan[ \/7
b

N |

(e+-FxH2+a (—1+Tan[

N |

b+bTan[l (e+1"x)]2+\/F\/4bTan[l (e+-Fx)]2+a [—1+Tan[1 (e+fx”2]2]

2 2 2

(—1+Tan[§ <e+fx)]2J [1+Tan[% (e+1:x)]2)

2

J4bTan[z (e+fx”2+a (71+Tan[i (e+Fx)]2) }/

(1+Tan[i (e+FxH2>

N |-

4\/a+b+ (a-b) Cos 2 (e+-Fx)] \/(1+Tan[ (e+fx)}2]2

2 2

\/4bTan[l (e+-Fx)]2+a (—1+Tan[l (e+1°x)]2)2 ]]

Problem 98: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
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Jsin[eﬂcx}“\/a+bTan[e+fx]2 dx

Optimal (type 3, 189 leaves, 8 steps):
(3a2-12ab+8b?) ArcTan| M] Vb ArcTanh| M]

a+b Tan[e+f x]? a+b Tan[e+f x]?
+

8 (a-b)**f f

(3a-4b) Cos[e+fx] Sin[e+fx] \/a+bTan[e+1‘:x]2
8 (a-b)f

Cos[e+fx] Sin[e+1‘:x13\/a+bTan[e+1cx]2
4 f

Result (type 4, 771 leaves):

1 ) b(3a2+4ab_8b2>\/a+b+(ab)Cos[Z(e+-Fx)]
8 (a-b)f 1+Cos[2 (e+fx)]

b b

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)])Cscle+fx]?

\/ (a+b+ (a-b) Cos[2 (e+fx)])Cscle+fx]?

" Csc[2 (e+fx)]

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]2
b
EllipticF [Ar‘cSin[

], 1] Sin[e + fx]*
7z /

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))

7\/a+b+ (a-b) Cos[2 (e+fx) ]

a+b+ (a-b)Cos[2 (e+fx)]

4b (3a’-12ab+8b?) \/1+Cos[2 (e+Fx)] \/

1+COS[2 <e+'FX)]

b b

\/ aCot[e+fx]2\/ a(l1+Cos[2 (e+fx)]) Cscle+fx]?
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Csc|2 (e+Fx”

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]2
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+fx>])f

b b

\/ aCot[e+fx]? \/ a<1+COS[2(e+‘FX>”CSC[e+'FX]2

" Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
, ArcSin| |, 1] sinfe+fx]* /

a-b V2

EllipticPi|-

(Z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b) Cos|2 (e+fx”) +

; 1+COS[2(e+‘FX”

1\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

(4a-5b) sin[2 (e+fx)]
. 16 (a- b)

+

;fZSin[4 <e+-Fx)]

Problem 99: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

JSin[eﬂcx]z\/a+bTan[e+fx]2 dx

Optimal (type 3, 128 leaves, 7 steps):
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(a-2b) Ar‘cTan[JL‘—]—a’b Tanferfxl |
A/ a+b Tan[e+f x]?

2+va-b f

\mAr‘cTanh[JL‘—]—b Tanferfal ]
\Ja+b Tan[e+f x]2 Cos[e+fx] Sin[e+fXx] \/a+bTan[e+1Cx]2

f 2f

Result (type 4, 716 leaves):

1| b(a+2b)\/a+b+(ab)Cos[Z(eﬂcx”

2f 1+Cos[2 (e+-Fx>]

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b b

Csc|2 (e+Fx”

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]2
b

EllipticF [Ar‘cSin [

], 1] Sin[e+fx]*
7 /

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))

7\/a+b+ (a-b) Cos[2 (e+fX) ]

a+b+ (a-b)Cos[2 (e+fx)]

1+Cos[2 (e+fx)]

4 (a-2b) b\/1+Cos[2 (e+fx)] \/

\/ aCot[e+fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

Csc|2 (e+-FxH

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
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\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1 +Cos[2 (e+fx) \/a+b+ a-b)Cos[2 (e+fx)] )7

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

N Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]2
b
, ArcsSin| |, 1] sinfe+fx]* /
a-b A2

EllipticPi|-

(2 (a-b) \/1+Cos[ e+fx) \/a+b+ a-b Cos[ (e+fx)}) -

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] Sin [2 (e n 'FX) ]
1+Cos[2 (e+fx)]

4f

Problem 100: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+bTan[e+fx]2 dx

Optimal (type 3, 85leaves, 6 steps):
Va-b Ar‘cTan[m] \/FAr‘cTanh{MM—}

a+bTan[e+f x]? a+bTan[e+fx]?
+

f f

Result (type 3, 203 leaves):
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41 [a—lean [e+fx]++Va-b \/a+bTan e+fx]?

-iva-b Log[-

2f (a-b)*? (i+Tan[e+fx])

]+

41 (a+1bTan [e+fx] +Va-b \/a+bTan e+fx]?

ia b Log| ]+

(afb)g’/2 (-i+Tan[e+fx])

2\/_Log[bTan e+ fx] \/_\/a+bTan e+fx]? |

Problem 101: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCsc[e+fx12\/a+bTan[e+fx]2 dx

Optimal (type 3, 66 leaves, 4 steps):

\/FAr‘cTanh[JM Tan [e+f x
a+b Tan[e+f x]2 Cot[e + fx] \/aerTan[eJrfx]2

f f

Result (type 4, 156 leaves):

- (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Ffx]?-

(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
ﬁb\/ N

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?

EllipticF [ArcSin

|, 1] | Tan[e + fx]
e /

(\/T-F\/(a+b+ (a-b) Cos[2 (e+fx)])sec[e+fx]?

Problem 102: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

JCsc[eJHCx}“\/a+bTan[e+1‘:x]2 dx

Optimal (type 3, 100 leaves, 5 steps):
WAr'cTanh[M]

a+b Tan[e+f x]?

.f:

Cot[e+ f x] \/a+bTan[e+fx]2 Cot[e+fx]3 (a+bTan[e+1‘:x}2)3/2

f 3af

Result (type 4, 298 leaves):

.F

1 [a+b+aCos[2 (e+fx)]|-bCos[2 (e+fX)]
1+Cos[2 (e+fx)]

- —Cot[e+fx]Cscle+fx]?| -

(-2aCos[e+fx]-bCos[e+fx])Cscle+fx] 1
3a 3

ZbZ\/a+b+<a—b>Cos{2(e+'FXH \/ aCot[e+fx]?

1+Cos |2 (e+fx)] b

\/a (1+Cos[2 (e+fx)]) Cscle+fx]? \/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

Csc[2 (e+fx)| EllipticF[ArcSin| |, 1] sinfe+fx]* /
V2

(af (a+b+ (a-b)Cos[2 (e+fx)]))

Problem 103: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCsc[eJrFx}G\/a+bTan[e+-Fx]2 dx

Optimal (type 3, 141 leaves, 6 steps):
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\/FAr'cTanh[—\@fe*—“]—

a+b Tan[e+f x]2 Cot[e + f x] \/a+bTan[e+1Cx]2

f . f

2 (5a-b) Cotle+fx]> (a+bTan[e+fx]2)*?
15a2 f

Cot[e + fx]°® (a+bTan[e+1‘=x]2)3/2
5af

Result (type 4, 346 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

1
[ ; (-8a*Cos[e+fx] -9abCos[e+fx] +2b*Cos[e+fx])Cscle+fx]+
15a

(-4aCos[e+fx] -bCos[e+fx])Cscle+fx]® 1

- —Cot[e+fx]Cscle+fx]*| -
15a 5

ZbZ\/a+b+(a—b)Cos[Z(em‘xH \/ aCot[e+fx]2

1+Cos|2 (e+-FxH b

\/_a (1+Cos[2 (e+fx)]) Cscle+fx]? \/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

b b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]?
b
Csc[2 (e+fx)| EllipticF[ArcSin|

|, 1] sinfe+fx]*
7 /

(af (a+b+ (a-b) Cos[2 (e+fx)]))
Problem 104: Result more than twice size of optimal antiderivative.
Jsin[emcx}5 (a+bTan[e+fx]2)3/2d1x

Optimal (type 3, 227 leaves, 7 steps):
(3a-7b) \/FAr‘cTanh[—\Lf—]—b e e fx

a-b+b Sece+f x]? (3a-7b) bsSec[e+fx] \/afb+bSec[e+fx]2
2f ) 2 (a-b)f )
(3a-7b) Cos[e+fx] (a-b+bSec[e+fx]2)>?
3(a-b)f '
2Cos[e+fx]? (a-b+bSecle+fx]?)”? Cos[e+fx]° (a-b+bSec[e+fx]2)>?
3(a-b)f i 5(a-b)f
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Result (type 3, 1017 leaves):

1\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx) |

1
p — (7a-13b) Cos[e+fx] +

1+Cos[2 (e+fx)] (66

i (25a-49b) Cos[3 (e+fx)] 81—0 (a-b) Cos[5 (e+fx)] +§b5€cie+“]

+

1 a+b+ (a-b)Cos[2 (e+fx)]

240 f

(89a®+246ab-1271b%) (1+Cos|2 (e+fx)”\/

1+COS[2 <e+'FX>]

\/2b+a 1+Cos[2 (e+fx)])-b(1+Cos[2 (e+fx)]) (Log[\/1+Cos[2(e+FxH ] -

Sin[

Log[2b+\/_\/_\/(2b+a (1+Cos{2 (e+-FxH) -b (1+Cos[2 <e+fx)]))]

/

(a+b+ (a-b)Cos[2 (e+fx)]) \/1—Cos[2 (e+fx)}2 ]] _

e+fx]sin[2 (e+fx) |

VZ Vo [ (~tecos[2 (e ¥x]]) (1 cos[2 e Fx)])

1

3(89a2-474ab+409b%) \/1+Cos[2 (e+fx)]

\/a+b+ (a-b) Cos[2 (e+fXx) ]|

\/a+b+ (a-b) Cos[2 (e+fXx) ]

1+Cos[2 (e+fx)]

[(\/1+Cos[2 (e+fx>] J2b+a <1+Cos[2 (e+fx”) -b (1+Cos[2 (e+-Fx)])

Log[\/1+Cos[2 (e+fx)] ]—Log[2b+\5\m

V(2b+a (1+Cos[2 (e+fx)]) -b <1+Cos[2 (e+fx”>”) Sinfe + f x]

Sin|2 (e+-FxH)/ \/TW\/—(—1+C05[2 (e+fx)]) (1+Cos[2 (e+Fx)])

\/a+b+ (a-b) Cos[2 (e+fX) ] Jl—Cos[Z (e+fx)]2 ] -

( \/1+Cos (e+fx)] \/2b+a(1 Cos[2 (e+Fx)])-b (1+Cos[2 (e+Fx)])
[V (b (-1+cos[2 e+ Fx)]) -a(LeCos[2 (erFx)]]] + (a-b] y(-2b (-1

)
Cos[2 (e+fx)])+2a(1+Cos[2 (e+fx)])) Log| \/1+Cos[2(e+fx)]}+
(-a+b) /(-2b (-1+Cos[2 (e+fx)]|)+2a (1+Cos[2 (e+Fx)]))

Log[2b+\/7\/F\/(2b+a(1+Cos[ (e+fx)])-b(1+Cos|2 (e+'FXH))])
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Sin[e+fx]?>Sin[2 (e+fx) |

/

- (-1+Cos[2 (e+fx)]) (1+Cos[2 (e+fx)]) +Ja+b+ (a-b)Cos[2 (e+Ffx)]

JJ

3 (a-b) Vb (1-Cos[2 (e+fx)])

\/1Cos[2 (e+fx)]* +/-b(-1+Cos[2 (e+Fx]])+a(1+Cos[2 (e+Fx)])

Problem 105: Result more than twice size of optimal antiderivative.

JSin[ewa}3 (a+bTan[e+-Fx]2)3/2d1X

Optimal (type 3, 186 leaves, 6 steps):

(3a-5b) Vb Ar‘cTanh[—\L;]—b seclerfxl ]
Ja bibsec erfx)? (Ba—Sb) bSec[e + f x] \/afb+bSec[e+fx]2
N

2 f 2 (a-b) f .

(3a-5b) Cos[e+fx] (a-b+bSec[e+fx]2)>? Cos[e+fx]?(a-b+bSecle+fx]?)>?
+

3(a-b)f 3(a-b)f

Result (type 3, 996 leaves):

1 a+b+aCos[2 (e+fx” —bCos[Z (e+Fx”
£

f 1+Cos[2<e+fx)]

1 1 1
[— (a-b) Cosfe+fx]+-— (a-b) Cos[3 (e+Ffx)]|+=bSec[e+fx]
12 12 2

= [[[(5a2+18ab47b2) (1+Cos|2 (e+fx”)\/a+b+ (a-b)Cos[2 (e+fx)]

12 f 1+Cos[2<e+fx)]

+

\/2b+a (1+Cos[2 (e+fx)])-b(1+Cos[2 (e+Ffx)]) Log[\/1+Cos[2 (e+fx)] |-

Log[2b+ﬁﬁ\/(2b+a (1+Cos[2 (e+Fx”) -b (1+Cos[2 <e+fx)])>]) Sin|

(a+b+ (a-b)Cos[2 (e+fx)]) \/1Cos[2 (e+FxH2

e+fx] Sin|2 (e+-FxH

V2 o[- (-1ecos[2 (e £x)]] (1 Cos[2 (e + £x]]]

1

3(5a>-18ab+13b2) \/1+Cos[2 (e+fx)]

Ja+b+ (a-b) Cos[2 (e+fXx) ]|

\/a+b+ (a-b) Cos[2 (e+fXx) ]|

1+Cos|2 (e+fx)]
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[(x/1+Cos[2 (e+fx)] \/2b+a (1+Cos[2 (e+fx)]|)-b(1+Cos[2 (e+fx)])

(Log[x/1+Cos[2 (e+fx)] ] -Log[2b+2 Vb

V(2b+a (1+Cos[2 (e+fx)]|)-b (1+Cos|2 (e+fx)””) Sinfe + f x]

/

\/a+b+ (a-b) Cos[2 (e+fx) ] \/1Cos[2 (e+fx)]2 ] -

Sin[2 (e+FxH

V2 o [ (ecos[2 e fx]]) (1+cos[2 e Fx)])

( \/1+Cos e+fx
(\/F( (-1+Cos

Cos[2 (e+fx)])+2a(1+Cos[2 (e+fx)])) Log[\/1+Cos[2 (e+fx)] |+
(-a+b) /(-2b (-1+Cos[2 (e+fx)]|)+2a(1+Cos[2 (e+Ffx)]))

Log[2b++/2 b y/(2b+a (1+Cos[2 (e« £x)]) b (1+Cos[2 e+ £x)]]}] |

/

\/—(—1+Cos[2 (e+fx)]) (1+Cos[2 (e+fx)]) \/a+b+ (a-b) Cos[2 (e+fXx) ]

J]

)] \/2b+a (1+Cos[2 (e+fx)])-b(1+Cos[2 (e+fx)])
2

(e+fx)])-a(1+Cos[2 (e+Ffx)]))+(a-b)~/(-2b(-1

Sin[e+fx]?>Sin[2 (e+fx) |

3 (a—b) Vb (1—Cos[2 (e+-Fx)])

\/1—Cos[2 (e+1°x)]2 \/—b (-1+Cos[2 (e+fx)])+a(1+Cos[2 (e+Fx)])

Problem 106: Result more than twice size of optimal antiderivative.

Jsin[eﬂcx} (a+bTan[e+fx}2)3/2d1x

Optimal (type 3, 113 leaves, 5steps):
3 (a-b) \/FAr‘cTanh[—*L[—]—b seclesfxl ]

a-b+bSec[e+f x]?

+

2f

3bSec[e+fx] \/aberbSec[eﬂ‘:x]2 Cos[e+fx] (a—b+bSec[e+1‘=x]2)3/2

2f f

Result (type 3, 478 leaves):
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1

74\/7f\/(a+b+ (a-b) Cos[2 (e+fx)]) Secle+fx]?

(3a2—4ab—3b2+a2Cos[4 (e+fx>] -2abCos|4 <e+fx)] +b? Cos [4 (e+fx” +

32 avb ~Ja+b+ (a-b) Cos[2 (e+fx)] Log[+/1+Cos[2 (e+Fx)] |-
312 b¥?.Jarb+ (a-b) Cos[2 (e+fx)] Log[~/1+Cos[2 (e+fx)] |-3vV2 av/b
Ja+b+ (a-b)Cos[2 (e+fx)] Log[2b+v2 Vb ~Ja+b+ (a-b) Cos[2 (e+fx)] | +3V2
b>2.fa+b+ (a-b) Cos[2 (e+fx)] Log[2b++v2 Vb \Ja+b+ (a-b)Cos[2(e+Fx]] |+
(a-b) Cos[2 (e+Fx)] (4a—2b+3\/7\/F\/a+b+ (a-b) Cos[2 (e+Fx)]
Log[+/1+Cos[2 (e+fx)] | -3v2 /b \Ja+b+ (a-b) Cos[2 (e+Fx)]
Log[2b++/2 /b \fa+b+ (a-b) Cos[2 (e+Fx)] })) Secle+fx]>

Problem 107: Result more than twice size of optimal antiderivative.

JCsc[e+fx} (a+bTanfe+fx]?)>?dx

Optimal (type 3, 127 leaves, 7 steps):

33/2 A,ﬂcTanh[_x@[a_fx]_

\/ a-b+b Sec[e+f x]?

.F
(3a-b) \/b ArcTanh[ —/bSeclesfxl
a-b+b Sec [e+f x]2 bSec[e + f x] \/a—berSec[eJH‘:x}2
+
2f 2 f

Result (type 3, 1113 leaves):

L Secle+ fx]

b a+b+raCos[2 (e+fx)]-bCos[2 (e+fXx)
1+Cos[2 (e+fXx)]

2f

1 (23%-3ab+b?] (1+Cos(efx]) 1+Cos[2 (e+fx)] a+b+(a-b)Cos[2 (e+fx)]
2f (1+Cos[e+fx])? 1+Cos[2 (e+fx)]

1

[Logﬁanuemm 21L0g[1-Tan[ L (e + %) ]

2 - R Log[a—aTan[l(e+fo2+

Va Vb Va 2

2

2bTan[1(e+fx”2+\/?\/4bTan[l(e+fx>]2+a 71+Tan[1(e+fx)]2 |+

1
——Llog[2b+a (—1+Tan[

1
a 2

(e+Fx”2]+
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(e+fXH2r}-+J%

2 Log|

\/;\/4bTan[l (e+-FxH2+a (—1+Tan[

2

N |

b+bTan[§ (e+fx)]2+\/F\/4bTan[

N |

(e+-Fx)]2+a (—1+Tan[

N |

(e+FxH2r]

Tan[1 (e+fx)] (71+Tan[1 (e+fx)]2)

2 2
(e+fx)]2)2 ]/

\/4bTan[

4\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[§ (e+fx”2]

N | R

(e+fx)]2+a (—1+Tan[

N |

2

(Tan[i (e+Fx)] +Tan| (e+-FxH3]

1
2

J%Ta"[i e+ #)]*+a (1Tan[ 2 e+ £)])’ J

(1+Tan[i (e+'FXH2)2

1+Cosp(e+fx)}‘Ja+b+<a—b)CosP(e+fo

1+Cos[2 (e+fx)]

(2a®+3ab-b?) (1+Cos[e+fx])
(1+Cosfe+fx])

N

+ R Log[a—aTan[l(e+fo2+

Vb Va 2

{ Log[Tan[ 2 (e+fx”2} 2Log[1—Tan[i (e+fx)]2]

<

2bTan[1 (e4r1cx”2+\5\/4bTan[1 (e+fx)]2+a (71+Tan[1 (e+fx)]2 ’ |+

2 2 2

1
——Llog|[2b+a (—1+Tan[
a

\/?\/4bTan[

N |-

(e+FxH2]+

N |

(e+-FxH2+a (71+Tan[

N |

(e+Fx)]2)2 ] \/%ZLOg[

b+bTan[1 (e+fx)]2+\/F\/4bTan[1 (e+fx)]2+a [—1+Tan[1 (e+1°x”2]2]

2 2 2

(—1+Tan[§ (e+fx)]2) (1+Tan[§ (e”cx)]z)
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4bTan[i (e+-FxH2+a (71+Tan[% (e+fx)]2)2

(1+Tan[§(e+fx”2>2 /

4\/a+b+ (a-b) Cos[2 (e+fx)] \/[—1+Tan[1 (e+-FxH2]2

N

2

Problem 108: Result more than twice size of optimal antiderivative.

JCsc[ewa}B’ (a+bTan[e+-Fx]2)3/2d1x

Optimal (type 3, 167 leaves, 8 steps):
Va (a+3b) Ar‘cTanh[M] Vb (3a+b) Ar‘cTanh[—\@M—]

a-b+b Sec[e+fx]? a-b+bSec[e+f x]?

+

2f 2f

+

bSec[e +f x] \/a—b+bSec[e+-Fx]2 Cot[e+fx] Cscle+fx] (a-b+bSec[e+fx]2)*?

f 2f
Result (type 3, 1124 leaves):

l\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx) | ( 1

1
-—aCot[e+fx]Csc[e+fx]+—bSec[e+fx]| +
f 1+Cos[2 (e+fx)] 2 2

- (a® - b%) (1+cos[e+fx1)\I“COS[Z(E*”)J \/a+b+(a‘b>cos[2(e+”)]

2f (1+Cosfe+fx]) 1+Cos|[2 (e+fx)]

{ Log[Tan[i e+fx)}2} ) 2Log[1—TanE (e+-FX)]2] . Log[a—aTan[l (e+-FxH2+
Ve Vb ] 2
2bTan[;(e+fx>}2*\g\/4b1—an[;(e+fx>]2+a(1+Tan[i<e+FX)]2 2]+

éLog[2b+a [—1+Tan[§ (e+-FxH2] +

1
2 Log|
Vb

\/;\/4bTan[§ (e“CXHZ”‘ (—1+Tan[§ (e”cx)]z)z I+
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2

<e+fx)]2+\/F\/4bTan[ (e+Fx)]2+a(—1+Tan{§(e+-FxH2] ]

b+bTan]

N |
N |

Tan[

N |

(e+fx)] (—1+Tan[

N |

(e+Fx)]2)

\/4bTan[§ (e+-Fx)]2+a (—1+Tan[% (e+1°x)]2)2 ]/

4\/a+b+ (a-b) Cos[2 (e+fx)] \/[1+Tan[l (e+fx”2]2

2

(Tan[% (e+fx)] +Tan[§ (e+fx”3]

JlleanB (exfx)]"+a(-1Tan[} (eNCX)]Z)Z ]+

(1+Tan[§ (e+fx)}2>2

1+Cos|[2 (e+fx)] \/a+b+(a—b>Cos[2(e+fo

(1+Cos[e+fx]) 1+Cos |2 (e+fx)]

{(a2+6ab+b2) (1+COS[€+'FX}>\I

Log[Tan[i(eJrfoZ} 2Log[1—TanE(e+-Fx)]2] 1 1 5
- + + Logla-aTan[~ (e+fx)| +
\a b Va 2
2bTan[§ (e+fx”2+\g\/4bTan[; (e+-FxH2+a (71+Tan[§ (e+Fx)]2 ’ ]+

éLog[2b+a (—1+Tan{§ (e+-FxH2] +

\/?\/4bTan[§ (e+fx”2+a (—1+Tan[§ (e+fx)]2)2 ] —%2Log[

N |

(e+fx)]2+a (—1+Tan[

N |

b+bTan[i(e+fx)]2+\/g\/4b'ran[ (eJ”cX”Z]Z]

(—1+Tan[ <e+fx)]2J (1+Tan[

N |

(e+fx)]2)

N |

2

J%Ta”[i e+ %)) +a (-1-Tan[2 (e~ #x)]’)° J/

(1+Tan[i (e+FxH2>
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4\/a+b+ (a-b) Cos[2 (e+fx)] \/[—1+Tan[§ (e+fx”2]2

\/4bTan[

Problem 109: Result more than twice size of optimal antiderivative.

(e+fx)]2+a (—1+Tan[

N |
N |

(e+fx)]2)2]

JCsc[eJA:x}5 (a+bTan[e+-Fx]2)3/2d1x

Optimal (type 3, 223 leaves, 9steps):

3 (a?+6ab+b?) Ar‘cTanh[M

a-b+b Sec[e+f x]?

8/a f
3+b (a + b) Ar‘cTanh{—\L[—]—b secle+fx
a bibsec(e:fx]? 3 (a+3b) Sec[e + f x] \/a—berSec[eH“x]2
.

2f 8f }

3 (a+b) Cscle+fx]2Sec[e+fx] \/a—berSec[eJr-Fx}2
8 f
Cot[e+fx] Cscle+fx]? (a-b+bSec[e+fx]2)*?

4f
Result (type 3, 1163 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

1
[— (-3aCos[e+fx]-5bCos[e+fx])Cscle+Ffx]?-
8

1 1
~—aCot[e+fx]Csc[e+fx]>+ =bSec[e+Tfx]
4 2

+

1+Cos[2 (e+f
L3 (a®+2ab-3b?) (1+Cosfe+fx]) rCos[2 (e £x)]
8f (1+Cosfe+fx])?

_Log{Tan[% <e+fx)]2]

Va

\/a+b+ (a-b) Cos[2 (e+fx) ]

1+COS[2 (e+'FX>]

2Log[1—Tan[l(e+fo2} 1 1 X
2 + Logla-aTan[— (e+fx)]| +
Vb Va 2



30 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”~p.nb

2]+

2
2bTan|

N |

(e+Fx)]2+\/?\/4bTan{

N |

(e+1:x)]2+a (—1+Tan[ (e+fx) |

1
2

éLog{zbJra (—1+Tan[§ <e+fx)]2J +

2 Log|

H“’Tawi ven) " [aernl (om0

2

(e+-Fx)]2J ]

b+bTan[

N |

(e+-FxH2+\/F\/4bTan[

(e+-FxH2+a (—1+Tan[

N |
N =

Tan[% (e+Fx)] (71+Tan[

\/4bTan[

4\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[l (e+fx)]2)2

2

N |

(e+fx”2]

(e+fx>]2]2 }/

N |

(e+-Fx)]2+a [—1+Tan[

N |

(Tan[% (e+fx)]+Tan]

N |

(e+fx)]3)

(1+Tan[§ (e+fx)]2)2

J%Ta“[i (o= )7 +a -2+ Tan[} e )]’ ]

1+Cos |2 (e+fx)] \/a+b+<a—b)Cos[2(e+-FxH

(1+Cosfe+fx])

(a>+10ab+5b%) (1+Cos[e+fx])
1+Cos |2 (e+fx)]

7Log[Tan[i (e+fx)]2] ) 2Log[1—Tan[§ (e+fx”2} )

Va Vb

LLog[a—aTan[l (e+-FxH2+2bTan[l (e+FxH2+
Ja 2 2

\/?\/4bTan[1 (e+fx)]2+a [71+Tan[1 (e+fx”2 ’ |+

2 2

1
——Log[2b+a (71+Tan[
a

(e+-Fx)]2J +

N |



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 31

\/?\/4bTan[% (e+-Fx)]2+a [—1+Tan[§ (e+-FxH2]2 ] —%ZLog{

2

(e+fx)]2] ]

b+bTan[

N |

(e+fx”2+\/F\/4bTan[

N |

(e+fx”2+a (—1+Tan[

N |

(71+Tan[§ (e+fx”2] (1+Tan[§ (e“cXHZ]

4bTan[i (e+Fx)]2+a (—1+Tan[l (e+fx>]2)2

: /

(1+Tan[§ (e+fx)]2)

4\/a+b+ (a-b) Cos[2 (e+fXx)] \/(—1+Tan[l (e+fx)]2)2

2
\/4bTan[

Problem 110: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

N |

(e+~Fx)]2+a [—1+Tan[

N |

(e+fx>]2]2J

jSin[e+fx}4 (a+bTan[e+-Fx]2)3/2d1x

Optimal (type 3, 222 leaves, 9 steps):
3 (a?-8ab+8b?) ArcTan[@a’b Tanfesfxl |

a+b Tan[e+f x]?

8+va-b f
3 (a-2b) WAr‘cTanh[M
atbTan[esfx)? 3 (a-4b) Tan[e + fx] \/a+bTan[e+1:x]2
- +
2f 8 f

3 (a-2b)sinfe+fx]2Tan[e+fx] \/a+bTan[e+-Fx]2
8 f
Cos[e+fx]Sin[e+fx]3 (a+bTan[e+fx]?)

4 f

3/2

Result (type 4, 765 leaves):
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ig i b(az_sbz)\/a+b+(ab)Cos[Z(eJrfx)]
8f 1+Cos|[2 (e+fx)]

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Ffx]? csc[2 (e+£x)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Csce+f x]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))

7\/a+b+ (a-b) Cos[2 (e+fx)]

a+b+ (a-b)Cos[2 (e+fx)]

4b (a*>-8ab+8b?) \/1+Cos[2 (e+Fx)] \/

1+Cos|2 (e+fx)]

b b

\/ aCot[e+-Fx}2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

J (a+b+(a-b)Cos[2 (e+fx)])Cscle+fx)? Csc[2 (e+fx)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [Ar‘cSin [

], 1} Sin[e+fx]*
7 /

(4a\/1+Cos{2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )—

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?
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Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticPi[- , ArcSin|

, 1] si fx]4
. 7 |, 1] sinfe+fx] /

(2 (a-b) \/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)] ) +

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos |2 (e+fx)]

1
e

(4a-9b)

Sin[2 (e+fx) | +%
(a-b)

sin[a (e+ fx)] %
b

Tan[e + f Xx]

Problem 111: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jsin[e+fx12 (a+bTan[e+Fx]2)3/2d1x

Optimal (type 3, 165leaves, 8steps):

(a-4b) Ja-b ArcTan[m] (3a-4b) \/FArcTanh[M}
a+b Tan[e+f x]2 \/m
+

2f 2f

bTan[e +fx] \/a+bTan[e+fx}2 Cos[e+fx] Sin[e+fx] (a+bTan[e+1:x12)3/2

f 2f

Result (type 4, 749 leaves):
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1| b(a2+ab_4b2>\/a+b+(ab)Cos[Z(e+fx>]
2f 1+Cos[2 (e+fx)]

b b

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

\/ (a+b+(a-b)Cos[2 [e+fx)])Csclerfx)? Csc[2 (e+fx)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]2
b

EllipticF [Ar‘cSin [

}, 1] Sin[e + fx]*
7z /

1

(a(a+b+(a-b)Cos[2 (e+fx)]))

7\/a+b+ (a—b) COS[Z (e+'FXH

a+b+ (a-b)Cos[2 (e+fx)]

4b (a®-5ab+4b?) \/1+Cos[2 (e+fx)] \/

1+Cos|[2 (e+-FxH

b b

\/ aCot[e+fx]2\/ a(l+Cos[2 (e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+Ffx]? csc[2 e+ £x)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]2
b

EllipticF [Ar‘cSin [

|, 1] sinfe+fx]*
T /

(4a\/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fXx)] )—

b b

\/ aCot[e+-Fx}2\/ a(1+Cos[2(e+fx)]) Cscle+Fx]2
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Csc|2 (e+Fx”

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]2
b
, ArcSin| |, 1] sinfe+fx]* /

a-b NEY

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx) ] ) +

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
1+Cos |2 (e+fx)]

1
sin[2 (e+-FxH +;bTan[e+-Fx]

Problem 112: Result unnecessarily involves imaginary or complex numbers.

J(a+bTan[e+fx]2)3/2d1x

Optimal (type 3, 125leaves, 7 steps):
(a _ b)3/2 Ar‘cTan[ \a-b Tan[e+fx ]

a+b Tan[e+f x)?

.F
(3a-2b) \mAr‘cTanh[@fﬂL
a+b Tan[e+f x]2 bTan[e + f x] \/aerTan[eJr-Fx]2
.
2f 2f

Result (type 3, 233 leaves):
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41 (a—lean [e+fx]++Va-b \/a+bTan e+fx]?

L -i (a-b)*?Log[- -
2f (a-b)*? (i+Tan[e+fx])

|+

41 (a+j1bTan [e+fx] +Va-b \/a+bTan e+fx]?

i (a-b)>?Log| ]+

(afb)S/2 (-i+Tan[e+fx])

(3a—2b>\/_Log[bTan e+ fx] \/_\/a+bTan e+ fx]? ]+bTan[e+-Fx]\/a+bTan[e+1=x]2

Problem 113: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

stc[eJmcx}2 (a+bTanfe+fx]2)>?dx

Optimal (type 3, 100 leaves, 5steps):

_/b Tanfe:+fx]
3a+/b Ar‘cTanh[ b Tan[e+fx }
A/ a+bTan[e+f x]?

2f

+

3bTanfe + fx] \/a+bTan[e+fx}2 Cot[e+fx] (a+bTan[e+fx])2)>?
2f £

Result (type 4, 220 leaves):



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 37

Cscle+fx] Sec[e+fx]?

-6a’-ab+3b”-4 (2a°+Db?) Cos |2 (e+fx>] -2a%Cos |4 (e+fx>] +abCos[4 (e+fx)] +

(a+b+ (a-b) Cos[2 (e+fx)])Cscle+fx]?
b

b? Cos [4 (e+fx)] +3\/?ab\/

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]?
b

EllipticF [ArcSin| s |, 1] sin[2 (e+fx) ]2 /

(8\/7-F\/<a+b+ (a-b) Cos[2 (e+fx)]) SeC[e+fX]2)

Problem 114: Result unnecessarily involves higher level functions.

JCsc[emcx}“ (a+bTan[e+fx]2)3/2d1x

Optimal (type 3, 162 leaves, 6 steps):
Vb (3a+2b) Ar‘cTanh[M

arb Tan[efx)? b (3a+2b) Tan[e + fx] \/a+bTan[e+-Fx}2
2f ' 2af .
(3a+2b) Cot[e+fx] (a+bTan[e+fx]2)>? Cotle+fx]® (a+bTan[e+fx]2)>?
3af ) 3af

Result (type 4, 177 leaves):
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\/(a+b+ (a-b) Cos |2 (e+FxH) Sec[e+fx]?

62 f

-4 (a+2b) Cot[e+fx] -2aCot[e+fx] Cscle+Ffx]?+

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?

b
3+/2 (3a+2b) Cot[e+fx] EllipticF [ArcSin| e |, 1] /
2

+3bTan[e+ fx]
b

\/ (a+b+ (a-b) Cos[2 (e+fx)])Cscle+fx]?
Problem 115: Result unnecessarily involves higher level functions.

JCSC[E-%—'FX}G (a+bTan[e+Fx]2)3/2d1x

Optimal (type 3, 196 leaves, 7 steps):
Vb (3a+4b) ArcTanh [M}

a+bTan[e+f x]?

+

2f

b(3a+4b) Tan[e+fx] \/a+bTan[e+1°x12 (3a+4b) Cot[e+fx] (a+bTan[e+1“x]2)3/2

2af 3af
2Cot[e+fx]® (a+bTan[e+fx]2)*? Cotle+fx]® (a+bTan[e+fx]?)*?

3af 5af

Result (type 4, 213 leaves):
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2 (8a%+34ab+3b?) Cot[e+f
\/(a+b+(a—b)Cos[Z(e+fx)])$ec[e+1=x}2 - (8a?+34ab- ) Cot[e+fx] )

302 f a

4 (2a+3b) Cot[e+fx]Cscle+fx]?-6aCot[e+fx]Cscle+Ffx]*+

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]2

— 1|/

15+/2 (3a+4b) Cot[e+fx] EllipticF|ArcSin|

+15bTan[e + f x]

(a+b+ (a-b) Cos |2 (e+-Fx)]) Cscle+fx]?
b

Problem 119: Result more than twice size of optimal antiderivative.

Cscl[e +fx]

dx

\/a+bTan[e+fx]2

Optimal (type 3, 42 leaves, 3 steps):
Ar‘cTanh[ +/a Secle+fx ]

a-b+b Sec[e+f x]?

Va f

Result (type 3, 251 leaves):
1

25 ¢ 2+ (a-b] cos[2 (e )] sec[ 1 e #x]]°

Cos[e + fXx]

Log[Tan{% (e+1°x)]2] - Log[a- (a-2b) Tan[% (e+1°x)]2+

\/?\/aCos[eﬂcx]ZSec[1 (e+fx)]4+4bTan[1 (e+fx)]2 | -Log[2b+
2 2

a [71+Tan[§ (e+fx”2] +ﬁ\/a€os[e+fx]25ec[§ (e+fx)]4+4bTan[§ (e+fx)]2]

Sec| (e+fx)]2\/<a+b+ (a-b) Cos[2 (e+fx)]) secle+fx]?

N |
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Problem 120: Result more than twice size of optimal antiderivative.

Cscle+fx]3

dx

\/a+bTan[e+1Cx]2

Optimal (type 3, 91 leaves, 5steps):

(a-b) Ar‘cTanh[—“L[—]—a seclerfxl ]
a-bsbsec e+ x]? Cot[e+fx] Cscle+fx] \/afb+bSec[e+Fx}2

232 f 2af

Result (type 3, 1101 leaves):

arbraCos[2 (e+fx)]1-bCos[2 (exfX)] (ot [e+fx] Cscl[e+Tfx]
1+Cos[2 (e+fx)]

- +

2af

1
2af

1+COS[2 <e+'FX>]

(a-b) (1+Cos[e+fx])J

(1+Cosfe+fx])

_Log[Tan[i (e+fx)]2]

Va

\/a+b+ (a-b) Cos[2 (e+fXx) ]

1+Cos[2 (e+fx)]

2Log[17Tan[§ (e+fx”2}

L2 Log[a—aTan[1 (e+fx)]2+

Vb V2 2

2bTan[l (e+1‘:x)]2+\/?\/4bTan[l (e+-Fx)]2+a [—1+Tan[1 (e+-FxH2 ’ |+

2 2 2

éLog[2b+a (—1+Tan[§ (e+fx)]2J +

1
2 Log|

2 2 Vb

\/?\/4bTan[1 (e+fx)]2+a [71+Tan[1 (e+fx”2]2 |+

b+bTan[§ (e+'FXH2+\/F\/4bTa"[§ (e+'FxH2+a (—1+Tan[% <e+fx)]2]2}

Tan| <e+-Fx)] [—1+Tan[

N |

(e+fx”2]

N =

\/4bTan{§ (e+1:x)]2+a [—1+Tan[§ (e+fx>]2]2 /
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N |

4\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[ <e+fx)]2)2

(Tan[

1 1 3
;(e+fx” +Tan[; (e+fx)] J

+

\|4bTan[i (e+fx)]2+a (_1+Tan[§ <e+fx>]2)2

(1+Tan[§ (e+fx)]2)

[(1+Cos[e+fx]) J 1+Cos |2 (e+fx)3 \/a+b+ (a-b) Cos[2 (e+fXx)]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

_Log[Tan[i (e+fx)]2] ) 2Log[17Tan[§ (e+fx”2} )

Va Vb

éLog[a—aTan[% (e+-Fx)]2+2bTan[§ (e+fx”2+

\/?\/4bTan[1 (e+fx)]2+a (_1+Tan[l (e”:XHZ]Z ] +

2 2

:Log[2b+a (—1+Tan[% <e+-Fx)]2J +
\/;\/4bTan[i (e+fx)]2+a [—1+Tan[§ (e+fx)}2]2 ] \/1?2L0g[

b+bTan[1 (e+1cx”2+\/y\/4bTan[1 (e+fx”2+a (—1+Tan[1 (e+fx)]2)2}

2 2 2

(—1+Tan[§ (e+-FxH2] (1+Tan[§ (e+fx”2]

J%Ta“[i (oo )] va (-2 Tan[} e )’ ]/

(1+Tan[§ (e+fx)]2)2

2

4\/a+b+(a—b)Cos[2(e+-Fx>] \/(1+Tan[ <e+fx)]2)

N |
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\/4bTan[

Problem 121: Result more than twice size of optimal antiderivative.

N |

(e+1‘x)]2+a -1+Tan|

N |

(e+fx)]2]2

Cscle+fx]?

dx

\/aerTan[eJr-Fx]2

Optimal (type 3, 143 leaves, 6 steps):
3 (a- b)zAr‘cTanh[JL'—‘—a sec.e fx

a-b+b Sec[e+f x]?
8a/2f

(5a-3b) Cot[e+fx] Cscle+fx] \/a—b+bSec[e+fx}2

8a%f

Cot[e+fx]3Csc[e+fx] \/a—b+bSec[e+1cx}2
4af

Result (type 3, 1140leaves):

l\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx) |

f 1+Cos[2 (e+fx)]

[ 3 (aCos[e+fx]-bCos[e+fx])Cscle+fx]? Cot[e+fx]Cscle+Fx]3

+
8 a2 4a

1
8af

1+C 2 f
3(a—b)2 (1+Cos[e+fx]) + Cos | (e XH
(1+Cos[e+fx])?

7Log[Tan[i <e+fx)]2]

\/a+b+ (a-b) Cos[2 (e+fXx) ]

1+Cos |2 (e+fx)] \a .
2Log[1—Tan[i(e+'FXH2} 1 2
+ ogla-aTan|— (e+fx +

= = gla-aTan| )]

2bTan[§ (e+1cx)]2+\/?\/4bTan[l (e+fx)]2+a [—1+Tan[1 (e+1cx”2 ’ ] +

2 2

1 1 2
——Log[2b+a (—1+Tan[— (e+fx)] J+
a 2

\/;\/4bTan[

2

(eﬂcx)f] ] +

N |

(e+-Fx)]2+a [—1+Tan[

N |

1
2 Log|
Vb
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b+bTan[§ (e+-FxH2+\/F\/4bTan[§ (e+-FxH2+a (—1+Tan[

N |

<e+fx)]2)2}

Tan| (e+-Fx)] (—1+Tan[

(e+fx”2]

\/4bTan{% (e+1°x)]2+a {—1+Tan[§ (e+fx>]2]2 J/

N =
N |

4\/a+b+ (a-b) Cos[2 (e+fx) ]| \/(1+Tan[1 (e+fx)]2J2

2

(Tan[% (e+fx)] +Tan[§ (e+fx)]3)

+

\I4bTan[; (e+'Fx)]2+a (71+Tan[§ <e+fx>]2)2

(1+Tan[§ (e+fx)]2)2

(1+Cosf[e+fx]) 1+Cos|2 (e+fx)]

[(1+Cos[e+Fx]) J 1+Cos|2 (e+fx)3 \/a+b+ (a-b) Cos[2 (e+fx) ]|

7Log[Tan[i <e+fx)]2] ) 2Log[1—Tan[§ (e+fx>}2} )

Va Vb

1 1 2 1 2
——logla-aTan|[~ (e+fx)| +2bTan[= (e+fx)| +
Ja 2 2

\/?\/4bTan[

N |

(e+-Fx)]2+a [—1+Tan[

N |-

(eﬂcxﬂzjz B

1
——Log|[2b+a (—1+Tan[
a

(e+fx)]2) +

N |

N

\/?\/4bTan[1 (e+-Fx)]2+a (—1+Tan[§ (e+fx)}2]2 ] —%ZLog{

2

<e+-Fx)]2J ]

N |

2 2

b+bTan[1 (e+Fx”2+\m\/4bTan[1 (e+FxH2+a (—1+Tan[

(71+Tan[— (e+Fx”2] (1+Tan[§ (e+fx”2]
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4bTan[} (e+£x)]"ra (-2 Tan[} (e x]]°)°

(1+Tan[§(e+fx)]2)2 /

4\/a+b+ (a-b) Cos[2 (e+fXx) ]| \/(—1+Tan[

N |

<e+fx)]2]2

2

Problem 122: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Sin[e + fx]*

dx

\/a+bTan[e+1Cx]2

Optimal (type 3, 146 leaves, 6 steps):

3 az Ar‘cTan[ W a-b Tan[e+fx
arbTan[efx]? (5a—2b) Cos[e+fx] Sin[e+fx] \/a+bTan[e+1°x]2

8 (a-b)>*f 8 (a-b)*f

+

Cos[e+fx]3Sin[e+fx] \/a+bTan[e+1Cx]2
4 (a-b)f

Result (type 4, 751 leaves):

1 322 |- b\/a+b+(ab)Cos[2(e+fX)]

8(a—b)21° 1+Cos|[2 (e+fx)]

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

N Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b
EllipticF [Ar‘csin[

|, 1] sinfe+fx]*
7 /



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 45

(a(a+b+ (a-b)Cos[2 (e+fx)]))|-

4b\/1+COS[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos|[2 (e+fx)]

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(4a\/1+Cos (e+fx) \/a+b+ a-b Cos[z(e+fx)])f

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc|2 <e+-Fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| |, 1] Sin[e+1:x}4/
a-b A/ 2

EllipticPi|-

(Z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b Cos[z(e+fx)]) +
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a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] (_ (4a-b) Sin[2 (exfx)]  Sin[4 (exfx)] )
1+Cos[2 (e+fx)] 16 (a-b)? 32 (a-b)

.F

Problem 123: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Sin[e + fx]?

dx

\/a+bTan[e+1Cx]2

Optimal (type 3, 93 leaves, 5steps):
aAr‘cTan[ \/a-b Tan[e+fx
a+b Tan [e+f )2 Cos[e+fx]Sin[e +fx] \/a +bTan[e + fx]?

2 (a-b)>*f 2 (a-b)f

Result (type 4, 721 leaves):

1 L1 b\/a+b+(ab)Cos[2(e+Fx”

1+Cos|2 (e+fx)]

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [Ar‘csin [

|, 1] sinfe+fx]*
= /

(afasb+ (ab) Cos[2 (erfx)])) !

7\/a+b+ (a-b) Cos[2 (e+fx)]

4b\/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+FxH
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b b

\/ aCot[e+Fx}2\/ a(1+Cos|2 (e+fx)]) Cscle+Ffx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? Csc[2 (e+ £x) ]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(4a\/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )7

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)])Cscle+Fx]? cscl2 e+ £x)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| ], 1] Sin[e+Fx}4/

a-b 2

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] ) -

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] Sin [2 <e n ‘FX) ]
1+Cos[2 (e+fXx)]

4(a—b)-F

Problem 124: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
\/a+bTan[e+1Cx]2
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Optimal (type 3, 46 leaves, 3 steps):

Aa-b Tanle+fx]_
Ar‘cTan[ a-b Tan[e+fx ]
A/ a+b Tan[e+f x]?

Va-b f
Result (type 3, 151 leaves):

41 (afijan[emcx} +va-b \/a+bTan[e+fx}2

éj -Log|- ] +
2+v/a-b f Va-b (i+Tan[e+fx])
413 (a+1ibTan[e+-Fx] +va-b \/a+bTan[e+1‘:x]2
Log | ]

Va-b (-i+Tan[e+fx])

Problem 131: Result more than twice size of optimal antiderivative.

Cscle + fXx]
J dx
(a+bTan[e+fx]2)>?

Optimal (type 3, 84 leaves, 4 steps):
Ar‘cTanh[ \/a Secle+fx ]
a-b+bSec[e+f x]? bSec[e + f X]

a3/2-F

a(a-b) f\/afb+b5ec[e+fx}2

Result (type 3, 309 leaves):
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\/TbSec[e+fx}

+

a (afb)f\/(a+b+ (a-b) Cos[2 (e+fx)]) secle+fx]?

1

2077 [ a0+ (o] o[z e x] | sec(2 fe£x]

Cos[e+fx] |Log[Tan| (e+-FxH2}—Log[a—(a—Zb)Tan[ (e+-Fx>]2+

N |
N |

\/?\/aCos[eﬂcx]ZSec[1 (e+1cx”4+4bTan[1 (e+fx)}2 | -

2 2

Log[2b+a (—1+Tan[

N |

(e+fx)]°]+

2 2

\/?\/aCos[eﬂcx]ZSec[1 (e+1cx”4+4bTan[1 (e+fx>}2]

Sec| (e+-FxH2\/(a+b+ (a-b) Cos[2 (e+fx)]) Secle+fx]>

N |

Problem 132: Result more than twice size of optimal antiderivative.

Cscle+fx]3
J( dx

a+bTan[e+-Fx]2)3/2

Optimal (type 3, 127 leaves, 6 steps):

(a _3 b) Ar‘cTanh[M
a-b+b Sec[e+f x]? Cot[e+fx] Csc[e+fX] 3bSecle+ fXx]
2a°2F )

2a1c\/a—b+bSec[e+1cx]2 2a2-F\/a—b+bSec[e+1cx]2

Result (type 3, 1141 leaves):

1\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx) |

f 1+Cos[2(e+fx)]
[ 2bCos[e +fx] Cot[e+fx] Cscle+fx]
- - +
az(a+b+aCos[2(e+fx)]7bCos[2(e+fx>]) 2a?

2a%f

(a-3b) || (1+Cos[e+fx]) \I 1+Cos|[2 (e+fx)2] \/a+b+ (a-b) Cos[2 (e+fx)]

(1+Cos[e+fx]) 1+Cos|[2 (e+fx)]

Log[Tan[i <e+fx)]2] ) 2Log[1—Tan[§ (e+fx>]2} )

Va Vb
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LLog[a—aTan[l (e+-FxH2+2bTan[l (e+fx”2+
Ja 2 2

\/?\/4bTan[1 (e+fx)]2+a (—1+Tan[1 (e+-FxH2]2 ] +

2 2

:Log[2b+a (71+Tan[§ (e+fx)]2J +
\/?\/4bTan[; (e+1:x)]2+a (—1+Tan[§ (e+-FxH2]2 |+ \/IFZLOg{

b+bTan[1 (e+Fx”2+W\/4bTan[l (e+fx”2+a (71+Tan[1 (e+fx)]2)2}

2 2 2

Tan[i (e+fx)] (—1+Tan[§ (e+fx”2]

\/4bTan[§ (e+Fx)]2+a [71+Tan[§ (e+fx>]2]2 J/

(e+fx)]2)2

N |

4\/a+b+ (a-b) Cos[2 (e+fx) ] \/(—1+Tan[

(Tan[

N |

1 3
(e+fx)} +Tan[£ <e+-Fx)] )

2

+

J%Ta“[i (e x)]"-a (-1 Tan[] (e fx) %)

(1+Tan[§ (e+fx)]2)2

(1+Cos[e+-Fx]) J 1+COS[2 (e+fx>3 \/a+b+ (a—b) COS[Z (e+'FXH

(1+Cos[e+fx]) 1+Cos[2 (e+fx)]

Log[Tan|[ (e+fx)]?] 2Log[1-Tan[3 (e +fx)]°]

- N + T +
iLog[a—aTan[l (e+1:x)}2+2bTan[l (e+fx”2+

a 2 2

\/?\/4bTan[§ (e+fx)]2+a (—1+Tan[§ (e+-FxH2 ’ |+

1 1 2
——Log[2b+a (—1+Tan[— (e+fx)] )+
a 2
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\/?\/4bTan[§ (e+fx)]2+a (—1+Tan[§ (e+-FxH2]2 ] —%ZLog{

2

(e+fx)]2) ]

b+bTan[

N |
N |

(e+fx”2+a (—1+Tan[

(e+FxHZ+\/F\/4bTan[

N |

(71+Tan[§ (e+fx”2] (1+Tan[§ (e”:XHZ]

4bTan[} (e Fx)]"va (10 Tan[ (er £))7)°

(1+Tan[§(e+fx)]2)2 /

4\/a+b+ (a-b) Cos[2 (e+fXx)] \/(—1+Tan[l (e+fx)]2)2

2
\/4bTan[

Problem 133: Result more than twice size of optimal antiderivative.

(e+-Fx)]2+a [—1+Tan[

N R
N | R

(e+fx>]2]2}

Cscle+fx]°>
j dx
(

a+bTan[e+fx]2)>?

Optimal (type 3, 187 leaves, 7 steps):
3(a-5b) (a-b) Ar‘cTanh[M

a-bibSec [e+f x]2 5(a-b) Cot[e+fx] Cscle+fx]
7/2
8alitf 8a2-F\/a—b+bSec[e+1‘:x]2
Cot[e+fx]3Cscle+fx] (13a-15b) bSec[e + fx]

4af\/a—b+bSec[e+-Fx}2 8a3-F\/a—b+bSec[e+-Fx}2

Result (type 3, 1196 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

[ 2 (abCos[e+fx] -b2Cos[e+fx])
a®(a+b+aCos[2 (e+fx)]-bCos[2 (e+Fx)])

(-3acCos[e+fx]+7bCos[e+fx])Cscle+fx]? Cotle+fx]Cscle+fx]?

.
8 a’ 4 a2
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8a3f

1+Cos[2 (e+fx)]
(1+Cos[e+fx])
(1+Cos[e+fx})2

! 3(a-5b) (a-b) [

_Log{Tan[% <e+fx)]2]

Va

\/a+b+ (a-b) Cos |2 (e+FxH

1+Cos|2 (e+fx>]

2Log[1—Tan[% (e+fx)}2}

R Log[a—aTan[l <e+fx)]2+

Vo Vo 2
2bTan[i(e+-Fx)]2+\/?\/4bTan[i(e+fx)]2+a(1+Tan[;(e+fx)}2 .

:Log[2b+a (—1+Tan[§ <e+fx)]2] .
ﬁ\/4bTan[§(e+fx)]2+a(—1+Tan[§(e+fx)}2]2]+\/}2Log[

2

(e+-Fx)]2J ]

b+bTan[

N |
N |

2

(e+FxH2+\m\/4bTan[1 (e+fx>}2+a (71+Tan[

Tan[% (e+fx)] [71+Tan[§ (e+fx”2]

\/4bTan[

4\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[

N |

2

N |

<e+fx)]2)2

(Tan[

i(e+fx” +Tan[% (e+-Fx)]3J

+

J%Tan[umfxma(manmemw

(1+Tan[§ (e+fx)]2)2

[(1+Cos[e+fx]) J 1+Cos |2 (e+fx)3 \/a+b+ (a-b) Cos[2 (e+fXx) ]|

(1+Cos[e+fx]) 1+Cos[2 (e+fx)]
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7Log[Tan[i (e+fx)]2] ) 2Log[1—Tan[§ (e+fx>]2} )

\Va b

<‘

LLog[afaTan[1 (eercx)]erZbTan[l (e+fx”2+
Ja 2 2

N |

(e+fx)]2+a [—1+Tan[

N |

(e+-Fx”2]2 |+

\/?\/4bTan[

1
——Log[2b+a (71+Tan[
a

<e+fx)]2J +

N |

\/?\/4bTan[

N |

(e+1:x)]2+a [—1+Tan[ (e+fx)}2]2 ] —LZLog{

Vb

N |

berTan[1 (e+1cx)}2+\m\/4bTan[1 (e+fx”2+a (71+Tan[1 (e+fx)]2J2}

2 2 2

[—1+Tan[§ (e+fx”2] (1+Tan[§ (e+fx)}2]

2

J4bTa“[i<e++x>r+a(1+Tan[;<e+fx>12) /

(1+Tan[§ (e+fx)]2)2

4\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[ (e+fx)]2)2

N |

2 2

\/4bTan[1 (e+fx)]2+a {—1+Tan[1 (e+fx>]2]2J

Problem 134: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx
3/2

J Sinfe+fx]*4
(

a+bTan[e+fx]?)

Optimal (type 3, 187 leaves, 7 steps):
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3a(a+4b) Ar‘cTan[m

a+b Tan [e+f x]2 5acCos[e+fx]Sin[e+fX]
- +
7/2
8 (a-b)""f 8(a—b)z-F\/a+bTan[e+-Fx}2
Cos[e+fx]3Sin[e +fx] b (13a+2b) Tan[e + fx]

4 (afb)F\/a+bTan[e+fx}2 8 (afb>3f\/a+bTan[e+Fx]2

Result (type 4, 799 leaves):

1 3a(arab) |- b\/a+b+(ab)Cos[2<e+fx)]
8(a—b)31° 1+Cos[2 (e+fx)]

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Ffx]? csc[2 (e £x)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]?
b

EllipticF [Ar‘csin [

|, 1] sinfe+fx]* /
V2

(afasb+ (ab) Cos[2 (erfx)])) !

7\/a+b+ (a-b) Cos[2 (e+fx)]

4bx/1+Cos[2 (e+fx) | \/a+b+ (2-b) Cos[2 (e~ fx)]

1+COS[2 (e+‘FX”

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+Fx]2

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b
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J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(4a\/1+Cos (e+fx) \/a+b+ a-b COS[Z(eJr'FX)])f

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx]]) Cscle+fx)? Csc[2 (e+fx)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| ], 1] Sin[e+Fx}4/
a-b A/ 2

EllipticPi[-

(Z(a—b)\/lJrCos[ e+-Fx \/a+b+ a-b Cos[ (e+fx)]) n

1
.F

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
\/ 1+Cos |2 (e+fx)]
(4a+3b)sin[2 (e+fx)]
7 16 (a - b)? 7
absin|2 (e+fx)]
(a-b)? (a+b+aCos[2 (e+fx)]-bCos[2 (e+Ffx)])
Sin[4 (e+fx) |
32 (a-b)?

+

Problem 135: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Sinfe +fx]?2
J dx
(

a+bTan[e+fx]2)>?

Optimal (type 3, 134 leaves, 6 steps):
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(a+2b) ArcTan [ ~fah Tanlesfx]

A/ a+b Tan[e+f x]?
2 (a-b)>*f
Cos[e+fx] Sin[e + f x] 3bTan[e + f x]

2 (a—b)f\/a+bTan[e+Fx}2 2 (a—b)Z-F\/a+bTan[e+1‘:x]2

Result (type 4, 282 leaves):
1

_4\5 (afb)3f\/<a+b+ (a-b) Cos[2 (e+fx)])Secle+fx]?

(a-b) (a+5b+ (a-b) Cos |2 (e+FxH) -

(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

V2 (a2+ab2b2)\/

b
J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
EllipticF[ArcSin| ]>1] +
V2
VT a(ar2b) (a+b+ (a-b) Cos[2 (e+fx)])Cscle+fx]? Ellipticei[- b
b a-b’
(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
ArcSin| |, 1] | secle+fx]?sin|2 (e+-Fx)]
V2

Problem 136: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bTanfe+fx]2)>?

Optimal (type 3, 85leaves, 4 steps):

Ar‘cTan{ \/a-b Tan[e+fx
a+bTan[e+f x]? bTan[e + f Xx]

(a_b)g/zf a(a—b)f\/a+bTan[e+Fx]2

Result (type 3, 189leaves):
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1

1 i |Log|
-— | —1
Z-F <a*b>3/2 g

—((41’1\/a—b (a—ijan[e+-Fx]+\/a—b \/a+bTan[e+-Fx]2 )/(1'1+Tan[e+1=x}> ] -
4i+a-b (a+1’1bTan[e+-Fx]+\/afb \/aerTan[eJr-Fx]2

Lo

g[ -i+Tan[e+fXx] } :

2bTan[e + f x]

a(a-b) \/a+bTan[e+-Fx}2

Problem 140: Result more than twice size of optimal antiderivative.

Sin[e + fx]°
J( dx

a+bTan[e+-Fx]2)5/2

Optimal (type 3, 248 leaves, 6 steps):
(5a%+10ab+b?) Cos[e +fx]

_5 (a-b)>f (a-b+bSecle+fx]2)>? '
2 (5a-b)Cosfe+fx]?
15 (a-b)?*f (a-b+bSec[e+fx]2)>?
4b (5a*+10ab+b?) Sec[e+fx]

Cos[e+fx]°

5(a-b)f(a-b+bSecle+fx]?)*?

15 (a-b)*f (a-brbSecle+£x1%)"* 45 (5 p)5¢.[a b bsecre - Fx]2
Result (type 3, 1117 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

8b (5a%+10ab+b?) Sec[e + fx]

7 (a+b) Cos[e+fx]

4 a2b?%Cos[e +fx]
.
60 (a-b)*

3(a-b)°(a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)])?
4 (a’bCos[e+fx] +ab?Cos[e+fx])

(a-b)° (a+b+aCos[2 (e+fx)]-bCos[2 (e+Ffx)])
(25a+31b) Cos[3 (e+fx)| Cos[5 (e+fx)]
240 (a-b)* . se (a-b)?

‘[[(1+Cos[2 (e+'FXH> \/a+b+ (a—b) COS[Z (e+-Fx”

1+Cos|2 (e+fx>]

+

(89 2% + 406 ab + 89 b?)

240 (a-b)* f
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\/2b+a (1+Cos[2 (e+fx)])-b(1+Cos[2 (e+fx)]) (Log[\/1+Cos[2 (e+fx)] |-

Log[2b+\/?\/3\/(2b+a (1+Cos[2 (e+fx)])-b (1+Cos|2 (e+1‘x”>)]) sing

e+fx]sin[2 (e+fx) |

/[ﬁwwhcos[z (o= x)]] (1-Cos[2 (e~ x)]]

(a+b+ (a-b) Cos[2 (e+fx)]) \/1—Cos[2 (e+fx)]2}] _

1 3\/1+Cos[2(e+fx)] \/a+b+(ab)Cos[2(e+fo

\/a+b+(a—b)Cos[2(e+fx)] 1+Cos[2 (e+fx|]

{(J1+Cos[2 (e+fx)] \/2b+a (1+Cos[2 (e+fx)])-b(1+Cos[2 (e+fx)])

(Log[\/1+Cos[2 (e+fx)] | -Log[2b+

V2 /b y/(2b+a(1+Cos[2 (e x)]) -b (1+Cos[2 [e+ Fx)]))] | Sinfe«x)

/

\/a+b+ (a-b) Cos[2 (e+fx)] Jl—Cos[Z (e“cXHZ

Sin[2 (e+-Fx)]

V2 B [~ (1rCos[2 (exFx) ] (1+cos[2 [ex Fx]]]

( \/1 Cos| e+fx>
(W( (1 Cos[ (e+fx>])— (1+Cos[2(e+-Fx)]))+(a—b)\/(—2b(—1

Cos[2 (e+fx)])+2a(1+Cos[2 (e+fx)])) Log[\/1+Cos[2 (e+fx)] |+
(-a+b) /(-2b (-1+Cos[2 (e+fx)]|)+2a (1+Cos[2 (e+Fx)])) Log|

2b+ﬁﬁ\/(2b+a (1+Cos[2 (e+fx)])-b(1+Cos|2 <e+fx)]))])

/

- (-1+Cos[2 (e+fx)]) (1+Cos[2 (e+fx)]) +farb+ (a-b)Cos[2 (e+Fx)]

|

\/2b+a (1 Cos[2 (e+fx”) -b (1+Cos[2 (e+-Fx)])

Sin[e+fx]?Sin[2 (e+fx)]

3 (a-b) Vb (1—Cos{2 (e+fx)”

\/1Cos[2 (e+fx>]2 \/7b (-1+Cos[2 (e+fx)]|)+a(1+Cos[2 (e+Fx)])

Problem 143: Result more than twice size of optimal antiderivative.

Cscle + fX]
J dx
(a+bTan[e+fx]2)>?
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Optimal (type 3, 136 leaves, 6 steps):
Ar‘cTanh[ A/ a Secle+fx ]

a-b+bSec[e+f x]?

aS/Z.F

bSec[e+ fx] (5a-3b) bSecle+fx]

3afa-b)f(a-brbseclesfx1?)"" 342 (5 p)12¢.[a b bsecle fx]2

Result (type 3, 330leaves):

Cos[e+fXx]

—((zﬁ\/?b (6a>+ab-3b>+3 (2a°-3ab+b?) Cos 2 (e+fx)]))/

6a5/2f

(3

((a—b)z (a+b+ (a_b> Cos[z (e+'Fx)]>2)) +

Log[Tan[% (e+fx)]2] - Log[a- (a-2b) Tan[l (e+fx”2+

2
|

Log[2b+a (—1+Tan[

!

[\/ (a+b+ (a-b) Cos[2 (e+fx)]) sec|

aCos[e+1°x}2Sec[1 <e+1‘:x)]4+4bTan[l (e+fx)]2)} -
2 2

(e+'FXH2 +\/?

N |

(e+Fx”4+4bTan[

aCosfe+fx]?Sec|

N |
N |-

Sec| (e+fx>]

)/

(e+fx”2]]

N |

(e+-Fx)]4

N |

|

Problem 144: Result more than twice size of optimal antiderivative.

Cscle+fx]3
J dx
(

a+bTan[e+-Fx]2)5/2

\/(a+b+ (a-b) Cos[2 (e+fx)])secle+fx]?

Optimal (type 3, 177 leaves, 7 steps):
(a-5b) ArcTanh | —/a secle+fx]

a-b+b Sec [e+f x]2 Cot[e+fx] Csc[e+fx]
2272 f 2af (a-b+bsecle+fx]2)>?
5bSece + fX] (13a-15b) bSec[e + fx]

6a2f (a—b+bSec[e+1cx}2)3/2 6a° (a-b) f\/a—b+bSec[e+fx]2

Result (type 3, 1190 leaves):

1 a+b+acCos[2(e+fx)]|-bCos[2 (e+Ffx)]
£

1+COS[2 <e+'FX)]
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[ 4b%Cos[e+fx]
2

3a2 (a-b) (a+b+aCos[2 (e+fx” -bCos|[2 (9+FXH>

4bCos[e+ fx] 7Cot[e+fx]Csc[e+-Fx]
a3 (a+b+aCos[2(e+fx)]—bCos[2(e+fo) 2 a3

(1+Cosfe+x]) \I 1+Cos|[2 (e+-Fx)J \/a+b+ (a-b) Cos [2 (e+-Fx)]

(1+Cosfe+fx]) 1+Cos|2 (e+fx)]

+

2a3f

(a-5b) [

_Log{Tan[i (e+1°x)]2] ) 2Log[1—Tan[§ (e+fx”2} )

V2 Vb

iLog[a—aTan[ (e+fx)}2+2bTan[ (e+FxH2+

a

\/?\/4bTan[

N |
N |

N |

(e+1:x)]2+a (—1+Tan[ (e+-FxH2]2 |+

N |

1 1 2
——Log[2b+a (—1+Tan[; (e+fx)] )+
a

\/?\/4bTan[§(e+fx)]2+a(—1+Tan[§(e+fx”2]2]+\/1?2Log[
b+bTan[;(e+-FxH2+\/F\/4bTan[;(e+-FxH2+a(—1+Tan[;(e+-Fx)]2J2}
Tan[% (e+fx)] (—1+Tan[§ (e+fx”2]

\/4bTan[

4\/a+b+ (a-b) Cos[2 (e+fx) ] \/(—1+Tan[1 (e+fx)]2)2

N |

(e+-Fx)]2+a [—1+Tan[

N |

(e+fx>]2]2 J/

2

(Tan[% (e+fx)]+Tan]

N |

(e+fx)]3)

2

J%Ta“[i e+ F) ] va [10Tan[2 (o)) J

(1+Tan[§ (e+fx)]2)



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 61

(14 Cos e £x]) J 1+Cos|2 (e+fx)3 \/a+b+ (a-b) Cos[2 (e+fx) ]|

(1+Cosfe+fx]) 1+Cos|2 (e+fx)]

_Log[Tan[% (e+fx)]2] ) 2Log[1—Tan[% (e+fx>]2} )

Va Vb

LLog[a—aTan[l (e+1:x)]2+2bTan[E (e+FxH2+
Ja 2 2

2 2

\/?\/4bTan[l (e+'Fx)]2+a (_1+Tan[l (e“cXHZ]z J +

éLog[2b+a (71+Tan[§ (e+fx)]2J +

\/?\/4bTan[

N |

(e+fx)]2+a [—1+Tan[

N |-

(e+fx>}2]2 ] \%ZLog[

b+bTan[l (e+-FxH2+\/F
2

_

4bTan[§ (e+fx)}2+a (_1+Tan[§ <e+fx)]2J2}

(—1+Tan[

N |

(e+-FxH2] (1+Tan[

(eﬂcx)ﬂ

N |

2

\I4bTan[i(e+fx)]2+a(1+Tan[i<e+fx>]2) /

(1+Tan[§ (e+fx)]2)2

4\/a+b+ (a-b) Cos[2 (e+fx) ] \/(1+Tan[1 (e+fx)]2)2

2

\/4bTan[§ (e+1:x)]2+a [_1+Tan[§ (e“cXHZ]ZJ

Problem 145: Result more than twice size of optimal antiderivative.

Cscle+fx]>
J( dx

a+bTan[e+-Fx]2)5/2

Optimal (type 3, 237 leaves, 8 steps):



62 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”~p.nb

(3a2-30ab+35b2) ArcTanh [ —/[2Seclesfxl

A/ a-b+b Sec[e+f x]?
) 8a%2%f )
(5a-7b) Cot[e+fx] Cscle+fx] Cot[e+fx]3Cscle+fx]

8a’f (a-b+bSecle+fx]2)*? 4af (a-b+bSecle+fx]2)*?
(23a-35b) bSec[e+fx] 5(11a-21b) bSec[e+fx]

3/2
242°f (a-b+bSec[e+fx]?) 24a“-F\/aberbSec[eH‘x]2

Result (type 3, 1244 leaves):

.F

1 [a+b+aCos[2 (e+fx)]|-bCos[2 (e+fX)]
1+Cos[2 (e+fx)]

[ 4b2Cos[e+fx]
3a® (a+b+aCos[2 (e+fx)|-bCos|2 (e+-FxH)2
2 (2abCos[e+fx]-3b2Cos[e+fx])

a* (a+b+aCos[2 <e+-Fx)] -bCos|2 (e+fx”)

(—3aCos[e+-Fx} +11bCos[e+Fx]) Csc[e+fx]? Cot[e+fx]Cscle+fx]3

+
8a* 433

1+Cos |2 (e+fx)]

" (3a®-30ab+35b%) (1+Cos[e+fx])\l
8a*f

(1+Cosfe+fx])

Log[Tan[i <e+fx)]2]

Va

\/a+b+ (a-b) Cos[2 (e+fXx) ]|

1+Cos|2 (e+fx)]

2Log[1—Tan[% (e+fx)}2}

+ ! Log[a-aTan| (e+-Fx)]2+

Vb Va

N |

(e+fx)]2+a (—1+Tan[1 (e+fx”2 ’ |+

2bTan[
2

N |

(e+fx)]2+\/?\/4bTan[

N |

1
——Log[2b+a (—1+Tan[
a

(e+-Fx)]2J +

N =

1
2 Log|
Vb

N |

\/?\/4bTan{

(e+1:x)]2+a (—1+Tan[§ (e+fx)}2]2 |+

2 2 2

b+bTan[l (eJrf:XHZJr\m\/4bTan[1 (e+fx”2+a (—1+Tan[1 <e+'FX)]2J2}

Tan[% (e+fx)] (—1+Tan[§ (e+fx”2]
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\/4bTan[§ (e+Fx)]2+a [71+Tan[§ (e+fx>]2]2 J/

4\/a+b+ (a-b) Cos[2 (e+fXx) ] \/(—1+Tan[ <e+-Fx)]ZJ2

N |

(Tan[

1 1 3
;(eﬂcxﬂ +Tan[; (e+fx)] )

2

+

\|4bTan[i (e+'FX)]2+a (_1+Tan[§ (e”CXHZ)

(1+Tan[§ (e+fx)]2)2

(14 Cos e £x]) J 1+Cos|2 (e+fx)3 \/a+b+ (a-b) Cos[2 (e+fx) ]|

(1+Cosfe+fx]) 1+Cos|[2 (e+fx)]

_Log[Tan[% (e+fx)]2] ) 2Log[1—Tan[% (e+fx”2} )

Va Vb

LLog[a—aTan[l (e+1‘:x)]2+2bTan[E (e+fx”2+
Ja 2 2

«:Jman[l e tx)] a2 man[ > e ex) ) ]

2 2

éLog[2b+a (71+Tan[§ (e+fx)]2) +

(e+fx>}2]2 ] \lmzLog[

\/?\/4bTan[

N |

(e+fx)]2+a (—1+Tan[

N |

b+ Tan[ > (e+fXH2+WJ4bTa"[1 (e+fx)] +a (‘1+Tan[l (e+fX)]2J2}

2 2 2

(—1+Tan[

N |

(e+-FxH2] (1+Tan[

(eﬂcx)f]

N |

2

J%Tanmemma(man[;<e+fx>r>

(1+Tan[§ (e+fx)]2)2

/

2

4\/a+b+ (a-b) Cos[2 (e+fx) ] \/(1+Tan[1 (e+fx)]2)2
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\/4bTan[

Problem 146: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

N |

(e+-Fx)]2+a —1+Tan[§ (e+fx)]2]2

dx

J Sin[e + fx]*
(

a+bTan[e+-Fx]2)5/2

Optimal (type 3, 246 leaves, 8steps):
(3a2+24ab+8b?) ArcTan| L2t Taniefxi.

a+b Tan[e+f x]?

8 (a-b)”?f

(5a+2b) Cos[e+fx]Sin[e+fx] Cos[e+fx]3sSin[e+fx]

+ —

8 (a-b)*f (a+bTan[e+fx]2)*? 4 (a-b)f(a+bTanle+fx]2)>?

b (23a+12b) Tan[e + fx] 5b(1la+10b) Tan[e + fx]

24 (a-b)>f (axbTanfe+ £xI2)°* 5 3 p)4f [a bTanle Fx]2

Result (type 4, 875leaves):

a+b+ (a-b)Cos[2 (e+fx)]

(3a®+24ab+8b?) |- bJ

8 (a-b)*f 1+Cos[2 (e+fx)]

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(afasb+ (ab) Cos[2 (erfx)])) !

7\/a+b+ (a-b) Cos[2 (e+fx)]
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4b\/1+Cos[2 erfx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+~FxH

b b

\/ aCot[e+fx}2\/ a(1+Cos[2 (e+fx)])Cscle+fx]?

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [Ar‘cSin [

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+-Fx)])—

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticPi[- , ArcSin|

|, 1] sinfe+fx]* /
a-b V2

.F

1 a+b+aCos[2 (e+fx)|-bCos[2 (e+fx)]
1+Cos|[2 (e+fx)]

(4a+7b) Sin[2 <e+-Fx)]
i 16 (a-b)*

+
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2ab25in[2 (e+-Fx)]

3(a-b)*(a+b+aCos[2(e+fx)]-bCos|2 (e+fx”>2

2 (3absin|2 (e+fx)|+2b?Sin[2 (e+fx)])

3 (a—b)4 (a+b+aCos[2 (e+fx>] -bCos|[2 (e+Fx”)

Sin[4 (e+fx) |

32 (a-b)?

Problem 147: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Sin[e + fx]?
J dx
(

a+bTan[e+fx]2)>?

Optimal (type 3, 181 leaves, 7 steps):
(a+4b) ArcTan| Afah Tanfesfx] ]

+/a+bTan[e+fx]? Cos[e+fx] Sin[e + f x]
2(a-b)""*f 2(a-b)f(a+bTan[e+fx]2)*?
5bTan[e +fx] b (13a+2b) Tan[e + fx]

6 (a’b>2f <a+bTan[e+-Fx}2>3/2 6a (a—b)3-F\/a+bTan[e+'Fx]2

Result (type 4, 841 leaves):

1 (arab) |- b\/a+b+(ab)Cos[2(e+fx)}
b)> f 1+Cos|[2 (e+fx)]

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

Csc|2 <e+-Fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(a(a+b+ (a-b)Cos[2 (e+fx)])) !

7\/a+b+ (a-b) Cos[2 (e+fx)]
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4b\/1+Cos[2 erfx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+~FxH

b b

\/ aCot[e+fx}2\/ a(1+Cos[2 (e+fx)])Cscle+fx]?

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [Ar‘cSin [

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+-Fx)])—

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticPi[- , ArcSin|

|, 1] sinfe+fx]* /
a-b V2

.F

1 a+b+aCos[2 (e+fx)|-bCos[2 (e+fx)]
1+Cos|[2 (e+fx)]

_Sin[z (e+-FxH
4 (a—b)3

+
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2b%2sin[2 (e+fx) |
3 (a—b)3 (a+b+aCos[2 (e+fx)]-bCos|2 (e+fx”>2
-6absin[2 (e+fx)]|-b?sin[2 (e+fx) ]
3a(a-b)’(a+b+acCos[2(e+fx)]|-bCos[2 (e+Ffx)])

+

Problem 148: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bTan[e+1‘:x]2)5/2

Optimal (type 3, 134 leaves, 6 steps):
Ar‘cTan[ A/ a-b Tan[e+fx

asbTan[esf x)? bTan[e + f x] (5a-2b) bTan[e+fx]
(a-b)*f 3a(a-b)f (a+bTan[e+fx]2)3/2 3a2 (a—b)21‘=\/a+bTan[e+fo2

Result (type 3, 381 leaves):
1

2 (a-b)*%f

ilog[(4(ia’-21ia’b+iab’-a’bTane+fx]+2ab’Tanle+fx] —b3Tan[e+fx]))/

4i (a-b)? bT fx]2
(VA (ci+Tanter )] + 222 )*a-bTante- £x] !

—i+Tan[e+fx] z(afb)S/zf

ilog[(4(-ia*+2ia’b-iab’>-a’bTan[e+fx]+2ab’Tan[e+fx] —b3Tan[e+fX1>)/

4i (a-b)? bT fx]2
(x/a—b (J'L+Tan[e+-FX]>)_ ]l(a ) \/a+ anfe +fx] ]+1
i+Tan[e +fx] f
5a-2b)bT +f
JaibTanfe+ fx]2 |- bTanfe +fx] ~ (sa-2b)bTanfe+fx]

3a(a-b) (aerTan[eercx]Z)2 3a? (a—b)2 (a+bTan[e+fx]?)

Problem 152: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(dSin[eﬂcx])’" (bTan[e+fx]2>pdlx

Optimal (type 5, 92 leaves, 3 steps):
o r
f (1 +m+ 2 p)

(Cosle+fx]?) P Hypergeometric2Fi | 1 (1+2p),
2

N R

(1+m+2p), 1 (3+m+2p), Sinfe+fx]?]
2

(dsinfe+fx])"Tan[e+fx] (bTan[e+fx]?)?
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Result (type 6, 2363 leaves):

(3+m+2p>

AppellFl[; (1+m+2p), 2p, 1+m, % (3+m+2p), Tan[% (e+fx)]2, —Tan[i (e+FxH2]

/(-F (1+m+2p) | (3+m+2p)

(e+-FxH2, —Tan[l(ewa)]z}—
2

1 1 1 2

+m) Appe —(3+m+2p),2p,2+m, — (5+m+2p), Tan|— (e+Ffx) | ,

2((1 ) AppellF1| = (3 2p), 2p, 2 (5 2p), Tan[ = (e+Fx) |
2 2

Sinfe+fx]™" (dSinfe+fx])"Tan[e+fx]?P (bTan[e+fx]?)”

AppellFl[

N |

(1+m+2p), 2p, 1+m, 1 (3+m+2p), Tan|
2

N |

2 1 1
~Tan| = (e+fx) | ]—ZpAppellFl[; (3+m+2p), 1+2p, 1+m, — (5+m+2p),
2

Tan[1<e+fx)]2, —Tan[l(eﬂcx)]z] Tan[l(eﬂcx)]zJ
2 2 2
([(1+m) (3+m+2p)AppellF1[1<1+m+2p),2p,1+m, 1(3+m+2p),Tan[l(eﬂcx”z,
2 2
1 2
~Tan[ = (e+fx)]| ] Cos[e+fx] Sin[e+-Fx}mTan[e+-Fx]2P)/((1+m+2p)
2

((3 +m+2p) AppellF1|

N |

(e+‘FXH2,

1 1

= (1+m+2p), 2p, 1+m, = (3+m+2p), Tan|
2 2

2 1 1

~Tan[ = (e+Fx) ]| -2 ((1+m> AppellFl[g (3+m+2p), 2p, 2+m, = (5+m+2p),

(e+fx)]", -Tan[ = (e+fx”2} —ZpAppellFl[l (3+m+2p), 1+2p, 1+
2 2

2 2
. 1 1
(3+m+2p) Sinfe+fx]*" (—7

(5+m+2p),Tan[—(e+fx”2,7Tan[1<e+fx)]2] Tan[l(e+fx”2])+
2
(1+m) (1+m+2p)Appe11F1[1+1(1+m+2p>,
3+m+2p 2
1 1 2 1 2
2p,2+m,1+—(3+m+2p),Tan[;<e+fx)] , -Tan[ = (e+fx) ]|
2

2
Sec| (e+-FX)]2Tan[

N |
N |

(e+fx)]+

2p (1+m+2p)
3+m+2p

AppellF1[1+ = (1+m+2p), 1+2p, 1+m, 1+l (3+m+2p),Tan[l (e+fx”2,
2 2

1 2 1 2 1
~Tan[ = (e+f Sec|~ (e+f Tan|— f T f ZP)
an[2 (e+fx)]7] ec:[2 (e+fx)] an[2 (e+fx)]|Tan[e+fx] /
((1+m+2p) ((3+m+2p)AppellF1[1(1+m+2p),2p,1+m,1(3+m+2p),
2

Tan[

N |

(e+fx)]2, -Tan]|

e+ fx)]°] -

N |

2 [(1+m) AppellFl[l (3+m+2p), 2p, 2+m, 1 (5+m+2p), Tan[1 <e+fx)]2,
2 2

2 1 1
~Tan| = (e+fx) | }72pAppe11F1[; (3+m+2p), 1+2p, 1+m,
2
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(5+m+2p), Tan[1 (e+-FxH2, —Tan[l (e+fx)]2] Tan[l (e+fx”2]) -

2 2 2
((3+m+2p) AppellFl[% (1+m+2p), 2p, 1+m, % (3+m+2p),Tan[§ (e+fx)]2,
—Tan[l (e+fx)]2} Sin[e + fx]&m
2
1 1 1 2
(—2 {(1+m) AppellFl[; (3+m+2p), 2p, 2+m, N (5+m+2p), Tan[; (e+fx)]7,

—Tan[

N |

2 1 1
(e+fx)|"] -2pAppellF1[ = (3+m+2p), 1+2p, 1+m, — (5+m+2p),
2 2
Tan[l (e+FxH2, —Tan[l (e+fx”2} Sec[1 (eJrfx)]zTan[1 (e+fx” +
2 2 2 2

1 1
(3+m+2p) [—7(1+m) (1+m+2p) AppellF1[1+ = (1+m+2p),
3+m+2p 2

2p, 2+m, 1+1 (3+m+2p), Tan[l (e+FxH2,
2 2

1 2 1 2 1 1
Tan|= (e« f Sec[= (e+fx)] Tan[= (e+f —
an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ X>}+3+m+2p
1 1
2p(1+m+2p)Appe11F1[1+;(1+m+2p),1+2p,1+m,1+;(3+m+2p),
Tan[l(ewaHz, —Tan[l(e+fx”2} Sec[l(e+-FxH2Tan[l(e+-Fx)] -
2 2 2 2
2Tan[1 (e+fx)]2 ((1+m) —#(2+m) (3+m+2p) AppellFi|
2 5im+2p
1 1 1 2
1+f(3+m+2p),2p,3+m,1+£(5+m+2p),Tan[£(e+-FxH ,
2
1 2 1 2 1 1
Tan[= (e« f Sec[~ (e+fx]] Tan[= (e+f . —
an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ X)]+5+m+2p

1 1
2p(3+m+2p)Mmﬂ1H{1+;(3+m+2m,1+2p,2+m,1+;(5+m+2p%

Tan[% (e+-FxH2, —Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]]-

1 1
2p |-————(1+m) (3+m+2p) AppellF1[1+ = (3+m+2p), 1+2p,
5+m+2p 2

2+m, 1+l (5+m+2p),Tan[l (e+fx)]2, —Tan[l (e+FxH2]
2 2 2

Sec[1 (e+1cxH2Tan[1 (e+fx)] +#<1+2p) (3+m+2p) AppellF1|
2 2 5+m+2p

(e+'FXH2,

J] Tan[e+—fx]2p)//

(3+m+2p),

1 1
1+7(3+m+2p),2+2p,1+m,1+;<5+m+2P>:Ta“[
2

N |

—Tan[

N |

(e+fx)]2] Sec[% (e+-Fx)]2Tan[§ (e+fx)]

1
{(1+m+2p) ((3+m+2p) AppellFl[; (1+m+2p), 2p, 1+m,

N |

Tan{% (e+FxH2, —Tan[% (e+fx”2} -
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2 ((1+m) AppellFl[l (3+m+2p), 2p, 2+m, 1 (5+m+2p), Tan[l (e+-FxH2,
2 2 2

—Tan[l (e+1°x)]2] —2pAppellF1[l (3+m+2p), 1+2p, 1+m,
2 2

% (5+m+2p), Tan[% (e+fx)]2, 7Tan[§ (e+FxH2] Tan[% (e+fx)]2)2J +

(2 p(3+m+2p) AppellFl]

N |

2

(L+m+2p), 2p, 1+m, 1 (3+m+2p),
2
2 1
Tan| (e+1°x” , -Tan| = (e+fx) |

5 ]
Sec[e+fx]2Sin[e+ fx]1m Tan[e+fx}—1+zp)/

N |

((1+m+2p)

(3+m+2p) AppellF1[ = (1+m+2p), 2p, 1+m,

— Nk

1 (3+m+2p), Tan[1 (e+fx ]2, -Tan|
2 2

N |

(e+fx)]"] -
1 1 1 2
2 [(1+m) AppellFl[; (3+m+2p), 2p, 2+m, ; (5+m+2p), Tan[; (e+fx)]7,
1 2 1 1
~Tan[ = (e+fx) | }72pAppe11F1[; (3+m+2p), 1+2p, 1+m, =
2

(5+m+2p), Tan[1 (e+-Fx>]2, -Tan|
2

N |

(e+£x)]’] Tan[l(e+fx”2])]]

2

Problem 153: Result more than twice size of optimal antiderivative.

J(dsin[ewa])m (a+bTan[e+fx]?)Pdx

Optimal (type 6, 121 leaves, 3 steps):

1+m 2+m 3+m , bTan[e+fx]?
AppellFi| , , —P» , ~Tan[e+fx]2, - ———|
f(1+m) 2 2 2 a

bT Fx)2) P
(Sec[e+fx]2)"‘/2 (dsinfe+fx])"Tan[e+fx] (a+bTan[e+fx]?)P 1+M

a

Result (type 6, 2810 leaves):

1+m 2+m 3+m , bTan[e+fx]?2
a(3+m) AppellFl[ s y =P, , —Tan[e + f x] ,——}
2 2 2 a
m
Tan[e + fx
Cos[e+fx]Sin[e+fx] (dSin[e+fx])" [e+Tx] (a+bTan[e+-Fx}2>2pJ/
Sec[e + fx]?
1+m 2+m 3+m , bTan[e+fx]?
f(1+m) |a(3+m) AppellF1| s y —Ps , -Tanfe+fx]2, - ———————] +
2 2 2 a

3+m 2+m 5+m , bTan[e+fx]?
2bpAppellFi| s »1-p, —, -Tan[e+fx]*, - ————
2 2 2

- |-a(2+m)
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3+m 4+m 5+m , bTan[e+fx]? 5
AppellF1| s y P, , -Tan[e+fx]?, -———————|| Tan[e + fx]
2 2 2 a
1+m 2+m 3+m , bTan[e+fx]?
2ab (3+m) pAppellFi| s s —Ps , ~Tan[e+fx]?, - —]
2 2 2 a
m
Tan[e + fx
Tan[e + fx]? e+ Tx] (a+bTan[e+fx]2)’1+p/
Sec[e +f x]?
1+m 2+m 3+m , bTan[e+fx]?
<1+m) a(3+m) AppellFl[ , > - P> , —Tan[e + fx] ;*—]+
2 2 2 a
3+m 2+m 5+m , bTan[e+fx]?2
2bp AppellFi| , ,1-p, —, -Tan[e+fx]?, - —— | -
2 2 2 a
3+4m 4+m 5+m , bTan[e+fx]?
a<2+m) AppellFl[ , > - P> » ~Tan[e + fx] ,*—]
2 2 2 a
) 1+m 2+m 3+m 5
Tan[e + f x] +|a(3+m) AppellF1| , s -P> , -Tan[e + fx]2,
2 2 2

bTan[e + fx]? Tan[e + f x]

| Cose+fx]? (a+bTan[e+fx]2)p/

a Sec[e + f x]?

1+m 2+m 3+m bTan[e + fx]?

a (3+m) AppellF1| , s —P, , -Tan[e + fx]?,
2 2 2 a

3+m 2+m 5+m , bTan[e+fx]?2
2bpAppellFi| B »1-p, —, -Tan[e+fx]*, - ————
2 2 2

[(1+m) J+

] _

3+4m 4+m 5+m , bTan[e+fx]?
a <2+m) AppellFl[ , > D, , ~Tan[e+fx]°, *—]
2 2 2 a

a

2 1+ 2
Tan[e + f x] - la(3+m) AppellF1| , s -P> , -Tan[e +fx]2,
2

bTan[e + f x]? Tan[e + f x]

| sinfe +fx]?

(a+bTan[e+fx]?)P /

a Secle +fx]?
1+m 2+m 3+m , bTan[e+fx]?
(1+m) |a (3+m) AppellF1] , s =P , —Tanfe+fx]2, - —————— | +
2 2 2 a
3+m 2+m 5+m , bTan[e+fx]?
2bpAppellF1[ >, ,1-p, —, -Tan[e+fx]%, - ————] -
2 2 2 a
3+m 4+m 5+m ) bTan[e + f x]?
a(2+m) AppellFl[ , > P, > —Tan[e + fx] :*—]
2 2 2 a

m

Tan[e + f Xx]

Tan[e+fx]?|| + |a (3+m) Cos[e+fx]Sin[e+fx]

Sec[e +f x]?
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1 1+m 2+m 3+m
————2b (1+m) pAppellF1[1+ , ,1-p, 1+ s
a(3+m) 2 2 2
, bTan[e+fx]? 5 1
~Tan[e+fx]?, -————————] Sec[e+fx]?Tan[e+fx] -
a 3+m
1+m 2+m 3+m )
(1+m) (2+m) AppellF1[1 + , 1+ , -p, 1+ , -Tan[e + fx]?,

2 2

bTan[e +fx]? ) 2\p
——]Sec[e+fx] Tan[e + f x] (a+bTan[e+fx]) /

a
1+m 2+m 3+m , bTan[e+fx]?
(1+m) |a (3+m) AppellF1] , y —Ps , ~Tan[e+fx]2, - ————] +
2 2 2 a
3+m 2+m 5+m , bTan[e+fx]?2
2bp AppellFi| , ,1-p, , ~Tan[e+fx]2, - ———] -
2 2 a
3+m 4+m 5+m
a (2+m) AppellF1]| s > =Ps s
2 2 2
, bTan[e+fx]? )
~Tan[e+fx]?, -————————] | Tan[e + fx] +
a
1+m 2+m 3+m , bTan[e+fx]?
am (3+m) AppellF1| s , =P, , ~Tan[e+fx]?, - ——]
2 2 2 a
-1+m
. Tan[e + f x]
Cos[e+fx] Sin[e+fx] | ————
Sec[e + f x]?
Tan[e + f x]?
(aerTan[eJr-Fx]Z)p Sec[e + fx]? __TanferTx]”
Sec[e + fx]?
1+m 2+m 3+m , bTan[e+fx]?2
(1+m) |a (3+m) AppellF1] p > =P, »~Tanle+fx)?, - ———————|+
2 2 2 a
3+m 2+m 5+m , bTan[e+fx]?
2prppe11F1[ , , 1-p, —, -Tan[e+fXx] ;*—]*
2 2 2 a
3+m 4+m 5+m
a (2+m) AppellF1| s > =P, ’
2 2 2
, bTan[e+fx]? 5
~Tan[e+fx]?, -————————] | Tan[e + fx] -
a
1+m 2+m 3+m , bTan[e+fx]?2
a (3+m) AppellF1[——, , P, , -Tanfe+fx]?, - ———————]|
2 2 2 a
m
. Tan[e + f x] 2\ p
Cos[e+fx]Sin[e+fx] |—————| (a+bTan[e+fx]?)
Sec[e + f x]?
3+m 2+m 5+m , bTan[e+fx]?
2 [2bpAppellFi| , ,1-p, , -Tan[e+fx]2, - —— | -
2 2 a
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3+m 4+m 5+m )
a (2+m) AppellF1| s s —P>s , -Tan[e+fx]2, -
2 2 2 a

bTan[e+Fx]2]

) 1 1+m 2+m
Secle+fx]*Tan[e+fx]+a (3+m) ﬁzb(ler)pAppellFl[lJr S,
a(3+m

bTan[e + f x]?

m
, -Tan[e+fx]2, - | secle+fx]?Tan[e+fx] -

3+
1-p, 1+
a

(1+m) (2+m) AppellF1[1 + 1+m, 1+ 2+m, -p, 1+ 3+m,
34m 2 2 2

bTan[e + f x]?

~Tan[e + fx]?, | secle+fx]2Tan[e+fx] |+

a
) 1 3+4m 2+m
Tan[e+fx]?|2bp |-————2b (3+m) (1-p) AppellF1|1+ , s
a (5+m) 2 2
5+m , bTan[e+fx]? 5
2-p, 1+ , —Tan[e + f x] ,7—]Sec[e+-Fx] Tan[e + fx] -
a
3+m 2+m 5+m
(2+m) (3+m) AppellF1[1+ , 1+ ,1-p, 1+ s
5+m 2 2 2
, bTan[e+fx)?2 5
~Tanfe+fx]?, -——————— ] Sec[e+fx]*Tan[e+fx] | -
a
1 3+4m 4+m 5+m
a(2+m) |[—————2b (3+m) pAppellF1|1+ s ,1-p, 1+ —,
a (5+m) 2 2 2

, bTan[e+fx]? )

-Tanfe+fx]?, -————————| Sec[e+fx]?Tan[e + fx] -
a

1 3+m 4+m 5+m

(3+m) (4+m) AppellF1[1 + > 1+ > -ps 1+ s

5+m 2 2 2

bTan[e + fx]?

~Tan[e +fx]2, | secie+fx]?Tan[e + fx]

I/

a

1+m 2+m 3+m , bTan[e+fx]?
(1+m) [a (3+m) AppellF1] , y D , ~Tan[e+fx]?, - —————]+
2 2 2 a
3+m 2+m 5+m , bTan[e+fx]?
2b p AppellFi| , ,1-p, —, -Tan[e+fx]?, - ————] -a
2 2 2 a
3+m 4+m 5+m
(2+m) AppellF1]| , > =P, 5
2 2 2

2
_bTan[e+fx]” }] Tan[e + fx]2

ZJ

Problem 157: Result more than twice size of optimal antiderivative.

-Tan[e + fx]?,
a

JCsc[emcx} (a+bTan[e+fx]?)Pdx

Optimal (type 6, 88leaves, 3 steps):
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1 1 3 , bSecle+fx]?

—prpellFl[f, 1, -p, —, Sec[e+fx]*%, ——]
f 2 2 a-b

2\p bSec[e + fx]?

Sec[e+fx] (a-b+bSecle+fx]?)P |14+ —
a-b

-P

Result (type 6, 4030 leaves):

Sec[e+fx] Tan[e + fx] (a+bTan[e+fx}2)2p

1 , bTan[e+fx]?
- 2aAppe11F1[1, -, -p, 2, -Tan[e+fx]?, ——] /
2 a
1 , bTan[e+fx]?
4aAppellF1[1, =, -p, 2, -Tan[e+fx]?, - —————| +
2 a

1 , bTan[e+fx]?
2bpAppellFi[2, =, 1-p, 3, -Tan[e+fx]?, - — ]
2

a
3 , bTan[e+fx)2 5
aAppellF1[2, =, -p, 3, -Tan[e+fx]?, - —————————| | Tan[e + f ] +
2 a
1 1 1 , aCotf[e+fx]?
b (-1+2p) AppellFi[-~-p, -—, -p, —-p, -Cot[e+fx]?, - —— ]
2 2 2 b

(1+Tan[e+fx]?)

/

1 1 3 , aCotl[e+fx]?
—ZapAppellFl[—fp, -—,1-p, —-p, -Cot[e+fx]%, 7—] -
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2bpAppellFl[2, =, 1-p, 3, -Tan[e+fx]?, - — ]
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2 _pl2 2 2 2 b
2

1
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Problem 158: Result more than twice size of optimal antiderivative.

JCsc[eH:x}g’ (a+bTan[e+fx]?)Pdx

Optimal (type 6, 92 leaves, 3 steps):
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2 2
bTan[e+-Fx]2]

bTan[e + fx]? 1 3 5
——]/ -3aAppellFl|~, 2, -p, =, -Tan[e +fx]?,
2 2 a

a
bTan[e+fx}2}

3 5
2 (prppellFl[—, 2,1-p, =, -Tan[e+fx]?,
2 2 a

3 5 , bTan[e+fx]? 5
2aAppellFi[ =, 3, -p, —, -Tan[e+fx]?, -——————— || Tan[e + fx]?| +
2 2 a
1 3 bTan[e+fx]? 5 5
AppellF1l[ =, -p, 1, =, - , -Tan[e +fx]?] Sec[e + fx] /
2 2 a

3 bTan[e+fx]2

1
[BaAppellFl[, -p, 1, —, - , ~Tan[e+fx]2| +
2 2

a
5 bTan[e + fx]?

3
2 (prppellFl[—, 1-p,1, =, - , -Tan[e + fx]?] -
2 2

a
3 5 bTan[e+fx]?2 5 5
aAppellFl[f, -p, 2, -, -——————, -Tan[e + fx] ] Tan[e + f X] -
2 2

a

_ 1 3
9aCos[e+fx]*Sin[e+fx]* (a+bTan[e+fx]?)P AppellFl[—, 2, -p, =, -Tan[e+fx]?,
2 2
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bTan[e + fx]? 1 3 , bTan[e+fx]?
_—]/ -3aAppellFl|~, 2, -p, =, -Tan[e+fx]?, - ——] -
2 2 a

a

3 5 , bTan[e+fx]?
2 prppellFl[f, 2,1-p, —, -Tan[e+fx]*, ——}
2 2 a

3 5 , bTan[e+fx]? 5
2aAppellFl[~, 3, -p, =, -Tan[e+fx]?, - ———————] | Tan[e + fx]?| +
2 2 a
1 3 bTan[e + f x]? 5 5
AppellFl[—, -p,1, -, -————, -Tan[e + fx] } Sec[e + fX] /

2 2 a

1 3 bTan[e+fx]?2 )
3aAppellFl[~, -p, 1, =, - ——————, -Tan[e + fx]?] +

2 2 a

bTan[e + f x]?

3 5
2 (prppellFl[—, 1-p,1, =, , ~Tan[e+fx]2] -
2 2

a

3 5 bTan[e+fx]?2 , 5
aAppellFl|[ =, -p, 2, =, -————————, -Tan[e+ fx]?| | Tan[e+ Fx]2| | +
2 2

a

3aCos[e+fx]3Sin[e+fx] (a+bTan[e+fx}2)p(

1 3
—2bpAppellFi[—, 2, 1-p,
3a 2

, bTan[e+fx]? 5 4
, -Tan[e+fx]2, - ————————| Sec[e+fx]?Tan[e+fx] - — AppellF1|
a 3

N W N W

5 , bTan[e+fx]? ,
,3, -p, =, -Tan[e+fx]?, - ————————] Sec[e+fx]?Tan[e + fx] /
2 a
1 3 , bTan[e+fx]?
—3aAppe11F1[—, 2, -p, —, -Tan[e+fx]*, ——] -
2 2

a
bTan[e + f x]?

3 5
2 (prppellFl[, 2,1-p, =, -Tan[e+fx]?, -
2 2

J

a
bTan[e+fx]?2

3 5
2aAppellFl[ =, 3, -p, =, -Tan[e+fx]?, - ]) Tan[e + fx]%| +
2 2

a

1 3 bTan[e + fx]? 5 5
2Appe11F1[f, -p, 1, -, -——————, -Tan[e + fx] ] Sec[e+fx]“Tan[e + f X]
2 2

/

a
1 3 bTan[e +fx]?2 5
3aAppellFl[~, -p, 1, =, - —————, -Tan[e + fx]?| +
2 2 a
3 5 bTan[e + f x]? 5
2 prppellFl[—, 1-p,1, -, -————, -Tan[e + f X] }—
2 2 a
3 5 bTan[e+fx]?2 5 5
aAppellFl| =, -p, 2, =, -——————, -Tan[e+ fx]?]| Tan[e + fx]?| +
2 2 a
, (1 3 5 bTan[e + f x]? 5
Sec[e+fx]?|—2bpAppellF1| =, 1-p, 1, =, -———————, -Tan[e + fx]?
3a 2 2 a
, 2 3 5
Sec[e+fx]“Tan[e +fx] - prpellFl[f, -p, 2, —,
3 2 2

bTan[e + f x]? 5 5
-————, -Tan[e + f x] ]Sec[e+-Fx] Tan[e + f X]

/

a

1 3 bTan[e +fx]?2
3aAppellFl[~, -p, 1, =, - —
2 2

, -Tan[e+fx]?] +
a
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3 5 bTan[e + f x]? 5
2 |bpAppellFl[=,1-p, 1, =, -————————, -Tan[e + fx]?] -
2 2 a
3 5 bTan[e+fx]?2 5 5
aAppellFl][ =, -p, 2, =, -————————, -Tan[e+ fx]?] | Tan[e + fx]?| -
2 2 a
1 3 , bTan[e+fx]?
AppellFl[~, 2, -p, =, -Tan[e+fx]?, - — ]
2 2 a
3 5 , bTan[e+fx]? 3
-4 |bpAppellF1][ =, 2,1-p, =, -Tan[e+fx]?, -————————] - 2aAppellF1[—,
2 2 a 2

bTan[e + f x]?

]

1 3 5 , bTan[e+fx]?
fszAppellFl[f, 2,1-p, —, -Tan[e+fx]*, - ———
3a 2 2 a

5
3, -p, —, -Tan[e +fx]2, Sec[e+fx]?Tan[e+fx] -3a
2

a
| secle+fx]?

4 3 5 , bTan[e+fx]?
Tan[e+fx] - —AppellF1| =, 3, -p, =, -Tan[e+fx]?, - ——]
3 2 2 a

Sec[e+fx]2Tan[e+fx]|-2Tan[e+fx]? |bp

1 5
-—6b (1-p) AppellF1| -,
5a 2

bTan[e + f x]?

7
2,2-p, -, *Tan[e+fx]2.v* ]Sec[e+-Fx]2Tan[e+-Fx]—
2 a

12 5 7 , bTan[e+fx]?
~— AppellF1[=, 3,1-p, —, -Tan[e+fx]?, - ——
5 2 2

| secfe+fx)?
a

Tan[e + f x]

1 5 7 X
-2a f6prppellF1[f, 3,1-p, —, -Tan[e +fx]*4,
5a 2 2
bTan[e+fx]?2 5 18 5
- ———————]Sec[e+fx]?Tan[e+fx] - — AppellF1[~, 4, -p,
5

)/

a

7 , bTan[e+fx]? 5
~, -Tan[e+fx]?, - ————————]| Sec[e+fx]?Tan[e + fx]
2

a

1 3 , bTan[e+fx]?2
-3aAppellFl|~, 2, -p, =, -Tan[e+fx]%, - — ] -
2 2 a

3 5 , bTan[e+fx]?
2 prppellFl[f, 2,1-p, —, -Tan[e + fx] ,——]—
2 2 a

bTan[e + fx]2 2

5

=, -Tan[e+fx]%, - —]

2 a
bTan[e + fx]? 5 5

, -, -Tan[e + fx]?| Sec[e + f x]

2 aAppellFl[ =, 3, -p, Tan[e + fx]?

N jw N W

1
{AppellFl [ 3 p, 1,

a

5 bTan[e + fx]? 5 3

—y —-———————, -Tan[e + fX] ] —aAppellFl[—,

2 a 2

5 bTan[e+fx]?2 5

-p> 2, =, - , —Tan[e + f x] ]
2 a

3
4 [prppellFl[—, 1-p, 1,
2

Sec[e+fx]?Tan[e+fx] +

1 3 5 bTan[e + fx]? 5
3a|—2bpAppellF1[=~,1-p, 1, =, -——————, -Tan[e + fx]?
3a 2 2 a

) 2 3 5
Sec[e+fx]“Tan[e+fx] - prpellFl[f, -p, 2, —,
3 2
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bTan[e + fx]?

, -Tan[e+fx]2| Sec[e+fx]?Tan[e+fx] |+
a

7 bTan[e + fx]?

6 5
2Tan[e+fx]2 |bp [——AppellFl[—, 1-p,2, —
5 2

3 3

a

1 5
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - —6b (1-p) AppellFl| -,
5a 2
7 bTan[e + f x]?

2-p,1, -, -———————, -Tan[e+ fx]?| Sec[e+ fx]?Tan[e + f X]
2 a

1 5 7 bTan[e+fx]?2 ,
a|—6bpAppellF1[~,1-p, 2, =, -——————, -Tan[e + fx]?]
5a 2 2

a

J

12 5 7
Secle+fx]?Tan[e+fx] - — AppellFl|~, -p, 3, —
5 2

bTan[e+fx]?2 5 5
-, -Tan[e+ fx]?| Sec[e+fx]?Tan[e + fx]

)/

a

1 3 bTan[e + fx]? 5
3aAppellF1[f, -p,1, -, -—————, -Tan[e + fx] } +
2 2 a

3 5 bTan[e+fx]?2 5
2 |bpAppellF1[=,1-p, 1, =, -—————, -Tan[e+ fx]?] -
2 2 a
3 5 bTan[e+fx]?2 5 ,)°
aAppellFl| =, -p, 2, =, -———————, -Tan[e+ fx]2| | Tan[e + f x]
2 2 a

Problem 160: Result more than twice size of optimal antiderivative.

J(a+bTan[e+fx]2)pd1x

Optimal (type 6, 78 leaves, 3 steps):

bTan[e + fx]?

]

1 1 3 ,
~AppellF1|—, 1, -p, =, -Tan[e+fx]?, -
f 2 2 a
21p bTan[e+fx]2)7P
Tan[e+fx] (a+bTan[e+fx]%)P |1+ ————
a

Result (type 6, 192 leaves):

1 3  bTan[e+fx]? 27 s
[BaAppellFl[, -p, 1, —, -————————, -Tan[e+fx]?| Sin[2 (e +fX) |
2 2 a

21p 1 3 bTan[e+fx]? 5
(a+bTan[e+fx]?) / 6afAppellFl| =, -p, 1, =, -———————, -Tan[e+ fx]?] +
2 2

a
3 5 bTan[e + fx]? 5
4 f prppellFl[f, 1-p,1, -, -————, -Tan[e + fX] ]—
2 2 a
3 5 bTan[e+fx]2 5
aAppellFl[ =, -p, 2, =, -——————, -Tan[e + fx]?]
2 2

Tan[e + fx]?
a

Problem 164: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

J(dsin[e+fx])m (b (cTan[e+fx])")Pdx

Optimal (type 5, 98 leaves, 3 steps):

1 e
(Cos[e+fx]2)?(1 ne)

f (1+m+np)
) 1 1 A
Hypergeometric2F1[ = (1+np), N (L+m+np), N (3+m+np), Sinfe+fx]?]

(dsinfe+fx])"Tan[e+fx] (b (cTan[e+fx])")"
Result (type 6, 2372 leaves):

[(3+m+np> AppellFl[1 (1+m+np), np, 1+m, 1 (3+m+np), Tan[1 (e+fx”2,
2 2 2
7Tan[1 (e+FxH2] Sin[e+fx]*™ (dSinfe+fx])"Tan[e+fx]"? (b (cTan[emcx])”)p]/
2
1
(-F (1+m+np) (<3+m+np) AppellFl[; (1+m+np), np, 1+m,

1 (3+m+np), Tan[i (e+fx>]2, ~Tan| <e+-Fx)]2] -

2

N |

1 1 2
2 ((1+m> AppellFl[g (3+m+np), np, 2+m, N (5+m+np), Tan| (e+fx)} ,

N |

—Tan[

N |

2 1 1
(e+fx)]"] -npAppellF1[= (3+m+np),1+np,1+m, = (5+m+np),
2 2

Tan[% <e+fx)]2, 7Tan[§ (e+fx)]2] Tan[% (e+fx)]2J
(e+'FXH2,

([(1+m) (3+m+np) AppellF1[ = (1+m+np), np, 1+m, % (3+m+np), Tan|

N |

1
2

~Tan| <e+fx)]2} Cos[e + f x] Sin[e+-Fx}mTan[e+-Fx]"P)/ ((1+m+np)

N |

((3+m+np) AppellF1[ = (1+m+np), np, 1+m, i (3+m+np), Tan[% (e+-FxH2,

1
2
]

1 2 1 1
~Tan[~ (e+Fx) ]| -2 ((1+m> AppellFl[g (3+m+np), np, 2+m, N (5+m+np),
2

Tan[l (e+-Fx)]2, —Tan[l (e+fx”2} 7npAppellF1[1 (3+m+np), 1+np, 1+
2 2 2
m, 1 (5+m+np), Tan[1 (e+fx”2, —Tan[l <e+fx)]2] Tan[1 (e+fx”2]) +
2 2 2 2
(3+m+np)sinfe+fx]*" (—é(brm) (L+m+np) AppellF1[1+1 (1+m+np),
3+m+np 2

np, 2+m, 1+l (3+m+np), Tan[1 <e+fx)]2, 7Tan[£ (e+Fx)]2]
2 2 2

(e+fx)] +#np (1+m+np)

(e+-FX)]ZTan[
3+m+np

Sec|

N |
N |

1 1 1 2
AppellF1[1+ — (1+m+np), 1+np, 1+m, 1+; (3+m+np),Tan[E (e+fx)]",
2
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—Tan{% (e+FxH2] Sec[% (e+FxH2Tan[§ (e+fx)] Tan[e+fx]“p)/

1
((1+m+np) ((3+m+np) AppellFl[; (L+m+np), np, 1+m, = (3+m+np),

N |

Tan[l (e+-Fx)]2, —Tan{l (e+1°x)]2] -

2 2
1 1 1 2
2 ((1+m) AppellFl[; (3+m+np), np, 2+m, N (5+m+np), Tan[g (e+fx)]7,
1 2 1 1
~Tan[ =~ (e+fx) | }—npAppellFl[g (3+m+np), 1+np, 1+m, N
2

(5+m+np), Tan[% (e+fx”2, —Tan[% <e+fx)]2] Tan[% (e+fx”2]) -

((3+m+np) AppellFl[l (1+m+np), np, 1+m, 1 (3+m+np),Tan[1 (e+fx)]2,
2 2 2
7Tan[1 (e+fx)]2} Sinf[e + fx]bm
2
1 1 1 2
(—2 [(1+m) AppellFl[; (3+m+np), np, 2+m, 5 (5+m+np), Tan[; (e+fx)]7,

1 2 1 1
~Tan[ = (e+fx) | }—npAppellFl[E (3+m+np), 1+np, 1+m, N (5+m+np),

2
(e+£x)]”]| sec|

Tan| (e+-FxH2, ~Tan|

N R —
N R

1 2 1

= £x)]“Tan[= (e+f

N (e+Fx)] an[2 (e+fx)]+
(3+m+np) [— = (1+m) (1+m+np)AppellF1[1+§(1+m+np),

3+m+np
1 1 2

np, 2+m, 1+~ (3+m+np), Tan[; (e+-FxH ,
2

)

—Tan{l (e+1°x)]2] Sec[l (e+fx ]ZTan[l (e+fx” +;
2 2 2 3+m+np

1 1
np(l+m+np) Appe11F1[1+; (L+m+np), 1+np, 1+m, 1+; (3+m+np),

Tan[% (e+fo2, —Tan[% (e+fx”2} Sec[% (e+fo2Tan[§ (e+fx)]|-
—é(Zer) (3+m+np) AppellF1]|

2Tan[%(e+fx)]2((1+m) Siminp

1 1 1 2
1+ = (3+m+np),np,3+m,1+;(5+m+np),Tan[; (e+fx)]",
2

,Tan[i (e+fx”2} Sec[i (e+fx”2'ran[§ (e+fx)] +ﬁ

1 1
np (3+m+np) AppellF1[1+ — (3+m+np),1+np,2+m,1+£(5+m+np),

2
Tan[l(e+fx”2,—Tan[l(e+fx)]2]5ec[1(e+-Fx)]2Tan[l(e+FxH -
2 2 2 2
1 1
np|-————(1+m) (3+m+np) AppellF1[1+ = (3+m+np), 1+np,
5+m+np 2
2

2+m, 1+1 (5+m+np),Tan[1 <e+-Fx)] s —Tan[l (e+FxH2]
2 2 2
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Sec[1 (e+1cx>]2Tan[1 (e+fx)] +#<1+np) (3+m+np) AppellFi|
2 2 5+m+np

(e+'FXH2,

|| rante - ex17e] /

(3+m+np),

1 1
1+~ (3+m+np),2+np,1+m, 1+ = (5+m+np), Tan|
2 2

N |

—Tan[

N |

(e+fx)]2] Sec[% (e+-Fx)]2Tan[§ (e+fx)}

B

{(1+m+np)((3+m+np)AppellF1 (L+m+np), np, 1+m,
2

N |

Tan{l (e+fx”2, —Tan[l (e+fx”2} -
2 2
1
2 ((1+m) AppellFl[; (3+m+np), np, 2+m,

1 1 2
~(5+m+np), Tan[f (e+-FxH ,
2 2

2 1
~Tan|[ = (e+Fx) ] ]—npAppellFl[; (3+m+np), 1+np, 1+m,

N |

% (5+m+np), Tan[% (e+fx)]2, —Tan{% (e+FxH2] Tan[% (e+fx)]2J2] +

(n p (3+m+np) AppellFl]

N |

(1+m+np),np,1+m,%(3+m+np),

(e+Fx”2, —Tan[l (e+fx>]2}

T
an| A

N |

SEC[e+-Fx1ZSin[e+_FX11+m Tan[e+1:x1’1*“p)/

[(1+m+np)

(3+m+np) AppellFl[1 (1+m+np), np, 1+m,
2

1 (3+m+np), Tan[1 (e+fx)]2, 7Tan[l (e+fx”2] -

2 2 2

2 ((1+m) AppellFl[l (3+m+np), np, 2+m, ! (5+m+np), Tan[l <e+fx)]2,
2 2 2

—Tan[1 (e+fx>]2} —npAppellFl[l (3+m+np), 1+np, 1+m, 1
2 2 2

(5+m+np), Tan[% (e+fx>]2, —Tan[% (e+fx)]2] Tan[% (e+fx”2])]]

Problem 165: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Jsin[emcx}2 (b (cTan[e+fx])")Pdx

Optimal (type 5, 63 leaves, 3 steps):
_r
f(3+np)

Hypergeometric2F1|2, : (3+np),
2

N |

(5+np), -Tan[e+fx]?| Tan[e+fx]> (b (cTan[e+fx])")P

Result (type 6, 5192 leaves):
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[8 (3+np) Cos| (e+fx)]55in[ (e+fx)]

N |

(1+np), np, 2, i (3+np), Tan[% (e+-Fx>]2, -Tan|

e+fx)]2J/[(3+np)

AppellFl[% (1+np), np, 2, % (3+np), Tan[% (e+FxH2, 7Tan[§ (e+fx>]2} +

<e+fx)]2]

N |

( (AppellFl[

—~ N RPN R

1
Sec|—
2

2 (—ZAppellFl[l (3+np), np, 3, 1 (5+np), Tan[l (e+fx)]2, —Tan[1 (e+fx”2} +
2 2 2 2

1 1
npAppellF1[= (3+np), 1+np, 2, = (5+np),
2 2

e+ x)]"] /

Tan[> (e s £x) 1%, Tan[> (e 4 x] 7] Tan[ 2 (e x)]’

N |
N |
N |

N R —

2
]
1 2
AppellF1| ~ (e+fx)]|", -Tan|
2

N |

(1+np), np, 3, % (3+np),Tan[

((3+np) AppellFl[l (1+np), np, 3,
2
1(3+np>,Tan[ <e+fx)]2]+

1 2
= le+fx)]%, T
5 2(e+ XH an[

N |

2 (—BAppellFl[1 (3+np), np, 4, 1 (5+np), Tan[1 (e+fx)]2, —Tan[1 (e+fx”2} +
2 2 2 2

1 1
npAppellF1[= (3+np), 1+np, 3, = (5+np),
2 2
Tan{l (e+fx”2, —Tan[l (e+fx”2} Tan{l (e+-FxH2)J
2 2 2
(b (cTan[e+fx])")P (—lCos[Z (e+fx)]3Tan[e+Fx]”p+
4
1JiSin[Z (e+fx)]| Tan[e+fx]"P +
4
1Sin[z (e+-Fx)]ZTan[e+-Fx]”P—
2
1

~isin|2 <e+fx)]3Tan[e+Fx]"p+

IN

Cos |2 (e+fx”2 (lTan[eﬂcx]”"—liSin[Z (e+fx)] Tan[e+fx}“") +
2 4

Cos[2 (e+fx)] (—lTan[ewa}”p—lSin[z (e+1cXH2Tan[e+-Fx}”P])]/
4 4

(F (1+np) 4 (3+np) Cos[% <e+-Fx)]6 [(AppellFl[% (1+np), np, 2,

l1+np

%(3+np),Tan{

(e+fx)]2, —Tan[% (e+-FxH2] Sec{l (e+-FxH2]/

2

(Rl SR

3+np) AppellF1l l+np), np, 2, 1 3+np), Tan 1 e+fx 2,
2

2

- N

1 2 1 1
~Tan|[= (e+fx) ]| +2 (—ZAppellFl[; (3+np), np, 3, N (5+np),

2
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Tan[ L (e+1cx)]2, —Tan[l (e+fx)}2} +npAppe11F1[l (3+np), 1+np,
2 2 2

(5+np), Tan| (e+-FxH2, ~Tan|

<e+fx)]2] Tan|

(eﬂcx)f]_
e+x)]"] /

I

N[RN[R
N |
N |

1
AppellFl[g (1+np), np,3, = (3+np), Tan|

N |

(e+-FxH2, ~Tan|
1

(3+np) AppellF1|
2
)

— N =

(1+np), np, 3, 1 (3+np), Tan[E (e+Fx
2 2

2 1 1
-Tan| (e+Fx "] +2 —3Appe11F1[£(3+np>,np, 4, E(5+np),

N |

Tan[1 (e+fx)]2, —Tan[l (e+fx”2} JrnpAppellFl[1 (3+np), 1+np,
2 2 2

3, % (5+np), Tan[% (e+fx”2, —Tan[% <e+fx)]2]] Tan[% (e+fx”2])

Tan[e +fx]"P -

20 (3+np) Cos| (e+FxH4Sin[ <e+fx)]2

N |
N |

l1+np

1 1
((AppellFl[; (1+np), np, 2, N (3+np),
Tan{i (e+FxH2, —Tan[% (e+fx”2} Sec[% (eJr-FxH2 /

(<3+np) AppellFl[% (1+np), np, 2, % (3+np), Tan[% (e+-FxH2,

—Tan{l(e+fx)]2]+2 —2AppellF1[l(3+np),np, 3,1(5+np),
2 2 2
Tan[l(eﬂcx)]z,—Tan[l(e+fx”2}+npAppellF1{l<3+np),1+np,
2 2 2
1 1 2 1 2 1 2
2, = (5 ,Tan[= (e+fx)]°, -Tan[= (e+f Tan[~ (e+f -
2( +np) an[z(e+ XH an[2<e+ x)]] an[z(e+ x)}]
AppellFl[l(lJrnp),np, 3, l(3+np),Tan[l(eJr-I:tz, —Tan[l(ewa)]z}/
2 2 2 2
1 1 1 2
(3+np) AppellF1|[ = (1+np), np, 3, = (3+np), Tan[= (e+Fx) ]|,
2 2 2
1 2 1 1
~Tan|[ = (e+fx) ]| +2 73Appe11F1[; (3+np), np, 4, N (5+np),
2

Tan[1 (e+fx)]2, 7Tan[1 (e+fx”2} JrnpAppellFl[1 (3+np),1+np,
2 2 2

3, % (5+np), Tan[% (e+fx”2, —Tan[% <e+fx)]2] Tan[% (e+fx”2])

Tan[e + fx]"P+
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l1+np

([AppellFl[% (1+np), np, 2, % (3+np), Tan[% (e+-FxH2, —Tan[% <e+fx)]2]
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2 2

Sec[% (e+fx)]2Tan[§ (e+-FxH
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1 1
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1 1 1
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1

1 1
np(l+np) Appe11F1[1+;(1+np),1+np, 3,1+;<3+np),

(e+fx)})/

(e+-Fx)}2,

3+np

| =

Tan| (e+fx)]2,—Tan[ (e+-Fx)]2]Sec[ (e+-Fx)]2Tan[
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— N

(3+np) AppellF1] , Tan|

N |

(1+np), np, 3, % (3+np
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1 2 1 1
—Tan[;(eJr-Fx 7] +2 —3Appe11F1[£ (3+np), np, 4, N (5+np),

Tan[l(eJr-Fx)]z,—Tan[}(e+fx”2}+npAppe11F1[1(3+np),1+np,
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1 1 2 1 2 1 2
3, = (5 ,Tan[ = (e+fx)]°, -Tan[~ (e+f Tan[~ (e+f -
2( +np) an[z(e+ XH an[2<e+ x)]] an[z(e+ x”
Appe11F1[1(1+np),np, 2, 1<3+np),Tan[1<e+fx)]2, —Tan[l(eﬂcx)}z]
2 2 2 2

Sec[% (e+fx)]2
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2 2
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Tan[
2 2
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N |
N |

2Tan| <e+fx)]2

N |

1 1
_2(_ 3 (3+np) AppellF1[1+ = (3+np), np, 4, 1+
5+np 2

1 (5+np), Tan[l (e+FxH2, 7Tan[1 (e+fx”2} Sec[1 (e+fx”2
2 2 2 2

Tan[
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5+np
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2 2 2 2

Tan[% (e+fx)]

1
+np(f 2(3+np)Appe11F1[1+;(3+np),

5+np

(e+Fx)]2, —Tan[i (e+fx)}2}
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1
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2
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1 2 1
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2 2
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1 1 1
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3+np 2
1 2 1 2 1 2
Tan[g (e+Fx)] , —Tan[; (e+-FxH }Sec[; (e+fx)} Tan|
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<e+'FX)] +

1 2 1
2Tan[ =~ (e+fx) | —3(—5 4(3+np)Appe11F1[1+;(3+np),np,5,1+
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2
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Tan[% (e+fx)]+
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np (3+np) AppellF1[1+l<3+np),1+np, 4,
5+np 2
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1+— (5 > T - f > T N f S N f
Eisenp tanl 2 (erfx) )% Tanl 2 (e 6] secl 2 (e o]
1 1 1
Tan[ = (e+fx) | +np(— 3 (3+np) AppellF1[1+ = (3+np),
2 5+np 2

l+np,4,1+— (5+np),Tan{l (e+Fx)]2, —Tan[l (e+fo2}
2 2

Sec[% (e+fo2Tan[§ (e+fx)]+

(1+np) (3+np)

5+np
1 1 1 2
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—Tan[l<e+fx)]2]5ec[1(e+-Fx)]2Tan[l(e+FxH J]/
2 2 2
1 1
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2

A (3+np), Tan[% (e+Fx”2,
—Tan[
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2 1
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2

Tan|— (e+fx”2, 7Tan[1 (e+fx)]2] +npAppellFi1|
2 2

N R NP

(3+np), 1+np, 3,

(e+fx)}2]2)

N |

(5+np), Tan[

N |

(e+-FxH2, ~Tan|

N |

(e+fx)]2} Tan|

N |

Tan[e+fx]"P +

8np (3+np) Cos|
l+np

N |

(e+1‘x)]55ec[e+-l:x}2
Sin|

1 (e+'FXH

2

((AppellFl[% (1+np), np, 2, % (3+np), Tan[% (e+fx”2,
—Tan[% (e+fx)]2} Sec[% (e+fx)]2J/
(<3+np) AppellFl[i (1+np), np, 2, % (3+np), Tan[l (e+fx”2,

2
1 2 1 1
~Tan[= (e+fx)]"]+2 (—ZAppellFl[; (3+np), np, 3, N (5+np),
2
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2, % (5+np), Tan[% (e+-FxH2, —Tan[l (e+fx)]2] Tan[l (e+fx”2] -

2 2
AppellFl{l(1+np),np, 3, l(3+np),Tan{l(e+-|:xH2,—Tan[l(eﬂ‘:x)]z}/
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1 1
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1 1 1 2
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Problem 170: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JSin[ewa}3 (b (cTan[e+fx])")Pdx

Optimal (type 5, 93 leaves, 3 steps):
1
f (4+np)

1

2 (1+np) . 1 1 1 . 2
(Cos[e+fx]?): Hypergeometric2F1[ = (1+np), — (4+np), — (6+np), Sin[e+fx]?]
2 2 2

Sin[e+fx]*>Tan[e+fx] (b (cTan[e+fx])")?
Result (type 6, 5464 leaves):
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n
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2
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2+np 2 2
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2
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2
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N |
N |

np np
(4+np) AppellF1[1+ —,np, 4,2+ —, Tan[
2 2



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 97

2 —4Appe11F1[2+ﬂ, np, 5, 3+m, Tan[l (e+-FxH2, —Tan[l (e+fx)]2} +n
2 2 2 2

pAppellF1[2+ﬂ, 1+np, 4, 3+ﬂ, Tan[l (e+-FxH2,
2 2 2

_Tan[i (e+fx>}2} Tan[% (e+fx)}2)J Tan[e+fx]"P -
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Tan[

N |

(e+FxH2) -

2

1 np np
4 (1+—) AppellF1[2+ —, np, 5, 3+
2+n—2p— 2
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ﬂ, np, 5,4+E, Tan[1 (e+-FxH2,
2 2 2

1 np
-3 |- 4 [2 + —) AppellF1|[3 +
2

—Tan[l (e+FxH2} Sec[1 (e+-FxH2Tan[

A A (e+fx)]+

N |

34 P
2
n

©

np np
np (2+ )Appe11F1[3+—, 1+np, 4,4+ —, Tan|

5 5 (e+-Fx)]2,

N |

N RN

(e+fx)]2] Sec[1 (e+fx)]2Tan[1

-Tan]| ) ;(e+1‘x” +

1 n n n 1
np { 3 [2+7p] AppellF1[3+7p, l1+np, 4,4+ TD, Tan[; (e+-Fx)]2,

3,02
2
1 2 1 2 1 1
“Tan[= (e+f Sec[= (e+fx]] Tan[= (e+f
an[z(e+ x)]"] ec[z(e+ x) | an[z(e+ X)]+3+n_a

(2+QJ (1+np) APDEl1F1[3+Q, 24np, 3,450, Tan[ > (e“cXHZ’
2 2 2

1 2 1 2 1
Tan[= (e f Sec[= (e+fx)|*Tan[= (e+F
an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ x) | J/
(<4+np)Appe11F1[1+E,np,3,2+E,Tan[l(e+fx)]2,—Tan[l(e+fx)]2]+
2 2 2 2

2 (—3Appe11F1[2+ E, np, 4, 3+ E, Tan[l <e+fx)]2, —Tan{l (e+Fx)]2] +
2 2 2 2

npAppe11F1[2+Q, l+np, 3, 3+E, Tan[l (e+-Fx)]2,
2 2 2
2

—Tan{% (e+1:x)]2] Tan[% (e+fx)]2 +

2 1 2
(e+fx)]7, —Tan[; (e+Fx)]"]

np np
AppellF1[1+—, np, 4, 2+ —, Tan|
2 2

N |

2 (—4Appe11F1[2+ E, np,5, 3+ ﬂ, Tan[l (e+fx)]2, —Tan[l (e+fx”2] +np
2 2 2 2

Appe11F1[2+ﬂ, 1+np, 4, 3+Q, Tan[l (e+Fx”2, —Tan[l (e+fx)]2}
2 2

2 2
Sec[1 (e -FxHZTan[l (e+fx)]+ (4+np) 41, 0P
— (e+ — (e+ + (4 + - +—
2 2 P 2+% ( )
Appe11F1[2+E,np, 5,3+E, Tan[l(e+fx)}2,—Tan[l(e+fx)]2}
2 2 2 2
1 2 1 1 np
Sec[= (e+fx)] Tan[= (e+f 1.2
ec[z(e+ x) | an[z(e+ XH+2+n_2r>_np( + 2)

Appe11F1[2+ﬂ, 1+np, 4, 3+Q, Tan{l (e+-FxH2, —Tan[l (e+fx)]2}
2 2 2 2
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+2Tan[l (e+-FxH2
2

Sec[1 (eJr-FxHZTan[l (e+fx)]
2 2
1 np np np 1 2
5 [2+—) AppellF1[3+ —, np, 6, 4+ —, Tan[ = (e+fx) |,

2 2 2 2

3,02
2
1 1 2 1
“Tan[= (e f Sec[= (e+fx)] Tan[= (e+f
an[z(e+ x)}} ec[z(e+ x” an[z(e+ x)]+3+%

np (2+ﬂ) AppellF1[3+E, 1+np, s, FULL Tan|
2 2 2 2
7Tan[1 (e+fx)]2] Sec[1 (e+1‘x)]2Tan[1 (e+fx)]]|+
2 2 2

4 [2+E] Appe11F1[3+ﬂ) 1+np) 5, 4+Q) Tal’]{1 (e+'f:X)]2J
2 2 2 2

np{3+M
2
1 2 1 2 1 1
Tan[= (e f Sec[= (e+fx)] Tan[= (e+f
an[z(e+ XH ] ec[z(e+ x” an[2<e+ x)]+3+&2llz

(1+np) AppellFl[?wﬂ, 2+np, 4, 4+Q, Tan[1 (e+fx” ,
2 2 2

I

o5

—Tan[% <e+fx)]2] Sec[% <e+-Fx)]2Tan[§ (e+FxH

((4+np) AppellF1[1+?, np, 4, 2+nz—p, Tan[% (e+fx)]%, -Tan[% (e+1:x)]2] -
2 (—4Appe11F1[2+ nz—p, np, 5, 3+%, Tan[i (e+fx)]7, —Tan[% (e+fx)]"] +
np AppellF1[2 + Q, l+np, 4,3+ Q, Tan[1 <e+'FX>]2,
2 2 2
Tan[ (e ] ]7) Tan[i(e+fx)]2]2]

1 6
16np (4+np) Cos|~ (e+fx)] Sec[e+Ffx]?
2

Tan[e + fx]"P +
2+np

Sin{l (e+-FxH2

2
((AppellF1[1+ﬂ, np, 3, 2+Q, Tan[1 <e+fx)]2,
2 2 2
—Tan[l (e+fx)]2} Sec[1 (e+fx)]2 /
2 2

((4+np) AppellF1[1+Q, np, 3, 2+Q, Tan[1 (e+fx>]2, —Tan[l (e+fx)]2] +
2 2 2 2
(

2 (—3AppellF1[2+Q, np, 4, 3+Q, Tan[E e+-FxH2, —Tan[l (e+-Fx)] ] +n
2 2 2

pAppe11F1[2+E, l1+np, 3, 3+Q, Tan[f (e+fx” ,
2 2 2
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—Tan[1 (e+fx”2} Tan{l (e+1cx)]2 -

2 2
AppellF1[1+E, np, 4, 2+Q, Tan[l (e+-Fx>]2, —Tan[l (e+fx)]2]/
2 2 2 2
((4+np) Appe11F1[1+Q, np, 4, 2+Q, Tan| (e+fx>]2, —Tan[1 (e+Fx)]2] +
2 2 2

1

2

2 [—4AppellF1[2+Q, np, 5, 3+Q, Tan[l (e+-FxH2, —Tan[l (e+fx>]2} +n
2 2 2 2

pAppellF1[2+Q, l1+np, 4, 3+Q, Tan[ (e+-FxH2,
2 2

N |

—Tan[

N |

(e+fx>}2} Tan|

N |

(e+fx)]2)] Tan[e+fx}1*”p]]

Problem 171: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JSin[e-%—'FX} (b (cTan[e+fx])")Pdx

Optimal (type 5, 91 leaves, 3 steps):

o
f(2+np)
2\ > (1enp) . 1 1 1 . )
(Cose+fx]?):z Hypergeometric2F1| — (1+np), = (2+np), = (4+np), Sin[e + fx] ]
2 2 2
Sinfe+fx] Tan[e+fx] (b (cTan[e+fx])")"

Result (type 6, 2111 leaves):

[(4+np) Appe11F1[1+ﬂ, np, 2, 2+E, Tan[1 (e+fx)]2, —Tan[l (e+fx”2]
2 2 2 2

/

f(2+np) [(4+np) AppellF1[1+E, np, 2, 2+ﬂ, Tan[1 (e+fx)]2, 7Tan[1 (e+fx”2} +2
2 2 2 2

Sin[e+fx]*>Tan[e+fx]"? (b (cTan[e+fx])")P

[—2AppellF1[2+ Q, np, 3, 3+ Q, Tan[l (e+-FxH2, —Tan[1 (e+fx>]2} +npAppellF1|
2 2 2 2

2+Q,1+np,2,3+ﬂ,Tan[ (e+-FxH2,—Tan[ <e+fx)]2] Tan[ (eJr-FxH2
2 2

N |
N |
N |

(e+1:x)]2, -Tan|

(e+-FxH2]

np np
[2 (4+np) AppellF1[1+—, np, 2, 2+ —, Tan|
2 2

N |
N |

Cos[e+fx] Sin[e+fx] Tan[e+fx]”p]/ [(2+np)
[(4+np) Appe11F1[1+Q, np, 2, 2+Q, Tan[1 (e+-Fx)]2, —Tan[1 (e+fx)]2] +
2 2 2 2

2 (—2Appe11F1[2+ E, np, 3, 3+ E, Tan[1 (e+fx”2, —Tan[1 (e+fx)]2} +
2 2 2 2
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npAppe11F1[2+ﬂ, 1+np, 2, 3+E, Tan{l (e+FxH2,
2 2 2

—Tan[l(e+fx>]2})Tan[l(e+-FxH2)J+
2 2
(4+np)Sinfe+fx]? |- ! 2(1+Q)AppellF1[2+Q,np,3,3+ﬂ,
2+n_2p_ 2 2 2
Tan[l(eJr-FxHZ, —Tan[l(eJrfoz} Sec[l(e+-FxH2Tan[1(e+-Fx)]+
2 2 2 2
2+1%np(1+%) Appe11F1[2+%,1+np, 2,3+nz—p, Tan[%(eﬂcx)]z,
1 2 1 2 1
—Tan[;(eJr-FxH ]Sec[;(eJr-FxH Tan[g(ewa)] Tan[e + fx]"P /((2+np)
((4+np) Appe11F1[1+ﬂ,np, 2,2+E, Tan[l(ewa)]z,—Tan[l(e+1°x)]2]+
2 2 2 2
2(—2Appe11F1[2+Q,np, 3,3+Q, Tan[l(erFxHZ,—Tan[l(e+fx)]2}+
2 2 2 2

npAppe11F1[2+Q, 1+np, 2, 3+Q, Tan| (e+-FxH2, -Tan]|
2 2

N |
N |

<e+fx>ﬁ]
Tan{l (e+-FxH2)) -

n
(4+np) AppellF1[1+ _p) np, 2,
2 2

2. 2P Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2] Sinfe + fx]?
2 2 2

2 (72AppellF1[2+ E, np, 3, 3+ ﬂ, Tan[1 (e+fx)]2, 7Tan[1 (e+FxH2] +
2 2

2 2
npAppellF1[2+Q,1+np, 2,3+ﬂ, Tan[l(eJr-Ftz, —Tan[l(ewa)]z}
2 2 2 2
Sec[1 (e Fx”ZTan[l (e fx)] (4+np) = 2 (1P A ellF1[2 np
— + — + + + - + — + —
2 2 P 2+%’* ( 2) PP 2 ’

np, 3, 3+Q, Tan[1 (e+fx”2, 7Tan[1 (e+fx)]2} Sec[1 <e+fx)]2Tan[
2 2 2 2

1 np np np
— (e+fx) ]|+ np(1+—)AppellF1[2+—,1+np,2,3+—,
2 2+% 2 2 2

Tan[l (e+-FxH2, —Tan[l (e+fx”2} Sec[1 (eJr-FxHZTan[1 <e+-Fx)]

+

27an[ = (e+#x)]” |2 ! 3(2 "P) appe11F1[3+ P, np, 4, 4. P

N + - - + — + — b —

2 34—"—2Fl 2] PP 2 > P % 2 ?
Tan[l(eJr-Fx)]z, —Tan[l(eJrFxHZ} Sec[l(e+-FxH2Tan[1<e+-Fx)]+

1
34+ 102
2

np (2+E) AppellF1[3+E, 1+np, 3,4+E, Tan[1 (e+fx”2,
2 2 2 2
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~Tan]| (e+fx)]2] Sec|

N |

(e+-Fx)]2Tan[

N |
N |

(e+'FXH +

1 212 ne Al 11F1 ne 1 4 ne T l f 2
np |- D) ( + 2] ppe [3+ ) +np, 3,4+ S an[z(e+ XH,
2

3
1 2 1 2 1 !
T - f S - f T N f
ol (e #x) T secl ferx) 1 ranl (er )]+ 5
(2+QJ (1+np) AppellFi[3+ 2, 24np, 2,4+ 2, Ta“[l e+ x)]%,
2 2 2 2

—Tan[%(e+-Fx)]2]Sec[§(e+Fx)]2Tan[§(e+-FxH Tan(e + £x)7?| /
{<2+np) ((4+np) Appe11F1[1+%, np, 2, 2+%, Tan[% (eﬂcx)}z,
—Tan[i(e+fx>]2}+2 —2AppellF1[2+%,np, 3,3+nz—p, Tan[i(ewa)]z,
—Tan[%(e+-FX)]2]+npAppellF1[2+%,1+np, 2,3+%,
Tan| > (e ) |7, ~Tan| (e x)]7] Tan[%(e+fx>]z]2]+
(np(4+np) Appe11F1[1+%,np, 2,2+r12—p, Tan[%(e+fx”2,—Tan[§<e+fx)]2]
Tan[e+ij1+np]/[(2+np)
((4+np)AppellF1[1+%,np,2,2+%,Tan[ <e+fx)]2,—Tan[ (e+fx)]7] +

1

2

2 (—2Appe11F1[2+Q, np, 3, 3+Q, Tan[l (e+Fx”2, —Tan[l e+fx)]2} +
2 2 2 2

npAppellF1[2+Q, 1+np, 2, 3+E, Tan[l (e+fx”2,
2 2 2

2 2

7Tan[1 (e+fx>]2} Tan[l (e+FxH2)J}]

Problem 173: Result more than twice size of optimal antiderivative.
JCSC[E-%—'FX}B (b (cTan[e+fx])")Pdx
Optimal (type 5, 92 leaves, 3 steps):

-————(Cos[e+fx]?): P cscre + Fx]2 Hypergeometric2Fi |
f(2-np)

= (-2+np), 1 (1+np), Q, Sinfe+fx]?] Sec[e + fx] (b (cTan[e+fx])")P
2 2 2

Result (type 5, 217 leaves):
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1
4fnp (—4+n2p2)

(2 (-4+n?p?) Cot|[~ (e+Fx) }ZHyper‘geometr'iczFl[Q (e+fx) ]2] +

N |

n
,np,1+i, Tan[
2

N =

2
1 4 . np np
- y - )
np [(2+np) Cot[~ (e+fx)| Hypergeometric2Fl|np, -1+ Tan|
2

2 2
(e+fx>ﬁ)]

(eJr-I:xH2 Tan[i(e+fx>]2(b(cTan[e+-Fx])")p

<e+'FX)]2] +

N |

. np np
(-2+np) Hypergeometric2F1[np, 1+ —, 2+ —, Tan|
2

2

N |

Cos[e +fx] Sec]|

N |

Problem 176: Result more than twice size of optimal antiderivative.

J(dCos[eﬂcx])’" (a+bTan[e+fx]?)Pdx

Optimal (type 6, 108 leaves, 4 steps):

2+m 3 , bTan[e+fx)?2
y — Py —» —Tan[e+-Fx] y - ——————————
2 2 a

%AppellFl[l, | (dCos[e+fx])"
2

bT Fx]2)P
(secle+fx]2)"*Tan[e+fx] (a+bTan[e+fx]?)P 1, 2TanerTxJ7

a

Result (type 6, 2033 leaves):

2+m 3 , bTan[e+fx]?
) 7p) ) 7Tan[E+-FX] J 7—]
2 2 a

1
[3 aAppellF1| -,
2

(dCos[e+fx])" (Sec[e+fx]2)'1'z_Tan[e+Fx] (a+bTan[e+fx]2)2p]/

+

1 2+m 3 , bTan[e+fx]?
f 3aAppellF1[*, > -p, =, -Tan[e+fx]%, ——]
2 2 2 a

3 2+m 5 , bTan[e+fx]?
2bpAppellFi| =, ,1-p, =, -Tanfe+fx]?, - —| -
2 2 2 a

4+m 5 , bTan[e+fx]?
s -p, —, -Tan[e+fx]*, - ——m—
2 2 a

1 2+m 3 , bTan[e+fx]?
6abpAppellFl[—, » =Py =, ~Tan[e+fx)?, - —]
2 2 2 a

a(2+m) AppellFl[i, || Tan[e + fx)?
2

(Sec[e+-Fx]2)""/2Tan[e+-Fx}2 (a+bTan[e+-Fx]2)1+p]/

1 2+m 3 , bTan[e+fx]?
3aAppellF1[£, » =P, =, ~Tanl[e+fx]%, *—} +

2 2 a
3 2+m 5 , bTan[e+fx]?2
2bpAppellFl| =, —, 1-p, =, -Tan[e+fx]?, - ———————| -a (2+m)
2 2 2 a
3 44+m 5 , bTan[e+fx]? 5
AppellFl[f, > -p, —, —Tan[e + fx] ,——} Tan[e+fx]°| +
2 2 2 a

1 2+m 3 , bTan[e+fx]?
) > =Py T —Tan[e+-Fx} > -

(B»aAppellFl[2 A A ]
a
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(Sec[e+fx]2)’m/2 (a+bTan[e+fx]2)p]/

2+m

1 , bTan[e+fx]?
3aAppellFl|—, » -p, —, -Tan[e+fx]2, -
2

RELLILLE R
2 2 a
3 2+m 5 , bTan[e+fx]?
2bpAppellFl| =, —, 1-p, =, -Tan[e+fx]?, - —
2 2 2

|-a(2+m)

a
3 4+m 5 , bTan[e+fx]? 5
AppellF1][ =, , =P, =, ~Tan[e+fx]?, -———————]| Tan[e + fx]?| +
2 2 2 a
m 1 2+m 3 , bTan[e+fx]?
6a(—1——) AppellF1| -, , -p, —, -Tan[e+fx]2, -
2

2 2 2 }

a
(Secle+ £x)?) "2 Tan[e + £x]? (a+bTan[e+fx]2)pJ/

1 2+m 3 , bTan[e+fx]?2
3aAppellF1[*, s> -p, —, -Tan[e + fx] :——}Jf
2 2 2 a
3 2+m 5 , bTan[e+fx]?
2bpAppellFl| =, —,1-p, =, -Tan[e+fx]?, - ———————| -a (2+m)
2 2 2 a
4+m

2

3 , bTan[e+fx]?
AppellFl[;, y =P >’ ~-Tan[e+fx]%, - —————— +

}] Tan[e + f x]?

3a 2 2
bTan[e + fx]?

3 2+m
| Secle+fx]?Tan[e+fx] - = (2+m) AppellF1[—, 1+
2 2
bTan[e + fx]? 5 a\p
-——————|sSec[e+fx]?Tan[e+fx]| (a+bTan[e+fx]?)

a
oy -1-1 1 3 2+m 5 >
3a<Sec[e+-Fx] ) 2Tan[e + f x] fszAppellFl[g, — 7> 1-p, —, -Tan[e+fx]*,

a

w |

) _p) J
~-Tan[e+fx]?,

a

S~ N w

2+m

, bTan[e+fx)?2
, =P, =, -Tan[e+fx]?, - — | +
2 2 a

3 2+m 5 , bTan[e+fx]?
2prppellF1[—, —7> 1-p, =, -Tan[e+fx]°, - ————
2 2 2

1
{3 aAppellFi| -,
2

| -a (2+m)

a
3 4+m , bTan[e+fx]?2 5
AppellFi| =, , =P, =, -Tan[e+fx]?, -—————————|| Tan[e+ fx]?| -
2 2 2 a
1 2+m 3 , bTan[e+fx]?
3aAppellFl|—, » =Py 5 ~Tan[e+fx])?, - —|
2 2 2 a
(Sec[e+fx]2)’1’;Tan[e+-Fx] (a+bTan[e+fx]?)P
3 2+m 5 , bTan[e+fx]?
2 |2bpAppellFl[ =, ——,1-p, =, -Tan[e+fx]?, - — |
2 2 2

a
4+m

2

)

3 5 , bTan[e+fx]?
a (2+m) AppellF1|—, » =Py = ~Tan[e+fx)?, - —]
2 2

a

X 1 2+m 5 X

Sec[e+fx]“Tan[e+fx] +3a fszAppellFl[ , —> 1-p, —, -Tan[e+fx]*,
3a 2

bTan[e+fx]?2

5 3 2+m
| secfe+fx]*Tan[e+fx] - = (2+m) AppellF1[ =, 1+

2 2

a

3
2
1
; > — P
, bTan[e+fx]? 5

—, -Tan[e+fx]°, ——] Sec[e+fx]“Tan[e + f X]
2

+Tan[e + fx]?
a
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1 5 2+m 7 , bTan[e+fx]?
2bp [-—6b (1-p) AppellFl| -, ,2-p, —, -Tan[e+fx]?%, - ——mM——
5a 2 2 2 a

]

) 3 5 2+m
Secle+fx]*Tan[e+fx] - = (2+m) AppellFl[ =, 1+ ~——, 1-p,
5 2 2

bTan[e + f x]?

7
—, -Tan[e+fx]?, - | sece+fx]2Tan[e +fx]

2 a
1 5 4+m 7 , bTan[e+fx]?
a(2+m) |—6bpAppellF1[=, —, 1-p, —, -Tan[e+fx]?, - ————]
5a 2 2 2 a
, 3 5 4sm 7
Secle+fx]?Tan[e+fx] - = (4+m) AppellF1[ =, 1+ s =Py —
5 2 2 2
, bTan[e+fx]? 5
-Tan[e+fx]?, -————————| Sec[e+fx]?Tan[e + f X] /
a
1 2+m 3 , bTan[e+fx]?
3 aAppellFl[—, , =P, —, ~Tan[e+fx]2, - ——] +
2 2 2 a
3 2+m 5 , bTan[e+fx]?2
2bpAppellFl| =, ,1-p, =, -Tan[e+fx]?, -——————| -a (2+m)
2 2 2 a
3 4+m 5 , bTan[e+fx]? ,) 2
AppellF1[ =, » =Py —, -Tan[e+fx]?, -——————]| Tan[e + fx]
2 2 2 a

Problem 204: Result more than twice size of optimal antiderivative.

2

JTan[emcx}6 (a+bTan[e+fx]?)"dx

Optimal (type 3, 113 leaves, 4 steps):
(a-b)*Tan[e+Ffx] (a-b)?Tan[e+fx]3

—(a—b)2x+ - +
f 3f
(a—b)zTan[e+-Fx]5 (2a-b)bTan[e+fx]” b2Tan[e+fx]°
+ +
5f 7f 9f

Result (type 3, 278 leaves):
23a%’Tan[e+fx] 352abTan[e+fXx]

15 f 105 f
563b2Tan[e+fx] 11a?Sec[e+fx]%2Tan[e+fx] 244abSec[e+fx]?Tan[e+fXx]
- +

315 f 15 f 105 f

506 b2 Sec[e+fx]2Tan[e+fx] a?Sec[e+fx]*Tan[e+fx]
+ _

315 f 5f

44 abSec[e+fx]*Tan[e+fx] 136b%2Sec[e+fx]*Tan[e +fx]
+ +

35 f 105 f
2abSec[e+fx]®Tan[e+fx] 37b%Sec[e+fx]®Tan[e+fx] b?Sec[e+fx]®Tan[e+fx]

- +

7f 63 f 9f

—aZx+2abx-bZx+ +
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Problem 205: Result more than twice size of optimal antiderivative.

JTan[ewa]4 (a+bTan[e+-Fx]2)2d1X

Optimal (type 3, 91 leaves, 4 steps):

5 (a—b)zTan[e+fx] (a—b)zTan[e+-Fx}3 (2a-b) bTan[e+fx]° b2Tan[e+fx]’
(a—b) X - + + +
f 3f 5 7F

Result (type 3, 205leaves):
4a’Tan[e+fx] 46abTan[e+fx] 176b?Tan[e +fx]

a’x-2abx+b%x- +

3f 15 f 105 f
a’?Sec[e+fx]?Tan[e+fx] 22abSec[e+fx]%2Tan[e+fx] 122b%Sec[e+fx]%?Tan[e+fx]
3f ) 15 f i 105 f i
2abSec[e+fx]*Tan[e+fx] 22b?Sec[e+fx]*Tan[e+fx] b?Sec[e+fx]®Tan[e+fXx]
Chi i 35 f i 7f

Problem 249: Result more than twice size of optimal antiderivative.

Cot[e+fx]®
J dx
(

a+bTan[e+-Fx]2)3

Optimal (type 3, 297 leaves, 9 steps):

b7/2 (99 a% - 154 a b + 63 b2) ArcTan | Y- Tanle=fxl |
x vz

— + —

(a—b)3 8 all/2 (a—b)3f

(8a*+8a’b+8a?b?-91ab?+63b*) Cotle+fx]
8a® (a-b)*f
(8a*>+8a’b-91ab?+63b%) Cot[e+fx]® (8a’-91ab+63b?) Cotle+Ffx]®

+

24a* (a-b)?f 402 (a-b)*f
bCot[e+fx]® (13a-9b) bCot[e+fx]®

4a(a-b)f(a+bTan[e+fx]2)? 8a%(a-b)’f (a+bTanle+fx]?

Result (type 3, 949 leaves):
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b7/ (99a% - 154ab + 63 b?] ArcTan[ [b-Tenletxl ]
a

+

8 all/2 (afb)3f
1

7680 a° (a—b>3f (a+b+aCos[2 (e+fx)]-bCos|2 (e+FxH)2

Cscle+fx]> (-3184a’ Cos[e+fx] +7440a°bCos[e+fx] -12000a> b®>Cos[e+Fx] +
10240 a* b3 Cos[e + fx] + 6450 a>b* Cos[e + fx] +714a’b° Cos[e+ fX] -
22890 ab® Cos[e+fx] +13230b7 Cos[e+fx] -1536a’ Cos[3 (e+fx)] +
7648 a°b Cos 3 (e+fx) ] -2912a°b*Cos[3 (e+fx)| -1152a% b’ Cos[3 (e+Ffx) ]| -
14872a%b*Cos [3 (e +fx) ] -12796 a>b> Cos[3 (e +fx) | + 52088 ab° Cos[3 (e+Ffx) | -
26460 b’ Cos |3 (e+fx)] -704a’ Cos[5 (e+fx)]+2656a°bCos |5 (e+fx)]-
4128 a° b> Cos[5 (e +fx) | -3712a%*b? Cos |5 (e+fx) | + 5504 a’ b* Cos[5 (e+fx) | +
27684 a%b> Cos [5 (e +fx) | -46200ab° Cos[5 (e+Ffx)|+18900b’ Cos|[5 (e+fx)] -
536a’ Cos[7 (e+fx)] +248a°bCos[7 (e+fx)]| +768a°b?Cos[7 (e+Fx)]+
128 a* b’ Cos |7 (e+fx)] +6553a°b* Cos |7 (e+fx)| -21441a’b°Cos[7 (e+fx)]| +
20895 ab® Cos |7 (e+fx)| -6615b7 Cos[7 (e+fx)| -184a’ Cos[9 (e+Fx)| +
440a°b Cos[9 (e+fx)] -160a°b?Cos|[9 (e+fx)] +648a* b’ Cos[9 (e+fx)] -
3635 a%b* Cos[9 (e+fx)] +5839a’b®Cos[9 (e+fx)|-3885ab®Cos|[9 (e+Ffx)]|+
945 b7 Cos[9 (e+fx)| -720a’ (e+fx) Sin[e+fx] -3360a°b (e+fx) Sin[e+fx] -
15120a°b* (e + fx) Sin[e+fx] -480a’ (e +fx) Sin[3 (e+-Fx)] +
10080 a°b? (e + fx) Sin[3 (e+fx)| +480a’ (e+fx) Sin[5 (e+Ffx)] +
1920a°b (e +fx) Sin[5 (e+fx)| -4320a°b? (e+fx) Sin[5 (e+fx) ]| +
1203’ (e+fx) Sin[7 (e+fx)|-1200a°b (e+fx) Sin[7 (e+fx) | +
1080 a° b” (e +fx) Sin[7 (e+fx)] -120a’ (e+fx) Sin[9 (e+fx)] +
2482a°b (e+fx) Sin[9 (e+fx)] -120a°b® (e+fx) Sin[9 (e+fx)])

Problem 265: Result more than twice size of optimal antiderivative.

J\/a+aTan[c+dx]2 dx

Optimal (type 3, 36 leaves, 4 steps):
\/?Ar'cTanh[M]

aSec[c+dx]?

d

Result (type 3, 74 leaves):
1

d

(c+dx)] +Sin[§ (c+dx)]]

Cos[c+dx]

Log[Cos{% (c+dx)] —Sin[% (c+dx)]]-Log[Cos|

N |

aSec[c+dx]?
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Problem 270: Result more than twice size of optimal antiderivative.

JCo’c[x]2 (a+aTan[x]?)*?dx

Optimal (type 3, 33 leaves, 5steps):
aArcTanh[Sin[x]] Cos[x] +/aSec[x]% -aCot[x] +/aSec[x]?
Result (type 3, 67 leaves):

—laCos[x] Csc[i] Sec[i] aSec[x]?
2 2 2

(1+ (Log[Cos[g} —Sin[zH —Log[Cos[g} +Sin[§H) Sin[x])

Problem 287: Result more than twice size of optimal antiderivative.

J(1+Tan[x]2)3/2dlx

Optimal (type 3, 22 leaves, 4 steps):

lArcSinh[Tan[x]} + lw/Sec[x]Z Tan[x]

2 2

Result (type 3, 52 leaves):

%Cos[x] Sec[x]? (—Log[Cos[g] —Sin[?“ + Log[Cos[z] +Sin[§” +Sec[x] Tan[x]

Problem 288: Result more than twice size of optimal antiderivative.

J 1+Tan[x]? dx

Optimal (type 3, 3leaves, 3 steps):
ArcSinh[Tan[x] ]

Result (type 3, 44 leaves):

X X X X
-Log|Cos|[—] -sin| =] | + Log|Cos| =] +Sin|— S 2
og[os[z} 1n[2H og[os[z] 1n[2H) ec[x]

Cos [x]

Problem 290: Result more than twice size of optimal antiderivative.

J(—l—Tan[x]z)w2 dx

Optimal (type 3, 35leaves, 5steps):

1 Tan [x] 1 >
fAr‘cTan[i} - —1/-Sec[x]° Tan[x]
2 -Sec[x]? 2
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Result (type 3, 72leaves):

1 2
— Cos [x] A/ -Sec[X]

4

X X X X 1 1

2Log[Cos[2} —Sin[g]] —2Log[Cos[2} +Sin[g]] + (Cos[i} +Sin[£]>2 + 1 sinix)

Problem 291: Result more than twice size of optimal antiderivative.
J -1-Tan[x]? dx

Optimal (type 3, 16leaves, 4 steps):

]

Tan[x
~ArcTan| [x]

-Sec[x]?

Result (type 3, 46 leaves):

X X X X
—Log|Cos|[=|-sin|[=]]| + Log|[Cos| =] +Sin| = -S 2
og[os[z} 1n[2H og[os[2]+ 1n[2H) ec[x]

Cos [Xx]

Problem 293: Result more than twice size of optimal antiderivative.

JTan[eﬂcx}S\/a+bTan[e+fx]2 dx

Optimal (type 3, 117 leaves, 7 steps):

arb Tan[e+f x]?
Va-b ArcTanh| ] \/a+bTan[e+'Fx]2
- +

Jab
f f

(a+b) (a+bTan[e+fx]2)>? (a+bTan[e+fx]2)?
3b2f ' 5b* f

Result (type 3, 445leaves):



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 111

l\/a+b+aCos[2 (e+fx)] -bCos[2 (e+Fx) ]

f 1+Cos[2<e+fx)]

~2a2-6ab+23b> (a-11b)Secle+fx]? 1
+ +—Sec[e+fx
15 b2 15b 5

Va-b (1+COS[e+-Fx1> \I 1+Cos[2 (e+-Fx)J \/a+b+ (a—b) Cos[z (e+-Fx)]

(1+Cosfe+fx]) 1+Cos|[2 (e+fx)]

}4

Log[1+Tan[§ (e+-FxH2] —Log[a—b—aTan[% (e+Fx)]2+bTan[% (e+Fx)]2+
m\/4bTan[§ (e+-Fx>]2+a (—1+Tan[% (e+fx)]2)2] (—1+Tan[% (e+fx)]2)

2

2) 4bTan[§(e+Fx)]2+a(71+Tan[§(e+fx)]2)

/

(1+Tan[i (e+fx)]2)2

-F\/a+b+ (a-b) Cos 2 (e+-Fx)] \/(1+Tan[1 (e+fx)]2)2

2

2 2

\/4bTan[l (e+-FxH2+a [—1+Tan[1 (e+fx)]2]2]

Problem 294: Result more than twice size of optimal antiderivative.

JTan[ewa]B’\/aerTan[eJr-Fx]2 dx

Optimal (type 3, 88leaves, 6 steps):
\/mAr‘cTanh[3:‘“’””[“{”Z

Jab ] \/a+bTan[e+1‘:x]2 (a+bTan[e + fx
- +
f f 3bf

12>3/2

Result (type 3, 414 leaves):
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\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] (a—4b + lsec[e +'FX}2)
1+Cos[2 (e+fx)] 3b 3

+

.F

Va-b <1+Cos[e+fX}> \I 1+COS[2 <e+-FX)J \/a+b+ (a_b> COS[Z <e+-FX)]

(1+Cos[e+fx]) 1+Cos|[2 (e+fx)]

2 2 2

Va-b \/4bTan[

N |

(e+fx>]2+a (—1+Tan[

N |

(e+fx)]2)2]

(—1+Tan[

N |

4bTan[} (e Fx)]*va (10 Tan[3 (er £)]7)’

N |

(e+Fx)]2)

/

[1+Tan[ (1+Tan[i(e+fx)]2)2

f\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[% (e+1:x)]2)2

\/4bTan[

Problem 295: Result more than twice size of optimal antiderivative.

N |

(e+-FxH2+a [—1+Tan[

N |

(e+fx)]2)2]

JTan[eﬂcx} \/a+bTan[e+-|:x]2 dx

Optimal (type 3, 62 leaves, 5 steps):
\Ja+bTan[e+f x]?
7x/a—b Ar‘cTanh[ Taﬁ ]+\/a+bTan[e+'FX]2
f f

Result (type 3, 199 leaves):

Log[1+Tan[l (e+fx”2] 7Log[afbfaTan[1 (eercx)]erbTan[1 (e+fx)]2

+

<e+fx)]2)
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1
Va-b

V2

1+

V2 f

A2 VJa-b Cos[e+fx] [Log[1+Tan[1 (e+fx)]2} -Logla-b+
2

\/<a+b+ (a-b) Cos[2 (e+fx)]) Sec[% (e+-FxH4 + (-a+b) Tan|

N |

(e+FxH2]]

Sec[% (e+fx)]

2 /[\/ (a+b+ (a-b) Cos[2 (e+fx”)5ec[1(e+fx)]4

2

|

Problem 296: Result more than twice size of optimal antiderivative.

J(a+b+ (a-b) Cos[2 (e+fx)]) secle+fx]?

JCot[ewa} \/aerTan[eercx]2 dx

Optimal (type 3, 74 leaves, 7 steps):

) \/a—Ar\cTanh { @} ) Ja-b Ar‘cTanh{ a+b Ta:fz+fx]2 }

f f

Result (type 3, 531 leaves):
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(1+Cos[e+fx])

1+Cos[2 (e+fx)] \/a+b+(ab)Cos[2(e+fX)]
2 1+Cos[2(e+-Fx”

- (1+Cos[e+fx}>\l

[ﬁLog[Tan[i (e+FxH2] —2mLog[1+Tan[§ (e+fx)]2] -

\ELog[afaTan[l (eJrFxHZJerTan[l (e+fx”2+
2 2

\/?\/4bTan[l (e+1:x)]2+a [—1+Tan[l (e+-FxH2]2 | +Va Log[2b+

2 2

(e+fx”2] +\/?\/4bTan[

a [—1+Tan[

N |-
N |

(e+fx)]2+a [—1+Tan[

N |

(e+-FxH2]2 |+

2+v/a-b Log[a—b—aTan[l (e+1‘:x)}2+bTan[l (e+-FxH2+
2 2

Ja-b \/4bTan[

N |

(e+-FxH2+a (71+Tan[

N |

(e+Fx)]2)2} (—1+Tan[

(e+fx)]2]

N |

(“Tan[l<e+fx>f]J4bm[i<e+“”2“"<1+Tanme++x>r>2 /

2 (1+Tan[i(e+fx”2)2

Zf\/a+b+ (a-b) Cos[2 (e+fXx) ] \/[—1+Tan[l (e+fx>]2]2

2
\/4bTan[

Problem 297: Result more than twice size of optimal antiderivative.

N |

<e+fx)]2+a (—1+Tan[

N |

(e+fx)]2)2]

JCot[e+fx}3\/a+bTan[e+fx]2 dx

Optimal (type 3, 115leaves, 8 steps):
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(Za—b) Ar‘cTanh{ a+bTan[e+f x]2 }

a
2+/a f
mArcTanh[1[a+bTan e+f x]?

Jab ] Cot[e+fx}2\/a+bTan[e+fx]2
f 2f

Result (type 3, 1217 leaves):

\/ a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

(l— lec[eJrfx]z)
1+Cos[2 (e+fx)] 2 2

+

.F

2f

(3a-b) (1+Cos[e+fx]) J 1+Cos|2 (emcx)J \/a+b+ (a-b) Cos[2 (e+fx)]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[Tan| (e+-FxH2] - Logla-aTan|

\/?\/4bTan[

Log[2b+a (—1+Tan[

(e+-FxH2+2bTan[

N |
N |
N |

(e+'FX>]2+

N |

(e+-FxH2+a (—1+Tan[

N |

(e+-Fx)]2)2 T
(e+fx)]2) +

N |

2 2

\E\/4bTan[1 (e+fx”2+a (71+Tan[1 (e+fx)]2)2}

(71+Tan[1 (e+fx)]2)

2

abTan[} (v £x) )" va (-3 Tan[} (e fx)]*)’

(1+Tan[§(e+fx”2)2 /

(1+Tan[§ (e+fx)}2]

4\/a_\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[

\/4bTan[
1

\/a+b+ (a-b) Cos[2 (e+fx) ]

\/a+b+ (a-b) Cos[2 (e+fXx) ]

1+Cos[2 (e+fx)]

N |

(e+-FxH2]2

N |

(e+fx)]2+a (—1+Tan[

N |

(e+fx)]2)2 ] -

3 (a-b) \/1+Cos[2 (e+Fx”
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(4Cos[e+-Fx]2 (1-Cos[2 (e+fx)])+/(2b+a (1+Cos[2 (e+fx)])-b(1+Cos|

2 (e+fx)])) Cotle+fx] [mAr‘cTanh[(\/?\/1+Cos[2 (e+fx)] )/

(v(2b+a(1+Cos[2 (e+fx)])-b(1+Cos[2(e+fx)])))]-Va
Log[a\/1+Cos[2 (e+fx)] 7b\/1+Cos[2 (e+fx)] +Va-b /(2b+

a(1+Cos[2 (e+fx)]) -b (1+Cos|2 (eﬂcX)}))]] sin[2 (e +fx)]

/

[B\Em (1+Cos[2 (e+fx)]) \/—<—1+Cos[2 (e+-Fx)]) (1+Cos[2 (e+-Fx)])

(1+Cosfe+fx])

\/a+b+ (a-b) Cos[2 (e+fx)] \/1—Cos[2 <e+fx)]2]J +

Log[Tan[% (e+fx)]2} 7Log[afaTan[§ (e+fx)]2+2b

J 1+Cos |2 (e+fx)]

(1+Cosfe+fx])

Tan[

N | R

(e+fx>]2+\g\/[4bTan[

N |

(e+fx>]2+a (—1+Tan[

N |

(e+fx)]2)2]} .
2 2

Log[2b+a [—1+Tan[l <e+fx)]2J +\/?J(4bTan[l (e+-FxH2+

a [—1+Tan[§ (e+fX>]2]2]]] (—1+Tan[

(e+Fx”2]

N |

4bTan[§ (e+fx”2+a (71+Tan[§ (e+Fx)]2)2

+ an[1 e+fx }2
[1 ' 2( ) ]J (1+Tan[%(e+1‘x”2)2 }/

4\/?\/1+Cos[2 (e+'FXH \/(1+Tan[1<e+fx)]2Jz

2

\/4bTan[% (e+-Fx>]2+a (—1+Tan[% (e+1°x)]2)2 ]”

Problem 298: Result more than twice size of optimal antiderivative.

JCot[ewa]S\/a+bTan[e+-Fx]2 dx

Optimal (type 3, 163 leaves, 9 steps):



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 117

8 2_4 b_bZ ArcTanh a+b Tan[e+f x]? _b ArcTanh a+bTan[e+f x]?
_(a a ) ArcTanh | e ]+\/a rcTanh | — ]+

8a¥2f f

(4a-b) Cot[e+1‘=x]2\/a+bTan[e+1‘x}2 Cot[e+fx}4\/a+bTan[e+fx]2
8af 4f

Result (type 3, 1266 leaves):

1\/a+b+aCos[2 (e+fx” -bCos|[2 (e+Fx”

f 1+Cos[2<e+fx)]

6a-b (8a-b)Cscle+fx]?
- + - —Cscle+fx]*| +
8a 8a 4
1+C 2 f
! (6a®-2ab-b?) (1+Cos[e+fx}>\l +Cos[2 e+ Fx)]
4af 2

(1+Cos[e+fx])

Log[Tan| (e+1:x)]2] -Log[a-aTan|

\/a+b+ (a-b) Cos[2 (e+Ffx)]

1+COS[2(e+'FX)] (e+-FXH :

N |
N |

2bTan[1 (e+-FxH2+\/;\/4bTan[1 (e+-FxH2+a (—1+Tan[1 (e+fx)]2)2 |+

2 2 2

Log[2b +a (—1+Tan[

\/4bTan[

(e+-FxH2]

(e+-Fx)]2J +Va

N |

N |

(e+-Fx)]2+a [—1+Tan[

N |
N |

(e+fx)}2]2 ]] (—1+Tan{ (e+FxH2]

abTan[} (e« fx]]%ra(-1-Tan[} (e Fx) ")

(1+Tan[§(e+1‘x”2)2 /

[1+Tan[

N |

4\/?\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[l (e+-FxH2]2

2
\/4bTan[

1

N |

(e+fx>]2+a (—1+Tan[

N |

(e+fx)]2)2] +

3 (2a%-2ab) \/1+Cos[2 (e+Fx)]

\/a+b+ (a-b) Cos[2 (e+fx)]
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\/a+b+ (a-b) Cos[2 (e+fXx) ]|

1+Cos |2 (e+fx)]

(4Cos[e+fx]2 (1-Cos[2 (e+fx)])+/(2b+a(1+Cos[2 (e+fx)])-b(1+Cos|

2 (e+fx)])) Cotle+fx] [\/EAPCTanh[(\/?\/1+Cos[2 (e+fx) | )/

(v(2b+a(1+Cos[2 (e+fx)])-b(1+Cos[2(e+fx)])))]-Va
Log[a\/1+Cos[2 (e+fx>] —b\/1+Cos[2 (e+fx)} +ﬂ\/(2b+

a(1+Cos[2 (e+fx)])-b(1+Cos[2 (e+Fx”))]] sin[2 (e+fx)]

/

{WKH (1+Cos[2 (e+fx)])~/-(-1+Cos[2 (e+Fx)]) (1+Cos[2 (e+Fx)])

\/a+b+ (a-b) Cos[2 (e+Ffx)] Jl—Cos[Z <e+fx)]2]] +

(e+fx)]"] -

1+C 2 +f
(1+Cos[e+fx]) il e X)] (Log[Tan[
<1+Cos[e+1‘:x])2

N |

Log[a—aTan[1 (e+1“x)]2+2bTan[l (e+1°x”2+\/?\/[4bTan[E (e+fx”2+

2 2 2
a[-207an[2 (e+fx)]2)2]] ~tog[2bra-1eTan[> (et x] |7 -
\/;J(4bTan[;(e+-FxH2+a[—1+Tan[i<e+fx)]2J2]]]
[—1+Tan[% <e+fx)]2) (mm[% (eﬂcx)]z)

2

J%Ta”[i (e+fx)]*ra(-1+Tan[} [e-£x) %)

(1+Tan[i (e+fx)]2)2

}/

4\/?\/1+Cos[2 (e+fx)] \/(—1+Tan[§ (e+fx)]2)2

<e+fx>]2)2]”

N |

2

\/4bTan[1 (e+fx>]2+a (—1+Tan[
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Problem 299: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTan[eﬂcx}G\/a+bTan[e+1‘:x]2 dx

Optimal (type 3, 222 leaves, 9 steps):

fa-b Tanfe+fx] /b Tanfe:fx]
Va-b ArcTan[abtanlesfxl | (33,2 32b 1 8ab?-16b?) ArcTanh | o Tanlesfxl |
a+b Tan[e+f x]? a+bTan[e+f x]?
+

f 16 b>/2 f

(a-2b) (a+4b) Tan[e +fx] \/a+bTan[e+1cx]2
16 b2 f

+

(a-6b) Tan[e+-Fx]3\/a+bTan[e+1‘:x12 Tan[e+fx]5\/a+bTan[e+fx}2
+
24b f 6f

Result (type 4, 823 leaves):

1 B b<a3+232b—8b3) a+b+<a—b)Cos[2(e+.‘:XH
8b2 f 1+COS[2<e+-FX>]

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+Fx]?

b b

\/ (a+b+ (a-b)Cos[2(e+fx)])Cscle+fx]? Csc[2 (e+fx)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(afarbs (a-b)Cos[2 (erfx]])) !

_\/a+b+ (a-b) Cos[2 (e+fX) ]

a+b+ (a-b)Cos[2 (e+fx)]

4b (-8ab?+8b%) \[1+Cos[2 (e+Ffx)] \/

1+Cos[2 (e+fx)]
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b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

J (a+b+ (a-b)Cos[2 (e+fx)])Cscle+Fx]? Csc[2 (e+fx)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(4a\/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx) ]| )7

b b

\/ aCot[eﬂcx}Z\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

J (arb+(a-b)Cos[2 (e+fx]]) Cscle+fx]? Csc[2 (e+Fx)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]2
b
» Arcsin| |, 1] sinfe+fx]* /

a-b V2

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+Ffx) ] ) +

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

1
f 1+Cos[2(e+-FxH

Sec[e+fx]? (aSin[e+fx] -14bSin[e+fx])
24 b

+

1

48 b?
Sec[e + f x]
(-3a’sinfe+fx] -8absSin[e+fx] +44b*Sin[e+fx]) +
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1
—Secle+fx]*Tan[e + fx]
6

Problem 300: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

jTan[ewa}“\/a+bTan[e+-Fx]2 dx

Optimal (type 3, 169 leaves, 8steps):
Ja-b ArcTan[m] (a2+4ab—8b2>Ar‘cTanh[M]

a+b Tan[e+f x]? a+b Tan[e+f x]?
- +

f 8b3/2 f

(a-4b) Tan[e + fx] \/a+bTan[e+1“x]2 Tan[e+fx}3\/a+bTan[e+fx]2
+
8bf 4 f

Result (type 4, 767 leaves):

1| b<a2_4b2)\/a+b+(a—b)Cos[2(e+-FxH
4bf 1+Cos[2 (e+fx)]

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? Csc[2 (e £x)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))

_\/a+b+ (a-b) Cos[2 (e+fx)]

a+b+ (a-b)Cos[2 (e+fx)]

4b (-4ab+4ab?) \[1+Cos[2 (e+Ffx)] \/

1+Cos |2 (e+fx)]
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b b

\/ aCot[e+Fx}2\/ a(1+Cos|2 (e+fx)]) Cscle+Ffx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? Csc[2 (e« Fx)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(43\/1+C05[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )7

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? csc[2 (e+£x)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, Arcsin| ], 1] Sin[e+Fx}4/

a-b 2

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] ) +

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

1
f 1+Cos[2(e+-FxH

Sec[e+fx] (aSin[e+fx] -6bSin[e+fx])
8b

+

4
Secle+fx]?

Tan[e + f X]
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Problem 301: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTan[eﬂcx}Z\/a+bTan[e+1‘:x]2 dx

Optimal (type 3, 123 leaves, 7 steps):
va-b Ar‘cTan[m}

a+b Tan[e+f x]?

.F

(a 2 b) Ar‘cTanh[M]
A/ a+b Tan[e+f x]? Tan[e + f X] \/a+bTan[e+fx}2
+

2+/b f 2f
Result (type 4, 708 leaves):

1+Cos[2<e+fx)] b b

bz\/a+b+(a—b)Cos[2(e+fx>] \/ acOt[eﬂcx]Z\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

Csc|2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF|[ArcSin|

|, 1] sinfe+fx)*
T /

1

(af (a+b+ (a-b)Cos[2 (e+fx)])) +

-F\/a+b+ (a-b) Cos |2 (e+fx)}

a+b+ (a-b)Cos[2 (e+fx)]

4 (a-b) b\/1+Cos[2 (e+fx)] \/

1+COS[2 (e+'FX”

b b

\/ aCot[e+fx]? \/ a<1+COS[2 (e+-Fx>])Csc[e+'FX]2

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b
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\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )7

b b

\/ aCot[e+fx]2\/ a(l1+Cos[2 (e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]2
b

EllipticPi[- , ArcSin|

, 1] Si fx]4
2 b \/? } ] infe + f X] /

(2 (a-b) \/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)] ) +

\/ a+tbraCos[2 (e+fx)]-bCos[2 (e+fx)] Tan [e +f XJ

1+Cos[2 (e+fx)]

2f

Problem 302: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+bTan[e+fx]2 dx

Optimal (type 3, 85leaves, 6 steps):
Va-b Ar‘cTan[m] \/FAr‘cTanh{MM—}

a+bTan[e+f x]? a+bTan[e+fx]?
+

f f

Result (type 3, 203 leaves):
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41 [a—lean [e+fx]++a-b \/a+bTan e+fx]?

-iva-b Log[- ]+

2f (a-b)*? (i+Tan[e+fx])

41 (a+1‘1bTan [e+fx] +Va-b \/a+bTan e+fx]?

|+

iva-b Log|

(afb)g’/2 (-i+Tan[e+fx])

2+/b Log[bTan[e+fx] \F\/a+bTan e+fx]? ]

Problem 303: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCot[eﬂcx}z\/a+bTan[e+fx]2 dx

Optimal (type 3, 75leaves, 5steps):

\/mAr‘cTan{L[—Mb Tan[e+fx
a+bTan[e+f x]? Cot[e + f x] \/a+bTan[e+-Fx}2

f f

Result (type 4, 705leaves):

a+tbraCos[2 (e+fx)]-bCos[2 (e+fx)] Cot [e +f XJ
1+Cos[2 (e+fx)]

.F

l(a b) b\/a+b+(ab)Cos[2 (e+-Fx>] \/ aCot[e+fx]?
.F

1+Cos[2 (e+fx)] b

\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b

\/ (a+b+ (a-b) Cos|2 (:+-Fx)]) Cscle+fx]? csc[2 (e+£x)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /
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(a(a+b+ (a-b)Cos[2 (e+fx)]))|-

4b\/1+COS[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos|[2 (e+fx)]

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
” /

(4a\/1+Cos (e+fx) \/a+b+ a-b COS[Z(eJr'FX)])f

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc|2 <e+-Fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| |, 1] Sin[e+Fx}4/
a-b <2

EllipticPi|-

(Z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b COS[2<e+'FX>])

Problem 304: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

JCo‘c[eH"x}“\/a+bTan[e+1‘:x]2 dx

Optimal (type 3, 117 leaves, 6 steps):
mArcTan[m]

a+b Tan[e+f x]?

.f:

(3a-b) Cotle+fx] \/a+bTan[e+fx]2 Cot[e+1cx}3\/a+bTan[e+1Cx]2
3af 3f

Result (type 4, 748 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

(4aCos[e+fx] -bCos[e+fx])Cscle+fx]

1
- —Cotle+fx] Cscle+fx]?|+
3a 3

(ab) |- b\/a+b+(ab)Cos[2(e+-Fx)]

1+Cos|[2 <e+-Fx)]

|

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

A Csc[2 (e+fx) |

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]?
b
EllipticF [Ar‘csin[

|, 1] sinfe+fx]*
7 /

1

(a(a+b+ (a-b) Cos |2 (e+-FxH))

7\/a+b+ (a-b) Cos[2 (e+fx)]

4b\/1+Cos[2 (erx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+-FxH
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b b

\/ aCot[e+Fx}2\/ a(1+Cos|2 (e+fx)]) Cscle+Ffx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? Csc[2 (e+ £x) ]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(43\/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )7

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)])Cscle+Fx]? cscl2 e+ £x)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| ], 1] Sin[e+Fx}4/

a-b 2

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )

Problem 305: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCo‘c[eJHCx}G\/a+bTan[e+1‘:x]2 dx

Optimal (type 3, 167 leaves, 7 steps):
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mAr‘cTan[—\L‘u’ Tan.e fx
a+b Tan[e+f x) 2 (15 a275ab—2b2) Cot[e +fx] \/a+bTan[e+-Fx}2

+
f 15a% f

(5a-b) Cot[e+-Fx]3\/a+bTan[e+Fx}2 Cot[e+1cx}5\/a+bTan[e+1Cx]2
15af 5f

Result (type 4, 797 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

[ ; (-23a®Cos[e+fx] +6abCos[e+fx] +2b’>Cos[e+fx])Cscle+fx]+
15a

(11acCos[e+fx] -bCos[e+fx])Cscle+fx]?> 1

- —Cot[e+fx]Cscle+fx]*| -
15a 5

l(a_b) ) bJa+b+(a‘b)C°5[2(e+fX)] \/_aCOt[eJr'FX]Z

f 1+Cos[2 (e+fx)] b

\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b

" Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Fx]?

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(a(a+b+(a-b)Cos[2 (e+fx)])) =

_\/a+b+ (a-b) Cos[2 (e+fx)]

4b\/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos|2 (e+fx)]

\/ aCot[e+fx}2\/ a(1+Cos|2(e+fx)]) Cscle+Fx]?

b b
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. Csc[2<e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+fx)])f

b b

\/ aCot[e+fx]? \/ a(1+Cos[2(e+fx)])Csc[e+fx}2

N Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b
, ArcSin| |, 1] Sin[e+-Fx}4/
a-b A2

EllipticPi-

(z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b) Cos|2 (e+-Fx)])

Problem 306: Result more than twice size of optimal antiderivative.

JTan[eH‘:x]5 (a+bTan[e+fx]2)3/2d1x

Optimal (type 3, 145leaves, 8 steps):

(a—b)3/2Ar‘cTanh[ a+bTan[e+fX]Z] —b) \/a+bTan[e+Fx]2

- Vab + +
f f
(a+bTan[e+-Fx]2)3/2 (a+b) (aerTan[eJr-Fx]z)S/2 (a+bTan[e+-Fx}2)7/2
3f i 5b2 ' 707 f

Result (type 3, 483 leaves):
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.F

+

1 [a+b+aCos[2 (e+fx)]|-bCos[2 (e+fX)] (2(3a3+12a2b—103ab2+88b3>
1+Cos[2 (e+fx)] 105 b?

(3a2-90ab+122b%) Sec[e+fx]?

2 . 1 ;
+— (4a-11b) Sec[e+Ffx]*+ =bSec[e+Ffx]®| -
105 b 35 7

(a—b)3/2 <1+Cos[e+-Fx]> \I 1+Cos[2 (e+fx)1 \/a+b+ (a—b) Cos[z (e+-Fx)]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[1+Tan[§ (e+-FxH2] —Log[a—b—aTan[% (e+Fx)]2+bTan[% (e+Fx)]2+
m\/4bTan[§ (e+-Fx>]2+a (—1+Tan[% (e+fx)]2)2] (—1+Tan[% (e+fx)]2)

2) 4bTan[§(e+Fx)]2+a(71+Tan[§<eﬂcx)]z)z /

(1+Tan[i (e+fx)]2)2

-F\/a+b+ (a-b) Cos 2 (e+-Fx)] \/(1+Tan[1 (e+fx)]2)2

2

1 2 1 2\ 2
\/4bTan[;(e+-FxH +a[—1+Tan[;(e+fx)] ] ]
Problem 307: Result more than twice size of optimal antiderivative.

3/2

JTan[e+-Fx}3(a+bTan[e+fx]2) dx

Optimal (type 3, 116 leaves, 7 steps):

(a _ b) 3/2 ArcTanh [ a+bTan[e+f x]? }
a-b

.F

(a—b)\/a+bTan[e+-Fx}2 (aerTan[eercx]2)3/2 (a+bTan[e+-Fx}2)5/2
- +

f 3f 5bf

Result (type 3, 444 leaves):
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.F

1 [a+b+aCos[2 (e+fx)]|-bCos[2 (e+fX)]
1+COS[2 <e+'FX)]

1
+— (6a-11b) Sec[e+fx]*>+ —bSec[e+Ffx]*| +

[3a2—26ab+23b2 1
15b 15 5

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

(a—b)3/2 (1+Cosle s x]) \I 1+Cos|[2 (e+fx)3 \/a+b+ (a-b) Cos [2 (e+-Fx)]

Log[1+Tan[§ (e+-FxH2] —Log[a—b—aTan[% (e+Fx)]2+bTan[% (e+Fx)]2+
m\/4bTan[§ (e+-Fx>]2+a (—1+Tan[% (e+1°x)]2)2] (—1+Tan[% (e+fx)]2)

A P R A TR A

2 2

(1+Tan[i (e+fx)]2)

f\/a+b+ (a-b) Cos[2 (e+fx)] \/(1+Tan[1 (e+fx)]2)2

2

2 2

\/4bTan[l (e+-FxH2+a [—1+Tan[1 (e+fx)]2]2]

Problem 308: Result more than twice size of optimal antiderivative.

3/2

JTan[eﬂcx} (a+bTan[e+fx]?)7 " dx

Optimal (type 3, 90 leaves, 6 steps):

+ + 2
(a-b)**ArcTanh| ab?;—[:fX] ] (a-b) \/a+bTan[e+1cx]2 (a+bTan[e+1‘x]2)3/2

- + +

f f 3f

Result (type 3, 413 leaves):
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\/ a+b+aCos[2 (e+fx)]-bCos[2 (e+fX)] (4 (a-b) L1 b Sec[e + 'FX]Z)
1+Cos[2 (e+fx)] 3 3

.F

1+Cos[2 (e+fx)] \/a+b+(a—b)Cos[2(e+fx)]
(1+Cos[e+fx])? 1+Cos[2 (e+fx)]

(a-b)>? <1+Cos[e+fx])\l

Log[1+Tan[l (e+fx”2] 7Log[afbfaTan[1 (eercx)]erbTan[1 (e+fx)]2+

2 N :
m\/4bTan[;(e+fX>]2+a(1+Tan[i(e+fx)]2)2] (,1+Tan[§<e+fx)]zJ
[1+Tan[§<e+_FX)]z) 4bTan[i(e+FX>]2+a(‘1+Tan[i(e+fx)]2>2 /

<1+Tan[i (e+fx)]2)2

f\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[% (e+1:x)]2)2

\/4bTan[

Problem 309: Result more than twice size of optimal antiderivative.

N |

(e+-FxH2+a [—1+Tan[

N |

(e+fx)]2)2]

JCot[e+fx} (a+bTanfe+fx]?)>?dx

Optimal (type 3, 95leaves, 8steps):

a3/2 Ar‘cTanh[ a+bTan[e+f x]? } (a_b)S/z Ar‘cTanh[ a+bTan[e+f x]? ]

Va Jab b\/a+bTan[e+'Fx]2
- + +

f f f

Result (type 3, 1216 leaves):

b a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
1+Cos[2 (e+fXx)]

.F

1+C f
1 (3a+2ab-b*) (1+Cosfe+fx]) +Cos[2 [e+Fx)]
(1+Cos[e+fx])?
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2+b [2-) Cos[2 e £x)| 2 le+fx)]*] -Log[a-aTan[= (e+fx)]*+
\/ 1+Cos[2 (e+Fx)] Log[Tan[2< fx)]'] -tog[a-aT [2( fx) |
2bTan[z(e+fx”2+\/?\/4bTan[z(e+fx)}2+a(—1+Tan[;(e+1:x)]2)2}+

Log[2b+a (—1+Tan[% <e+-Fx)]2J +Va

2 2

\/4bTan[1 (e+fx)]2+a [71+Tan[1 (e+fx”2]2 ]] (71+Tan[1 (e+FxH2]

}2] J 4bTan[§ (e+-FxH2+a (71+Tan[i (e+'FXH2)2 J/

(1+Tan[§ (e+-FxH2)2

4\/3_\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[

N |-

(e+-FxH2]2

2 2

\/4bTan[1 (e+fx)]2+a (71+Tan[1 (e+fx)]2)2 H +

1

3(a®-2ab+b?) \/1+Cos[2 (e+fx)]

\/a+b+ (a-b) Cos |2 (e+fx)}

\/a+b+ (a-b) Cos[2 (e+fx) ]

1+Cos|2 (e+fx)]

(4Cos[e+1¢x]2 (1-Cos[2 (e+fx)])~/(2b+a (1+Cos[2 (e+fx)])-b (1+Cos|

2 (e+fx)])) Cotle+fx]

Vo b arctam | [Va \[1+cos[2 (e #x]] | /

(\/(2b+a <1+Cos[2 (e+fx”) -b (1+Cos[2 (e+-Fx)]))H -Ja
Log[a\/1+Cos[2 (e+fx)] —b\/1+Cos[2 (e+fx)] +Va-b /(2b+

a(l1+Cos[2(e+fx)])-b(1+Cos|2 (e+fx)}))]] Sin[2 (e+fx) |

/

[w;m (1+Cos[2 (e+fx)])~/-(-1+Cos[2(e+Fx)]) (1+Cos[2(e+Fx)])

\/a+b+ (a-b) Cos[2 (e+fXx) | \/1Cos[2 <e+fx)]2]J +
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(1+Cosfe+fx]) \I 1+ Cos[2 (e+fx)3 Log[Tan{% (e+FxH2] -

(1+Cos[e+fx])

Log[a—aTan[

(e+-Fx)]2+2bTan[§ (e+Fx)]2+\/?J(4bTan[i (e+~Fx)]2+

N |

a [—1+Tan[

N =

<e+fx)]2]2}] +Log[2b+a (—1+Tan[

\/?J(4bTan[§ (e+-FxH2+a [—1+Tan[§ <e+fX)]ZJ2]]]

[—1+Tan[§ <e+fx)]2] (1+Tan[ (e+fx)]2)

N |

(e+fx)]2) +

N |

4bTan[§ (e+fx)}2+a (—1+Tan[§ (e+fx)]2)2

(1+Tan[i(e+fx)]2)2 /

2

4+a [1+Cos[2 (e+Fx)] \/(—1+Tan[1 <e+fx)]2)

2
\/4bTan[

Problem 310: Result more than twice size of optimal antiderivative.

N |

(e+fx>]2+a (—1+Tan[

N |

(e+Fx)]2)2]

JCot[e+fx13 (a+bTan[e+fx]2)3/2d1x

Optimal (type 3, 116 leaves, 8steps):
Va (2a-3b) Ar‘cTanh[E’”bTa" erfx]® ]

\/? —
2f
32 fasbTan e fx)?
(a-b)>*ArcTanh| Jab ] aCot[e+fx}2\/a+bTan[e+fx]2
f 2f

Result (type 3, 1234 leaves):

\/ a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] (g

- Lacscle+fx]?
1+Cos[2 (e+fx)] 2 2
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2f

(382 4ab-b?) (1 Cos(e-fx]) \I 1+Cos[2 (e+Fx)j \/a+b+ (a-b) Cos [2 (e+Fx)]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[Tan[% (e+fx”2] —Log[a—aTan[% (e+fx”2+2bTan[§ (e+-Fx>]2+

2 2

\/?\/4bTan[1 (e+fx”2+a (71+Tan[1 (e+fx)]2)2 |+

Log[2b+a (—1+Tan[

N |

<e+fx)]2) +

N |

(e++x)]2)2}

(—1+Tan[

(e+fx)]2]

N
N |

\/?\/4bTan[1 (e+-FxH2+a (—1+Tan[

2

/

(1+Tan[l (e+fx)}2] J 4bTan[% (e+fx>]2+a (—1+Tan[§ (e+-FxH2>

(1+Tan[i (e+‘FX”2)2

4\/?\/a+b+ (a-b) Cos [2 (e+fx)] \/(—1+Tan[l (e+fx”2]2

2

\/4bTan[l (e+-Fx)]2+a (—1+Tan[l (e+1:x)]2)2

2 2

1

3(a®-2ab+b?) \/1+Cos[2 (e+fx)]

Ja+b+ (a-b) Cos[2 (e+fXx) ]|

\/a+b+ (a-b) Cos[2 (e+fx) ]|

1+Cos|[2 (e+fx)]

(4Cos[e+1‘:x]2 (1-Cos[2 (e+fx)])+/(2b+a (1+Cos[2 (e+fx)])-b(1+Cos|

2 (e+fx)])) Cotle+fx] [mAr‘cTanh[(\/;\/1+Cos[2 (e+fx)] )/

(v(2b+a(1+Cos[2 (e+fx)])-b(1+Cos[2(e+fx)])))]-Va
Log[a\/1+Cos[2 (e+fx)] 7b\/1+Cos[2 (e+fx)] +vVa-b /(2b+

a(1+Cos[2 (e+fx)]) -b (1+Cos|2 (eﬂcx)}))]] sin[2 (e+fx)]

/
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[3\/?@ (1+Cos[2 (e+fx)]) \/—(—1+Cos[2 (e+fx)]) (1+Cos[2 (e+Fx)])

\/a+b+ (a-b) Cos[2 (e+fx)] \/1Cos[2 <e+fx)]2]] +|(1+Cos[e+fx])

J 1+Cos |2 (e+fx)]

(1+Cos[e+-Fx])

Log[Tan[; <e+fx)]2} —Log[a—aTan[% (e+-Fx)]2+2b

Tan[

N | R

(e+fx>]2+\5\/[4bTan[

N |

(e+fx>]2+a (—1+Tan[
Log[2b+a [—1+Tan[% <e+fx)]2] +\/?\/(4bTan[l (e+-FxH2+
<e+fx)]2]2}]] (—1+Tan[

2
et (e | STl P e [T e 2 ]

2 (1+Tan{§(e+fx”2)2 /

N |

(e+fx)]2)2]} .

a [—1+Tan[

N |
N |

(e+-FxH2]

4\/;\/1+CO5[2(e+fx)}\/(1+Tan[ (e+fX)]2)2

N |

\/4bTan[§ (e+fx>]2+a (_1+Tan[§ (eHCX)]Z)Z]

Problem 311: Result more than twice size of optimal antiderivative.

JCot[eﬂcx}5 (a+bTan[e+ij2)3/2d1x

Optimal (type 3, 161 leaves, 9steps):

(8a%-12ab+3b?) ArcTanh| asbTan[e+rf x]* | (a-b)*?ArcTanh| a+b Tan [e+f x]® ]
Va + ab +
8-/a f f
(4a-5b) Cot[e+fx]2\/a+bTan[e+-Fx}2 aCot[e+fx]4\/a+bTan[e+-Fx}2
8f

4f
Result (type 3, 1261 leaves):
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1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2<e+fx)]

1 1 , 1 X
(*(76a+5b)+7(8a—5b)Csc[e+fx] - ~aCscle+fx]*| +
8 8 4

4f

1+C 2 f
(6a®-8ab+b?) (1+Cos[e+fx]) +Cos[2 (e+fx)|
(1+Cos[e+fx])?

2

a+b+ (a-b) Cos[2 (e+fx)] 1 , L
\/ L Cos[2 [+ fx)] Log[Tan[;(eﬂcx)] ]7Log[afaTan[; (e+Fx)]"+
2bTan[§ (e+fx>}2+\/?J4bTan[i (e+'FXH2+a(—1+Tan[;<e+-Fx)]2)2}+

Log[2b+a (71+Tan[§ (e+fx)]2J +Va

2 2

\/4bTan[l (e+fx)]2+a (—1+Tan[1 (e+fx”2]2 ]] (—1+Tan[1 (e+fx”2]

vl o) J oTonfy (o #x)]va [ -3 Tanl} for 5]

(1+Tan[§ (e+-FxH2)2

2

N |

4\/?\/a+b+ (a-b) Cos[2 (e+fx)] \/(1+Tan[ (e+-FxH2]

\/4bTan[1(e+fx)]2+a(—1+Tan[l(e+fx)]2)2 +

2 2

1

3(2a%-4ab+2b?) \/1+Cos[2 (e+fx]]

Ja+b+ (a-b) Cos |2 (e+fx)}

\/a+b+ (a-b) Cos[2 (e+fx) ]|

1+Cos|2 (e+fx)]

(4Cos[e+1cx]2 (1-Cos[2 (e+fx)])+/(2b+a (1+Cos[2 (e+fx)])-b (1+Cos|

2 (e+fx)])) Cotle+fx]

Vab arctann[ [V 1+ cos[2 (e ] | /
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(\/(2b+a <1+Cos[2 (e+-FxH) -b (1+Cos[2 (e+Fx)]))H _a
Log[a\/1+Cos[2 (e+Fx)] 7b\/1+Cos[2 (e+Fx)] +\/ﬂ\/(2b+

a (1+Cos[2 <e+-Fx)]) -b (1+Cos[2 (e+Fx”))]] Sin[2 (e+Fx”

/

{WXM (1+Cos[2 (e+fx)])~/-(-1+Cos[2 (e+Fx)]) (1+Cos[2 (e+Fx)])

\/a+b+ (a-b) Cos[2 (e+fx)] JlCos[Z (e+fx)]2]J +

e fx)1°] -

N |

1+C 2 f
(1+Cos[e+fx]) os (e X)] (Log[Tan[
<1+Cos[e+1‘:x])2

Log[a—aTan[% (e+-Fx)]2+2bTan[§ (e+fx”2+\/?\/(4bTan[§ (e+fx)]2+

a [—1+Tan[% (eﬂcx)]z)z]] +log[2b+a (’“Tan[% <e+fx)]2) i
\/a_\/(4bTan[; (e+-FxH2+a [—1+Tan[§ <e+fx)]2)2]]]
[71+Tan[§ <e+fx)]2) (1+Tan[§ <e+fx)]2)

2

J%Ta”ﬁ(“fxﬂﬂa(1+Tan[i<e+fX>J2> J/

(1+Tan[i (e+fx)]2)

N |

4\/?\/1+Cos[2(e+fx”\/(—1+Tan[ (e+fx)]2)2

\/4bTan[ (e+fx)]2)2”]

Problem 312: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

N |

(e+fx)]2+a (—1+Tan[

N |

JTan[ewa}6 (a+bTan[e+-Fx]2)3/2dlx

Optimal (type 3, 294 leaves, 10 steps):
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(a—b)B/z Ar‘cTan[ Va-b Tan[e+f x }

a+bTan[e+fx]?

.F
(3a*+8a’b+48a%b? -192ab* + 128 b*) Ar‘cTanh[M‘M—]

a+b Tan[e+f x]?

128 b>/2

(3a*+8a’b-80ab?+64b°) Tan[e + f x] \/a+bTan[e+fx]2

+

128 b2 f

(3a%?-56ab+48b?) Tan[e+fx}3\/a+bTan[e+fx]2
192b f

+

(9a-8b) Tan[e+fx]5\/a+bTan[e+Fx}2 bTan[e+1:x]7\/a+bTan[e+1cx}2
+
48 £ 8 f

Result (type 4, 908 leaves):

1 a+b+ (a-b)Cos[2 (e+fx)]

64 b% f

- b(3a4+8a3b—16a2b2—64ab3+64b4)\/ o ]
1+Cos|2 (e+fx

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b b

Csc|2 (e+Fx”

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]2
b

EllipticF [Ar‘cSin [

], 1] Sin[e+fx]*
7 /

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))

7\/a+b+ (a-b) Cos[2 (e+fX) |

a+b+ (a-b)Cos[2 (e+fx)]

4b (-64a2b%+128ab’-64b%) \/1+Cos[2 (e+Fx]]
1+Cos[2 (e+fx)]

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b b
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\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

X Csc[Z(e+FxH

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]2
b
EllipticF[ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos (e+fx) Ja+b+ a-b) Cos|2 (e+fx”)f

\/ aCot[e+-Fx}2\/ a(1+Cos[2 (e+fx)])Cscle+fx]?

b b

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

" Csc[2 (e+fx)]

(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
, ArcSin| |, 1] sinfe+fx]* /
a-b A/ 2

EllipticPi| -

(Z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b) Cos|2 (e+-FxH) +

E\/a+b+a€os[2 (e+fx)]-bCos[2 (e+fx)]

1+COS[2 (e+‘FXH

Sec[e+fx]*
1
192 b

Sec[e+fx]? (3a’Sin[e+fx] -128absSin[e+fx] +184b*Sin[e+fx]) +
1

384 b?
Sec[e + fX]

(9asinfe+fx] -26bSin[e+fx]) +

(-9a’sin[e+fx] -30a’bSin[e+fx] +424ab’Sin[e+fx] -400b>Sinfe+fx]) +

1
—bSec[e+fx]®Tan[e+ fx]
8
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Problem 313: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTan[ewa]4 (a+bTan[e+-Fx]2)3/2d1X

Optimal (type 3, 224 leaves, 9 steps):
(a-b) 32 prcTan| m] (a®+6a2b-24ab? + 16 b3) ArcTanh | /b _Tan[e+fx] ]

a+b Tan[e+f x)? a+bTan[e+f x]?

- +

f 16b3/2 £

(a2-10ab+8b?) Tan[e + f x] \/aerTan[eJr-Fx]2
16b f

+

(7a-6Db) Tan[e+-Fx]3'\/a+bTan[e+1‘:x}2 bTan[e+1cx]5x/a+bTan[e+1°x}2
+
24 6f

Result (type 4, 833 leaves):

1

— |- b(a32a2b8ab2+8b3)\/

8bf

a+b+ (a-b)Cos[2 (e+fx)]

1+Cos[2 (e+fx)]

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Fx]? Csc[2 (e+ £x) ]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(afasb+ (ab) Cos[2 (erfx)])) !

_\/a+b+ (a-b) Cos[2 (e+fx)]

a+b+ (a-b)Cos[2 (e+fx)]

4b(-8a’b+16ab>-8b%) \/1+Cos[2 e+ Fx|] \/ 1+Cos[2 (e+fx)]
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b b

\/ aCot[e+Fx}2\/ a(1+Cos|2 (e+fx)]) Cscle+Ffx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? Csc[2 (e« Fx)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(43\/1+C05[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )7

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? csc[2 (e+£x)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, Arcsin| ], 1] Sin[e+Fx}4/

a-b 2

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] ) +

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f

1+C05{2(e+ X)}
[2
4

Sec[e + fx]3

(asinfe+fx] -2bSinfe+fx]) +
48 b

Sec[e+fx] (3a’Sin[e+fx] -44abSin[e+fx] +44b>Sin[e+fx]) +

1
—bSec[e+fx]*
6
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Tan[e + f x]

Problem 314: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTan[eH‘:x]2 (a+bTan[e+fx]2)3/2d1x

Optimal (type 3, 172leaves, 8 steps):
(a-b)3? ArcTan [ ~[a=b Tanle-fx1 | (3a?-12ab+8b?) ArcTanh | b Tanefe

a+b Tan[e+fx]? a+b Tan[e+f x]?
- + +
f 8/b f
(5a-4b) Tan[e + fx] \/a+bTan[e+fx}2 bTan[e+1‘:x]3\/a+bTan[e+1‘:x12
+
8 f af

Result (type 4, 771 leaves):

= b(a2+4ab4b2)Ja+b+(ab)c°s[2<e*‘cx>] JaCot[eHCX]Z

4f 1+Cos[2(e+fx)] b

\/_a (1+Cos[2 (e+fx)]) Cscle+fx]? \/ (a+b+ (a-b) Cos[2 (e+Ffx)]|)Cscle+fx]?

b b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b
Csc[2 (e+fx)] EllipticF[ArcSin| |, 1] sinfe+fx]* /

V2

(a(atb+ (a-b)Cos[2(erfx)]]) + !

\/a+b+ (a-b) Cos[2 (e+fx)]

a+b+ (a-b)Cos[2 (e+fx)]

4b (4a2-8ab+4b?) \[1+Cos[2 (e+Fx)] \/

1+Cos |2 (e+fx)]

b b

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

b
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\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+fx)])f

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc|2 (e+Fx”

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]2
b
, ArcsSin| |, 1] sinfe+fx]* /
a-b A2

EllipticPi|-

(2 (a—b) \/1+Cos[ e+fx \/a+b+ a-b Cos[ (e+-FxH) +

.F

1\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

£ 1+Cos |2 (e+fx)]

1
(*Sec[em‘:x}
8
(5asinfe+fx] -6bSinfe+fx]) +

1
~bSec[e+fx]?Tan[e + fx]
4

Problem 315: Result unnecessarily involves imaginary or complex numbers.

J(a+bTan[e+~Fx]2)3/2dlx

Optimal (type 3, 125leaves, 7 steps):
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(a _ b)3/2 Ar‘cTan[ \/a-b Tan[e+fx ]

a+b Tan[e+f x]?

.F

(3a—2b) b Ar\c-ranh[m
a+bTan[e+fx]? bTan[e + f x] \/aerTan[eJr-Fx]2
+

2f 2f

Result (type 3, 233 leaves):

4i [a—ijan[e+-Fx] +Va-b \/a+bTan[e+-Fx]2

I (a-b)*? Log|-
2f (a-b)*? (i+Tan[e+fx])

|+

41'1(a+j1bTan [e+fx] +Va-b Ja+bTan e+fx]?

i (a-b)*?Log| ]+

(a-b)*? (-i+Tan[e+fx])

(3a—2b>\/_Log[bTan e+ fx] \/—\/a+bTan e+ fx]? }+bTan[e+-Fx]\/a+bTan[e+1Cx]2

Problem 316: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCo’c[emcx}2 (a+bTan[e+fx]2)3/2d1x

Optimal (type 3, 114 leaves, 7 steps):
(a _ b)3/2 Ar‘cTan[ v a-b Tan[e+fx }

a+bTan[e+fx]?

.F
bh3/2 ArcTanh[M
a+bTan[e+f x)2 aCot[e+ fx] \/a+bTan[e+-Fx]2
f f

Result (type 4, 724 leaves):

a \/ a+braCos[2 (e+fx)]-bCos[2 (e+fx)] Cot [e +f X]
1+Cos[2 (e+fx)]

.F

b (a?-2ab-b?) \/a+b+ (a-b) Cos[2 (e+fx)] \/_aCot[eH‘x]z

1+Cos|[2 (e+fx)] b
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a(1+Cos[2 (e+fx)])Cscle+fx]? (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
) b b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

Csc|2 (e+fx) | EllipticF [ArcSin|

|, 1] sinfe+fx)*
7 /

1

(af (a+b+ (a-b) Cos[2 (e+fx)])) +

-F\/a+b+ (a-b) Cos |2 (e+fx”

a+b+ (a-b)Cos[2 (e+fx)]

4b (a*-2ab+b?) \/1+Cos[2 (e+fx)] \/

1+COS[2 <e+'FX>]

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+Ffx]2

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(4a\/1+Cos{2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )—

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

J“"*bwam Cos[2 (e fx)]) Cscler 07 )

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticPi|- , ArcSin|

, 1] si fx]4
- s |, 1] sinfe +fx] /
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(2 (a-b) \/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )

Problem 317: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCot[eH‘x}“ (a+bTan[e+-Fx]2)3/2d1x

Optimal (type 3, 115leaves, 6 steps):
(a B b) 3/2 Ar‘cTan[ Va-b Tan[e+fx ]

a+b Tan[e+f x]?

.F

(3a-4b) Cotle+fx] \/a+bTan[e+-Fx}2 aCot[e+1‘:x]3\/a+bTan[e+1"x]2
3f 3f

Result (type 4, 747 leaves):

1 [a+b+aCos[2 (e+fx)]|-bCos[2 (e+fX)]
£

£ 1+Cos[2 (e+fx)]

4 1
[f (aCos[e+fx] -bCos[e+fx])Cscle+fx]-—aCot[e+fx]Cscle+Ffx]?|+
3 3

E(afb)z ) b\/a+b+(a—b) Cos[2 (e+fx) ]

f 1+Cos[2 (e+fx)]

\/ aCot[e+fx]? \/ a(1+COS[2<e+fx>])Csc[e+'FX]2

b b

N Csc[2 (e+fx) ]

\/ (a+b+ (a-b) Cos [2 (e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| \/_ |, 1] sinfe+fx]* /
2
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(a(a+b+ (a-b)Cos[2 (e+fx)]))|-

4b\/1+COS[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos|[2 (e+fx)]

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
” /

(4a\/1+Cos (e+fx) \/a+b+ a-b COS[Z(eJr'FX)])f

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc|2 <e+-Fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| |, 1] Sin[e+Fx}4/
a-b <2

EllipticPi|-

(Z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b COS[2<e+'FX>])

Problem 318: Result unnecessarily involves higher level functions and more
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than twice size of optimal antiderivative.

JCot[ewa}"’ (a+bTan[e+-Fx]2)3/2d1X

Optimal (type 3, 165leaves, 7 steps):

(aib)B/Z Ar‘cTan[ Va-b Tan[e+fx
2D Tan (e f x? (15a2-20ab+3b?) Cot[e+fx]/a+bTan[e+Fx]2

+

f 15af

(5a-6b) Cot[e+fx]3\/a+bTan[e+fx}2 aCo‘c[e+-Fx]5\/a+bTan[e+1:x}2
15 f 5f

Result (type 4, 797 leaves):

1 |a+b+aCos[2(e+Ffx)]-bCos[2 (e+fx)]
£

£ 1+Cos[2 (e+fx)]

1
[—(—ZBaZCos[e+Fx] +26abCos[e+fx]-3b’Cos[e+fx])Cscle+Ffx]+
15 a

1 1
— (11aCos[e+fx] -6bCos[e+fx])Cscle+fx]>-—aCot[e+fx] Cscle+Ffx]*| -
15 5

1 a+b+ (a-b)Cos|2 (e+fx aCot[e+fx]?
= (a-b)? b

f 1+COS[2(e+'FX)] b

b

\/ a(1l+Cos[2 (e+fx)])Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))

7\/a+b+ (a-b) Cos[2 (e+fx)]

4b\/1+Cos[2 (erx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos|[2 (e+fx)]
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b b

\/ aCot[e+Fx}2\/ a(1+Cos|2 (e+fx)]) Cscle+Ffx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? Csc[2 (e+ £x) ]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(43\/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )7

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)])Cscle+Fx]? cscl2 e+ £x)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| ], 1] Sin[e+Fx}4/

a-b 2

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )

Problem 319: Result unnecessarily involves imaginary or complex numbers.

J(a+bTan[c+dx]2)5/2d1x

Optimal (type 3, 170leaves, 8 steps):
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(afb)S/zAr‘cTan[ALQ—a’b Tan[c+dx ] Vb (15a2-20ab+8b?) Ar‘cTanh[JL‘—]—b Tan[c+dx ]

a+b Tan[c+d x]? a+b Tan[c+d x]?

d 8d

(7a-4b) bTan[c+dx] \/a+bTan[c+dx}2 bTan[c +dx] (a+bTan[c+dx]2)3/2

+

8d 4d

Result (type 3, 259 leaves):

41 [a—ijan[c+dx1 +vVa-b \/a+bTan[c+dx12

N (a-b)>?Log|-
8d (a-b)”? (i+Tan[c+dx])

|+

413 (a+ibTan[c+dx] +va-b \/a+bTan[c+dx]2

4i (a-b)*? Log|

|+

(a-b)”? (-i+Tan[c+dx])

Vb (15a*-20ab+8b?) Log[bTan[c +dx] +\/F\/a+bTan[c+dx]2 |+

bTan[c +dx] \/a+bTan[c+dx]2 (9a-4b+2bTan[c+dx]?)

Problem 320: Result more than twice size of optimal antiderivative.

Tan[e + fx]°

dx

\/a+bTan[e+1Cx]2

Optimal (type 3, 95leaves, 6 steps):
ArcTanh [ A/a+bTan[e+f x]? ]

Jab (a+b>\/a+bTan[e+Fx}2 (a+bTanfe+fx]2)??

- - +

Va_ b f b2 f 3p2 f
Result (type 3, 418 leaves):
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a+b+aCos[2 (e+fx)]-bCos[2 (e+fX)] (_ 2 (a+2b) + Sec[e+fx12)
1+Cos[2 (e+fx) ] 3 b? 3b

.F

(1+Cos[e+fx])J

1+Cos |2 (e+fx)] \/a+b+(a—b)Cos[2(e+fx>]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[1+Tan[§ (e+fx”2] 7Log[afbfaTan[§ (e+fx)]2+bTan[§ (e+fx)]2+

Va-b \/4bTan[

N |

(e+fx>]2+a (—1+Tan[

N |

(e+fx)]2)2]

(—1+Tan[

<e+fx)]2)

N |

4bTan[} (e Fx)]*va (10 Tan[3 (er £)]7)’

[1+Tan[

N |

(e+Fx)]2)

/

<1+Tan[i (e+fx)]2)2

[mf\/a+b+ (a-b) Cos[2 (e+fx)] \/[—1+Tan[§ (e+fx)}2]2

\/4bTan[

Problem 321: Result more than twice size of optimal antiderivative.

N |

(e+-FxH2+a [—1+Tan[

N |

(e+fx)]2)2]

Tan[e + fx]3

dx

\/a+bTan[e+Fx]2

Optimal (type 3, 64 leaves, 5 steps):

+Ja+bTan[e+f x]?
ArcTanh [ 5 ] \/a+bTan[e+fX}2
+

Va b f b
Result (type 3, 392 leaves):
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a+b+raCos[2 (e+fx)]-bCos[2 (e+fX)]
1+Cos[2 (e+fx)]

bf

(1+Cos[e+fx])J

1+Cos |2 (e+fx)] \/a+b+(a—b)Cos[2(e+fx>]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

2 2 2

Va-b \/4bTan[

N |

(e+fx>]2+a (—1+Tan[

N |

(e+fx)]2)2]

(—1+Tan[

N |

4bTan[} (e Fx)]*va (10 Tan[3 (er £)]7)’

[1+Tan[

N |

(e+Fx)]2)

/

<1+Tan[i (e+fx)]2)2

[mf\/a+b+ (a-b) Cos[2 (e+fx)] \/[—1+Tan[§ (e+fx)}2]2

\/4bTan[

Problem 322: Result more than twice size of optimal antiderivative.

N |

(e+-FxH2+a [—1+Tan[

N |

(e+fx)]2)2]

Tan[e + f x]

dx

\/a+bTan[e+Fx]2

Optimal (type 3, 41 leaves, 4 steps):

Ar‘cTanh[l a+bTan[e+f x]? ]
+a-b

Va-b f
Result (type 3, 186 leaves):

Log[1+Tan[l (e+fx”2] 7Log[afbfaTan[1 (eercx)]erbTan[1 (e+fx)]2

+

<e+fx)]2)
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Cos[e+fx] [Log[l+Tan| (e+fx>]2} -Logla-b+

N |

a5 3o o) cosfa o)) see[ (o))

N (e+'FXH }

+(-a+b) Tan|

N |

Sec|

N |

(e+fx>}2\/(a+b+ (a-b) Cos[2 (e+fx)]) Sec[e+fx]? /

[mﬂam (o-0] Cos[2 (e #x] ] sec [e+ )]

Problem 323: Result more than twice size of optimal antiderivative.

Cot[e + fx]

dx

\/a+bTan[e+-Fx]2

Optimal (type 3, 74 leaves, 7 steps):

Ar‘CTanh{l{aerTa\nﬁ[fo]z ] Ar‘cTanh[ a+bTan[s+fx]2 ]
a a-

- +

Va f Va-b f
Result (type 3, 207 leaves):

Cos[e +fx]?

\/a_\/1+Cos[2 (e+-Fx>]

\/a+b+ (a-b) Cos [2 (e+fx)]

]+\/;Log[a\/1+(:05[2 (e+fx)] -

{—\/ a-b ArcTanh|

b\/1+Cos[2 (e+fx)] +\/ﬁ\/a+b+ (a-b) Cos[2 (e+fx)] |

\/(a+b+ (a-b) Cos 2 (e+fx)]) Sec[e + fx]? /

(\/jmf\/a+b+ (afb) Cos[2 (e+fXH )
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Problem 324: Result more than twice size of optimal antiderivative.

Cot[e+fx]3

dx

\/a+bTan[e+1Cx]2

Optimal (type 3, 116 leaves, 8steps):

(2a+b) ArcTanh| @} ArcTanh [ fasbTanesfx]?

Ney Jab ] Cot[e+fx]2\/a+bTan[e+fx}2

2a%2f Vva-b f 2af
Result (type 3, 1223 leaves):

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] (L B Csc[e+1‘x]2)
1+Cos[2 (e+fx)] 2a 2a

.F

1| (3a+2b) (1+Cos[e+1cXJ>\Il+Cos[2(e+fx)J \/a+b+(a—b)Cos[2(e+fx)]

2af (1+Cosle+fx]) 1+Cos[2 (e+fx)]

Log[Tan[% (e+~Fx)]2] —Log[a—aTan[% (e+-FxH2+2bTan[§ (e+-FxH2+
\/?\/4bTan[; (e+-FxH2+a (—1+Tan[§ (e+fx)]2)2 ]+

Log[2b+a (71+Tan[§ (e+fx)]2) +Va

2 2 2

\/4bTan[l (e+fx)]2+a (—1+Tan[1 (e+fx”2]2 ]] [—1+Tan[1 (e+fx)]

abTan|} (e fx]]"ra -1 Tan[} (e fx]]*)’

o /

(1+Tan[§ (e+Fx)] )

(1+Tan[§ (e+fx”2]

2

N |

4\/?\/a+b+(ab)Cos[z(e+-Fx)]\/(1+Tan[ (e+FxH2)

2 2

\/4bTan[1 (e+-Fx>]2+a (—1+Tan[1 (e+fx)]2)2] +

]
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1

Ba\/1+Cos[2 (e+fx)]

\/a+b+ (a-b) Cos[2 (e+fXx)]

\/a+b+ (a-b) Cos[2 (e+fXx) ]|

1+Cos|2 (e+fx)]

(4Cos[e+fx]2 (1-Cos[2 (e+fx)])+/(2b+a(1+Cos[2(e+fx)])-b (1+Cos|

2 (e+fx)])) Cotle+fx]

mAr‘cTanh[(\/?\/1+C05[2 (e +Fx)] )/

(v(2b+a(1+Cos[2 (e+fx)])-b(1+Cos[2(e+fx)])))]-a
Log[a\/1+Cos[2 (e+fx>] —b\/1+Cos[2 (e+fx)} +ﬂ\/(2b+

a(1+Cosp<e+fx)])7b(1+CosP(e+Fx)”)]]SinP(e+Fx”

/

[3va»wab<1+cosp(e+fx)h J-(-1+Cos[2 (e+fx)]) (1+Cos[2 (e+Fx)])

\/a+b+ (a-b) Cos[2 (e+FfX)] JlCos[Z (e+fx)]2]] +

(e+fx)]"] -

N |

1+C 2 +f
(1+Cos[e+fx]) os le X)] (Log[Tan[
<1+Cos[e+1‘:x])2

Log[a—aTan[% (e+fx)]2+2bTan[§ (e+fx)}2+ﬁ\/[4bTan[§ (e+fx”2+

a [—1+Tan

N |

(e+fx”2)+

N |

(e+fx)]2)2]] +Log[2b+a (—1+Tan[

erex 17| 1]

N |

[
\/;J(4bTan[; (e+-FxH2+a [—1+Tan[
]

[—1+Tan[% (e+Fx) 2) (1+Tan[

<e+fx)]2)

N |

2

J%Ta”[i e fx)]*ra (-1 Tan[] (e Fx] %)

(1+Tan[i (e+fx)]2)2

}/

4\/?\/1+Cos[2 (e+fx)] \/(—1+Tan[§ (e+fx)]2)2
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\/4bTan[

Problem 325: Result more than twice size of optimal antiderivative.

N |

(e+fx)]2+a -1+ Tan|

N |

(e+1:x)]2)2

Cot[e+fx]>

dx

\/aerTan[eJr-Fx]2
Optimal (type 3, 166 leaves, 9 steps):

(8 a?+4ab+3 bz) ArcTanh [ a+b Tan[e+f x)? ] ArcTanh [ JfazbTan[efx]? }

B a N Va-b
ga%/2f Ja_b f
(4a+3b) Cot[e+fx]2\/a+bTan[e+fx]2 Cot[e+Fx]4\/a+bTan[e+-Fx}2
8a%f 4af

Result (type 3, 1260 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

+

.
8 a2 8 a2 4a

[3(2a+b) (8a+3b) Cscle+fx]2 Cscle+fx]*

1+COS[2 (e+'FX>]

; (6a*+4ab+3Db?) (1+Cos[e+-Fx])J
4 3% f

(1+Cosfe+fx])

Log[Tan[% (e+fx)]2] —Log[a—aTan[% (e+1°x”2+

\/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+fx)]

2bTan[1 (e+1cx>}2+\5\/4bTan[1 (e+fx”2+a (—1+Tan[1 (e+fx)]2)2 } n

2 2 2

Log[2b +a (—1+Tan[§ (e+fx)]2J +Va

2 2

\/4bTan{% (e+1:x)]2+a (—1+Tan[l (e+-FxH2]2 ]] [—1+Tan[l (e+-FxH2]

4bTan[§ (e+fx>]2+a (_1+Tan[§ (e+FxH2)2

e /

(1+Tan[i (e+-FxH )

(1+Tan[§ (e+fx)}2]
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2

N |

(e+fx>]2+a (—1+Tan[

N |

4\/?\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[§ (e+-FxH2]
(e+fx)]2)2 ” +

\/4bTan[
1 6a2\/1+Cos[2<e+fx)] \/a+b+<a—b)Cos[2(e+-FxH

\/a+b+(a—b)Cos[2(e+-FxH 1+Cos[2(e+fx”

(4Cos[e+1‘x]2 (1-Cos[2 (e+fx)])+/(2b+a (1+Cos[2 (e+fx)])-b (1+Cos|

2 (e+fx)])) Cotle+fx]

Va b arctann[ [V 1+ cos[2 (e ] | /

(v(2b+a(1+Cos[2 (e+fx)])-b(1+Cos[2(e+fx)])))]-Va
Log[a\/1+Cos[2 (e+fx)] —b\/1+Cos[2 (e+fx)] +Va-b /(2b+
a(l+Cos[2(e+fx)])-b(1+Cos|2 (e+fx)”)]] Sin|2 (e+-FxH)/

[3\/?\/3 (1+Cos[2 (e+fx)]) \/—<—1+Cos[2 (e+fx)]) (1+Cos[2 (e+fx)])

\/a+b+ (a-b) Cos[2 (e+fXx) ] Jl—Cos[Z <e+fx)]2]J +

1+Cos[2 (e+-Fx)]

Log[Tan[i (e+fx”2] -

(1+Cos[e+fx])\l

(1+Cos[e+fx])

Log[a-aTan|

N |

(e+fx)]2+2bTan[§ (e+-FxH2+\/?J[4bTan[i (e+fx)}2+
a [—1+Tan[% (e+fx)]2]2]] +Log[2b+a (—1+Tan[% (e+1°x”2) +

\/?\/(4bTan[l (e+fx”2+a [—1+Tan[§ (e+fx)]2J2]]]

2
[—1+Tan[ (e+fx)]2J (1+Tan[ (e”:XHZ)

N |
N |

2

J4bTanB(e+foz+a(1+Tan[;(e+fx)]2) /

(1+Tan[§ (e+1:x)]2)2
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4\/?\/1+Cos[2 (e+fx)] \/(—1+Tan[§ <E+-FX)]2)2

\/4bTan[

Problem 326: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Tan[e + f x]
dx
\/a+bTan e+fx]?
Optimal (type 3, 177 leaves, 8 steps):
ArcTan [ ~[a-b Tanle-fx | (3a2+4ab+8b2)Ar‘cTanh[m]

a+bTan[e+f x]? a+bTan[e+f x]?
+

Ja b f 8b%/2 f

N |

(e+fx)]2+a (—1+Tan[

N |

(e+fx)]2)2]

(3a+4b) Tan[e + fx] \/a+bTan[e+-Fx}2 Tan[e+1‘:x}3\/a+bTan[e+1‘:x]2
+
8b2f 4bf

Result (type 4, 768 leaves):

b -b) Cos[2 f
! - b<3a2+4ab+4b2) a+ +(a > 05{ (e+ XH
4p2f 1+Cos |2 (e+fx)]

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

X Csc[Z(e+FxH

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]2
b
EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(a(a+b+ (a-b)Cos[2 (e+fx)]))|+
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16b3\/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx) ]

1+Cos|2 (e+-Fx)]

b b

\/ aCot[e+fx]2\/ a(l+Cos[2 (e+fx)])Cscle+fx]?

" Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]2
b

EllipticF [Ar‘cSin [

|, 1] sinfe+fx]*
= /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+-FxH)—

b b

\/ aCot[e+-Fx}2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Fx]?

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]?
b

EllipticPi|- » ArcSin|

|, 1] sinfe+fx]* /
a-b V2

(Z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b) Cos|2 (e+-FxH) +

.F

1 a+b+aCos[2 (e+fx)|-bCos[2 (e+fx)]
1+Cos|[2 (e+fx)]

+

[ 3Sec[e+fx] (aSin[e+fx] +2bSinfe+fx])
8 b?
Sec[e+fx]%2Tan[e + f x]

4b
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Problem 327: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[e + fx]*

dx

\/a+bTan[e+1Cx]2

Optimal (type 3, 125leaves, 7 steps):

ArcTan[m] <a+2b) ArcTanh[m]
\/ arbTan[e+f x]? a+bTan[e+f x]2 Tan[e + f x] \/a+bTan[9+FX]2
- +
Ja-b f 2b3/2 f 2bf

Result (type 4, 713 leaves):

1 b<a+b>\/a+b+(ab)Cos[Z(e+fx>]

bf 1+Cos[2<e+fx)]

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? Csc2 (e £x)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(a(a+b+ (a-b)Cos[2 (e+fx)])) !

\/a+b+ (a-b) Cos[2 (e+fx)]

4b2\/1+Cos[2 (erx]] \/a+b+ (a-b) Cos[2 (e+fXx)]

1+Cos |2 (e+fx)]

b b

\/ aCot[e+-Fx}2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?
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. Csc[2<e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+fx)])f

\/ aCot[e+fx]? \/ a(1+Cos[2(e+fx)])Csc[e+fx}2

b b

N Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b
, ArcSin| |, 1] Sin[e+-Fx}4/
a-b A/ 2

EllipticPi-

(z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b) Cos|2 (e+-Fx)]) +

L Tan[e + f x]

a+tb+raCos[2 (e+fx)]-bCos[2 (e+fx)
1+Cos[2 (e+fXx)]

2bf

Problem 328: Result unnecessarily involves higher level functions.

Tan[e + f x]?

dx

\/a+bTan[e+Fx]2

Optimal (type 3, 86 leaves, 6 steps):
Ar‘cTan[ Va-b Tan[e+fx ] Ar‘cTanh[ \/b Tan[e+fx }

a+bTan[e+f x]? a+b Tan[e+f x]?
- +
Va-b f Vo f

Result (type 4, 149leaves):
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\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| ], 1]

a-b 2

aCscle+fx]?EllipticPi|-

\/<a+b+ (a-b) Cos[2 (e+fx)])Secle+fx]? Sin[2 (e+fx)] /

2 (o) be 240+ (a0 Cos[2 (e x)] ) Cscle "
b

Problem 329: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
\/a+bTan[e+Fx]2

Optimal (type 3, 46 leaves, 3 steps):
Ar‘cTan[ A/ a-b Tan[e+fx ]

A/ a+b Tan[e+f x]?
Va<b f
Result (type 3, 151 leaves):
1 4j[afijan[e+fx]+\/a—b \/a+bTan[e+-Fx}2
— i | Log[- ] +
2+/Ja-b f Va-b (i+Tan[e+fx])

413 (a+ibTan[e+-Fx] +va-b \/a+bTan[e+1‘:x]2

Va-b (-i+Tan[e+fx])

Log |

]

Problem 330: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cot[e +f x]?

dx

\/a+bTan[e+1:x]2

Optimal (type 3, 78 leaves, 5 steps):
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a-b Tanfe+fx]
Ar‘cTan[ a-b Tan[e+fx

a+b Tan[e+f x]2 Cot[e+ f x] \/a+bTan[e+-Fx]2
Ja b f af

Result (type 4, 702 leaves):

a+b+aCos[2 (e+fx)]-bCos[2 (e+fX)] Cot [e +f X]
1+Cos[2 (e+fx)]

- +

af

b\/a+b+(a—b)Cos[2(e+fx)] \/ aCot[e+fx]2\/ a(l1+Cos[2 (e+fx)]) Cscle+fx]?

1+Cos[2(e+1:x)] b b

\/ (arb+(a-b)Cos[2(e+fx]]) Cscle+fx)? Csc[2 (e+fx)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin [

}, 1} Sin[e + fx]*4
= /

1

(af (a+b+(a-b)Cos[2 (e+fx)]))+

f\/a+b+ (a-b) Cos[2 (e+fx) ]|

a+b+ (a-b) Cos |2 (e+-FxH

4b\/1+Cos[2 (e+fx) | \/

1+Cos|2 (e+fx)}

b b

\/ aCot[e+Fx}2\/ a(1+Cos[2(e+fx)]) Cscle+Ffx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? cscl2 e+ £x)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [Ar‘cSin [

|, 1] sinfe+fx]* /
V2

(4a\/1+Cos{2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )—
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\/ aCot[e+fx]? \/ a(1+COS[2<e+'FX)])Csc[e+'FX}2

b b

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

" Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticPi[-

R Ar‘cSin[

a-b 2

|, 1] sinfe+fx]* /

(2 (a-b) \/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )

Problem 331: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cot[e+fx]?

dx

\/a+bTan[e+1‘:x]2

Optimal (type 3, 120leaves, 6 steps):
Ar‘cTan[ A a-b Tan[e+fx

A/ a+bTan[e+f x]?
Vva-b f

(3a+2b) Cot[e+fx] \/a+bTan[e+1"x}2 Cot[e+fx}3\/a+bTan[e+fx]2
3a2f

3af
Result (type 4, 746 leaves):

1\/a+b+aCos[2 (e+fx)] -bCos[2 (e+Fx) |

£ 1+Cos[2 (e+fx)]

[2 (2aCos[e+fx] +bCos[e+fx])Cscle+fx] Cot[e+fx]Cscle+Ffx]2

3a? 3a

b\/a+b+(a—b)Cos[2(e+fx)] \/ aCot[e+fx]2\/ a(1+Cos[2(e+1°x)])Csc[e+1“x}2

1+Cos[2(e+fx)] b b
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Csc|2 <e+-Fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF[ArcSin|

|, 1] sinfe+fx)*
7 /

1

(af (a+b+ (a-b)Cos[2 (e+fx)])) -

-F\/a+b+ (a-b) Cos |2 (e+fx”

4bx/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+COS[2 (e+'FXH

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+Ffx]2

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(4a\/1+Cos{2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )—

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

J“"*bwam Cos[2 (e fx)]) Cscler 07 )

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticPi|- , ArcSin|

, 1] si fx]4
- s |, 1] sinfe +fx] /
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(Z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b Cos[ (e+fx)])

Problem 332: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Cot[e +fx]
dx
\/a+bTan e+fx]?
Optimal (type 3, 170leaves, 7 steps):
Ar‘cTan[ \a-b Tan[e+fx

a+bTan[e+f x]2 (15 a2+1eab+8b2) Cot[e+fx] \/a+bTan[e+-Fx}2
- - +
vJa-b f 15a3 f

(5a+4b) Cot[e+fx]3\/a+bTan[e+-Fx}2 Cot[e+-Fx]5\/a+bTan[e+-Fx}2
15a% f 5af

Result (type 4, 794 leaves):

1\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx) |

£ 1+Cos[2 (e+fx)]

[ ; (-23a®Cos[e+fx] -14abCos[e+fx] -8b*Cos[e+fx])Cscle+Fx]+
15a

(11acCos[e+fx] +4bCos[e+fx])Csc[e+fx]> Cot[e+Ffx] Cscle+fx]*

+
15 a? 5a

b\/a+b+(a—b)Cos[2<e+fx)] \/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

1+Cos[2(e+fx)] b b

Csc|2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /
V2

(af (a+b+ (a b)Cos[2 (e+fx)])) + !

-F\/a+b+ (a-b) Cos |2 (e+fx)}



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 169

4b\/1+Cos[2 (e x]] \/a+b+ (a-b) Cos[2 (e+fX) ]

1+Cos |2 (e+fx)]

\/ aCot[e+-Fx}2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(4a\/1+Cos[2 (e+Fx” \/a+b+ (a-b) Cos [2 (e+-Fx)] )7

\/ aCot[e+fx]2\/ a(l+Cos[2 (e+fx)]) Cscle+fx)?

b b

Csc[2 (e+fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticPi[- , ArcSin|

, 1| Si fx]4
2 b \/? } ] in[e + f x] /

(2 (a-b) \/1+Cos[2 (e+-Fx)] \/a+b+ (a-b) Cos 2 <e+-Fx)] )

Problem 333: Result more than twice size of optimal antiderivative.

Tan[e + fx]°
j dx
(a+bTanfe+fx]2)>?

Optimal (type 3, 98 leaves, 6 steps):



170 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)”~m (a+b (c tan)~n)~p.nb

ArcTanh { A/a+bTan[e+f x]? ]

) Jab a? +\/a+bTan[e+1Cx]2
(a_b)a/zf (a-b) bZ-F\/a+bTan[e+-Fx]2 b f

Result (type 3, 456 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

[2a2—2ab+b2 2 a?

(a—b)zb2 (a—b)zb (a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)])

(1+Cos[e+-f—'x]) J 1+Cos[2 (e+fx)3 \/a+b+ (a—b) Cos[z (e+fx>]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[1+Tan[§ (e+fx”2] 7Log[afbfaTan[1 (eJrfx)]erbTan[1 (e+fx)]2+

2 2
mJ4bTan[;(e+fx>]2+a(1+Tan[i<e+fx)]2)2] (71+Tan[§<e+fx)]2)
[1+Tan[%<e+_':x)]z) 4bTan[§(e+FX)]z+a(_1+Tan[22<e+fx)]2>2 /

(1+Tan[§ <e+fx)]2)

2

[(ab)s/zf\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan{l (e+-FxH2)

2
\/4bTan[

Problem 334: Result more than twice size of optimal antiderivative.

N |

(e+-FxH2+a —1+Tan[

N =

(e+fx)]2]2]

dx

J Tan[e + fx]3
(

a+bTan[e+fx]2)>?

Optimal (type 3, 73 leaves, 5steps):

2
Ar‘cTanh[ a+bTan[§+fx] }
Ja-

(a-b)**f

a

(a-b) b-F\/a+bTan[e+Fx}2

Result (type 3, 439 leaves):
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1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
1+COS[2 <e+'FX)]

a 2a
[ (a—b)2b+ (a-b)* (a+b+aCos[2 (e+fx)]-bCos[2 (e+Ffx)]) '

(1+Cos[e+fx]) J 1+Cos|2 (e+fx)1 Ja+b+ (a-b) Cos[2 (e+fx)]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[1+Tan[§ (e+-FxH2] —Log[a—b—aTan[% (e+-Fx)]2+bTan[§ (e+fx)]2+

(71+Tan[1 (e+fx)]2)

2 2 2

\/ﬁ\/4bTan[1 (e+fx>]2+a (*1+Ta”[l (e+fx)]2)2]

4bTan[i (e+'Fx)]2+a (71+Tan[i <e+fx)]2)2

/

[1+Tan[

N |

(e+fx)]2)

(1+Tan[i (e+fx)]2>2

N |

(e+-FxH2)2

[(ab)s/zf\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[

2 2

\/4bTan[l (e+FxH2+a —1+Tan[l (e+fx)]2]2]

Problem 335: Result more than twice size of optimal antiderivative.

J Tan[e + f x] dx
(

a+bTanle+fx]2)>?

Optimal (type 3, 69 leaves, 5steps):
ArcTanh [ AJa+bTan[e+f x]? ]

_ \/BT + 1
(a-b)**f (a-b) f+/a+bTan[e+fx)?

Result (type 3, 434 leaves):
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1 [a+b+aCos[2 (e+fx)]|-bCos[2 (e+fX)]
f 1+Cos[2<e+fx)]

(a-b)*> (a-b)?(a+b+acCos[2(e+fx)]|-bCos[2(e+Fx)])

[1 2b

(1+Cos[e+fx]) J 1+Cos|2 (e+fx)1 Ja+b+ (a-b) Cos[2 (e+fx)]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[1+Tan[§ (e+-FxH2] —Log[a—b—aTan[% (e+-Fx)]2+bTan[§ (e+fx)]2+

m\/4bTan[§ (e+fx)]2+a (71+Tan[§ (e+fx)]2)2]

(71+Tan[1 (e+fx)]2)

2

4bTan[i (e+'Fx)]2+a (71+Tan[i <e+fx)]2)2

(1+Tan[§(e+fx)]2>2 /

[1+Tan[

(e+fx)]2)

N |

[(ab)s/zf\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[

N |

(e+-FxH2)2

2 2

\/4bTan[l (e+FxH2+a —1+Tan[l (e+fx)]2]2]

Problem 336: Result more than twice size of optimal antiderivative.

Cot[e + f x]
J dx
(

a+bTanle+fx]2)>?

Optimal (type 3, 106 leaves, 8 steps):

ArcTanh[;{aerTaJn_[ewa]z ] Ar‘cTanh[ a+bTan[e+f x]? ]
_ a N Va-b B

aS/Z.F (a_b>3/2+-

b

a(a-b) f\/a+bTan[e+fx}2

Result (type 3, 1262 leaves):

1\/a+b+aCos[2 (e+fx)] -bCos[2 (e+Fx)]

; 1+Cos[2<e+fx)]

+

a(a-b)*> a(a-b)*>(a+b+aCos[2(e+fx)]|-bCos[2(e+Ffx)])

+

[ b 2 b2
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1
2a<a—b)-F

1+Cos[2 <e+-Fx)]

(1+Cosfe+fx])

[(3a4b) (1+Cos[e+fx])\l

Log[Tan[% (e+fx)]2] —Log[a—aTan[% (e+1°x”2+

\/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+fx)]

2bTan[1 (e+1cx>}2+\5\/4bTan[1 (e+fx”2+a (—1+Tan[1 (e+fx)]2)2 |+

2 2 2

Log[2b +a (—1+Tan[§ <e+fx)]2) +Va

\/4bTan[

N |

(e+1:x)]2+a (—1+Tan[§ (e+fx)}2]2 ]] (—1+Tan{— (e+-FxH2]

) J soton[} e+ 0]+ a [ Ton[} (et ] J/

(1+Tan[i (e+-FxH2)2

N |

(e+fx)]2+a (—1+Tan{

N |

4\5\/a+b+ (a-b) Cos[2 (e+fx)] \/(1+Tan[l (e+FxH2]z
(e+1:x)]2)2 ” +

2
\/4bTan[
1 Ba\/1+Cos[2(e+fx>] \/a+b+(ab)Cos[2(e+fx)]

\/a+b+(a—b)Cos[2(e+fo 1+Cos[2 (e+fx|]

(4Cos[e+1¢x]2 (1-Cos[2 (e+fx)])~/(2b+a (1+Cos[2(e+fx)]|)-b(1+Cos|

2 (e+-FxH)) Cot[e + f x]

Va6 averann (3 \J1-cos[2 e+ )] | /

(\/(2b+a <1+Cos[2 (e+fx)}) -b (1+Cos[2 (e+-Fx)]))H -Ja
Log[a\/1+Cos[2 (e+fx>] —b\/1+Cos[2 (e+fx” +m\/(2b+

a(1+Cos[2 (e+fx)])-b (1+Cos|2 (eﬂcx)}))]] sin[2 (e+fx)]

/

{WXM (1+Cos[2 (e+fx)])~/-(-1+Cos[2(e+Fx)]) (1+Cos[2 (e+Fx)])
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\/a+b+ (a-b) Cos[2 (e+Ffx) | \/1—Cos[2 <e+fx)]2]J +

Log[Tan[l (e+-FxH2] -

(1+Cos[e+fx]) 2

(1+Cos[e+fx]> \I 1+COS[2 <e+fX)J (

Log[a-aTan|

N |

(e+-Fx)]2+2bTan[§ (e+fx)]2+\/?J(4bTan[i (e+-Fx)]2+

a [—1+Tan[% <e+fx)]2]2]] +Log[2b+a (—1+Tan[% (e+1°x)]2) +

O e I e

2 2

[—1+Tan[% <e+fx)]2] (1+Tan[% (e+fx)]2)

4bTan[§ (e+fx”2+a (71+Tan[% (e+fx)]2)2

(1+Tan[§(e+1:x)]2)2 /

2

4\/?\/1+Cos[2 (e+fx” \/(1+Tan[

N |

<e+fx)]2)

\/4bTan[§ (e+fx)]2+a (_1+Tan[§ (eHCX)]Z)Z]

Problem 337: Result more than twice size of optimal antiderivative.

Cot[e+fx]3
J dx
(a+bTan[e+1‘:x]2)3/2

Optimal (type 3, 157 leaves, 9 steps):

(2a+3b) ArcTanh[m} Amanh[m]
\a

Jab
2352 f (afb)3/21‘
(a-3b)b Cot[e+fx]?2

2a2(a—b)'F\/a+bTan[e+-Fx]2 2a-F\/a+bTan[e+-Fx}2

Result (type 3, 1301 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]
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a’-2ab+3b? 2 b3 CCsclesfx17)|
2a% (a-b)?> a?(a-b)?(a+b+aCos[2(e+fx)]-bCos[2 (e+Ffx)]) 222
« f
! ~||(3a®+2ab-6b?) (1+Cosfe+Fx]) 1+Cos|2 (e+fx]]
2a% (a-b) f (1+Cos[e+fx])?

(e+Fx)]2] - Logla-aTan| (e+FxH2+

Log[Tan[

N |
N |

\/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+fx)]

2bTan[l (e+-FxH2+\/?\/4bTan[l

A 2(e+fx)}2+a(—1+Tan[

N |

(e+-Fx)]2)2 T

Log[2b+a (—1+Tan[

(e+-Fx)]2J “Va

N |

\/4bTan[§ (e+fx)]2+a [71+Tan[l

2

(e+fx”2]2 ]] (71+Tan[

[1+Tan[

N |

(e+fx”2] J 4bTan[§ (e+-FxH2+a (—1+Tan[i (e+-FxH2)

(1+Tan[§ (e+FxH2>2

2

N |

4\/a_\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan{ (e+FxH2]

\/4bTan[§ (e+fx)]2+a (71+Tan[§ (e+fx)]2)2 ” +

1 3a2J1+Cos[2(e+fx)] \/a+b+(a—b)Cos[2(e+-FxH

Ja+b b) Cos[2 (e+fx) | 1+Cos[2 (e+Fx)]

- (4Cos[e+-l:x]2 (1-Cos[2 (e+fx)])+/(2b+a(1+Cos[2(e+fx)])-b(1+Cos|

2 (e+fx)])) Cotle+fx] [mAr‘cTanh ( a \/1+Cos[2(e+fx)] )/

(v(2b+a (1+Cos[2 (e+fx)])-b(1+Cos[2(e+fx)])))]-Va
Log[a\/1+Cos[2 (e+fx)] 7b\/1+Cos[2 (e+Fx)] +\/afb\/(2b+
a(1+Cos[2 (e+fx)])-b(1+Cos|2 (eﬂcx)}))]] sin[2 (e+fx)]

/




176 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)”~m (a+b (c tan)~n)~p.nb

[3\/_\/7(1 +Cos[2 (e+fx) \/ -1+Cos[2 (e+fx)|) (1+Cos[2 (e+Fx)])

\/a+b+ a-b)Cos[2 (e+fx)] 1—Cos[2<e+fx)]2]J+

1+COS[2 <e+'FX)]
(1+Cos[e+fx])
(1+Cos[e+fx])?

Log[Tan{% (e+-FxH2] -

Log[a-aTan|

N |

(e+-Fx)]2+2bTan[§ (e+-FxH2+\/?J(4bTan[i (e+~Fx)]2+

a [—1+Tan[

N |

(e+-Fx)]2) +

N | =

<e+fx)]2]2]] +Llog[2b+a (-1+Tan[
\/?\/(4bTan[§ (e+fx”2+a [—1+Tan[§ (e+fx)]2]2]]]

[—1+Tan[ <e+fx)]2] (1+Tan[

(e+fx)]2)

N |
N |

4bTan[§ (e+fx”2+a (—1+Tan[§ (e+fx)]2)2

/

2

(1+Tan[§ (e+'FX)]2)2

1 2
4\/?\/1+Cos[2 (e+Fx)] \/(1+Tan[; (e+Fx)] )

\/4bTan[

Problem 338: Result more than twice size of optimal antiderivative.

Cot[e+fx]>
J( dx

a+bTan[e+-Fx]2)3/2

N |

(e+fx)]2+a (—1+Tan[

N |

(e+1:x)]2)2]

Optimal (type 3, 215leaves, 10 steps):

(8a2+12ab+15b?) ArcTanh[@} Amanh[@}
a a-

- + +

8a’/2 f (afb)3/2-F

b (4a%+3ab-15b?) (4a+5b) Cotle+fx]? Cotle+fx]*

+ —

8 a3 (a—b)f\/a+bTan[e+-Fx]2 8a2'FJa+bTan[e+-Fx]2 4a-F\/a+bTan[e+-Fx]2

Result (type 3, 1341 leaves):
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l\/a+b+aCos[2 (e+fx)] -bCos[2 (e+Fx) ]

f 1+Cos[2<e+fx)]
6a>-5a2b-8ab?+15b3 2 b4
- + +
8 a3 (a—b)2 a3 (a—b)2 (a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)])
(8a+7b) Cscle+fx]? Cscle+fx]*
- +
8 a’ 4 32
1

1+C 2 f
(6a’>+4a’b+3ab’-15b%) (1+Cos[e+Fx])J +Cos[2 [e+ X!

4a® (a-b)f (1+Cos[e+fx])

Log[Tan{% (e+1°x)]2] —Log[a—aTan[% (e+-FxH2+

\/a+b+ (a-b) Cos[2 (e+fx)]

1+COS[2 (e+'FX)]

2bTan[1 (e+1cx”2+\/?\/4bTan[1 (e+fx”2+a (—1+Tan[l (e+fx)]2)2 |+

2 2

Log[2b+a (—1+Tan[

\/4bTan[

(e+-FxH2] J 4bTan[% (e+-FxH2+a (—1+Tan{§ (e+fx”2>

(1+Tan[i (e+FxH2)2

(e+fx)]2) +Va

N |

2

(e+fx)}2] ]] (—1+Tan[

N |

(e+-Fx)]2+a (—1+Tan[

N |
N |

(e+FxH2]

2

[1+Tan[

N |

k

N |

(e+fx>]2+a (—1+Tan[

N |

4\/a_\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[§ (e+-FxH2]2
(e+fx)]2)2 ” +

\/4bTan[
1 6a3\/1+Cos[2<e+-Fx)] \/a+b+<a—b)Cos[2(e+-FxH

\/a+b+(a—b)Cos[2(e+-FxH 1+Cos[2(e+fx”

(4Cos[e+1‘x]2 (1-Cos[2 (e+fx)])+/(2b+a (1+Cos[2 (e+fx)])-b (1+Cos|

2 (e+fx)])) Cotle+fx]

Va b arctann[ [V 1+ cos[2 (e #x]] | /
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(\/(2b+a <1+Cos[2 (e+-FxH) -b (1+Cos[2 (e+Fx)]))H _a
Log[a\/1+Cos[2 (e+Fx)] 7b\/1+Cos[2 (e+Fx)] +\/ﬂ\/(2b+

a (1+Cos[2 <e+-Fx)]) -b (1+Cos[2 (e+Fx”))]] Sin[2 (e+Fx”

/

{WXM (1+Cos[2 (e+fx)])~/-(-1+Cos[2 (e+Fx)]) (1+Cos[2 (e+Fx)])

\/a+b+ (a-b) Cos[2 (e+fx)] JlCos[Z (e+fx)]2]J +

e fx)1°] -

N |

1+C 2 f
(1+Cos[e+fx]) os (e X)] (Log[Tan[
<1+Cos[e+1‘:x])2

Log[a—aTan[% (e+-Fx)]2+2bTan[§ (e+fx”2+\/?\/(4bTan[§ (e+fx)]2+

a [—1+Tan[% (eﬂcx)]z)z]] +log[2b+a (’“Tan[% <e+fx)]2) i
\/a_\/(4bTan[; (e+-FxH2+a [—1+Tan[§ <e+fx)]2)2]]]
[71+Tan[§ <e+fx)]2) (1+Tan[§ <e+fx)]2)

2

J%Ta”ﬁ(“fxﬂﬂa(1+Tan[i<e+fX>J2> J/

(1+Tan[i (e+fx)]2)

N |

4\/?\/1+Cos[2(e+fx”\/(—1+Tan[ (e+fx)]2)2

\/4bTan[ (e+fx)]2)2”]

Problem 339: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

N |

(e+fx)]2+a (—1+Tan[

N |

dx
3/2

J Tan[e + f x]®
(

a+bTanle+fx]?)

Optimal (type 3, 182leaves, 8steps):
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Ar‘cTan[—\Lm Tan[e+f ] (3a+2b) Ar‘cTanh[JL‘—]—b Tan[e+f x ]

~ a+bTan[e+f x]? ~ \/m ~
<a_b>3/2_f; 2b°/2f
aTan[e + fx]3 (3a—b>Tan[e+-Fx]\/a+bTan[e+1‘:x]2
+
(a—b)b-F\/a+bTan[e+1:x12 2 (a-b)b*f
Result (type 4, 787 leaves):
1| b (322 ab-b2) a+b+(a—b)Cos[2(e+Fx)]
(a-b) b2 f 1+Cos |2 (e+fx)]

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Fx]? Csc[2 (e £x)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

1

(a(a+b+(a-b)Cos[2 (e+fx)]))

_\/a+b+ (a-b) Cos[2 (e+fx)]

4b®\[1+Cos[2 (e+Fx)] Ja+b+ (a-b) Cos[2 (e+Fx)]

1+Cos|2 (e+fx)]

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

J<a+b+<ab> Cos[2 (e+ Fx)]) Csele s fXIZ ) oy

b
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J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(4a\/1+Cos (e+fx) \/a+b+ a-b COS[Z(eJr'FX)])f

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx]]) Cscle+fx)? Csc[2 (e+fx)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| ], 1] Sin[e+Fx}4/
a-b A/ 2

EllipticPi[-

(Z(a—b)\/lJrCos[ e+-Fx \/a+b+ a-b Cos[ <e+fx)]) +

1
.F

\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

1+Cos |2 (e+fx)]
[_ a’sin[2 (e+fx) |
(a-b) b2 (-a-b-aCos[2 (e+fx)]|+bCos[2 (e+fx)])

+

Tan[e + f X]
2b?

Problem 340: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[e + fx]*
J dx
(

a+bTan[e+fx]2)>?

Optimal (type 3, 123 leaves, 7 steps):
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Ar‘cTan[ \/a-b Tan[e+fx ] Ar‘cTanh[ /b Tan[e+fx ]

a+bTan[e+f x]2 a+bTan[e+f x]?2 aTan[e + fx]
" _
(a—b)3/2f b3/2 £

(a-b) bf\/aerTan[eH:x]2

Result (type 4, 757 leaves):

1 ) <2a_b)b\/a+b+(a—b)Cos[2(e+fXH
(a-b)bf 1+Cos|[2 (e+fx)]

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b b

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]2
b

EllipticF [ArcSin| |, 1] sinfe+ fx]* /

V2

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))

7\/a+b+ (a-b) Cos[2 (e+fX) ]

1+Cos[2 (e+fx)]

4b2\/1+Cos[2 e x)] \/a+b+ (a-b) Cos[2 (e+fx)]

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b b

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]2
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(4a\/1+Cos[2 <e+-Fx)] \/a+b+ (a-b) Cos |2 (e+fx” )7
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\/ aCot[e+fx]? \/ a(1+Cos[2(e+-FxH)Csc[e+fx]2

b b

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
, ArcSin| |, 1] sinfe+fx]* /
a-b /2

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+FfXx) | ) -

a \/ a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] Sin [2 (e . f X) ]
1+Cos[2 (e+fx)]

(a-b)bf(a+b+aCos[2 (e+fx)|-bCos[2 (e+Ffx)])

Problem 341: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[e + f x]?
J( dx

a+bTan[e+-Fx]2)3/2

Optimal (type 3, 81 leaves, 4 steps):

Ar‘cTan[ Va-b Tanfe+fx
a+b Tan[e+f x]2 Tan[e + f Xx]
+

(a-b)*%f

(a-b) 1‘:\/a+bTan[e+1‘:x]2

Result (type 4, 741 leaves):

) 1 ) b\/a+b+(a—b)Cos[2(e+fo

(a-b) f 1+Cos[2 (e+fx)]

b b

\/ aCotl[e+fx]? \/ a(1+COS[2<e+fx>])Csc[e+'FX]2
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Csc[2 (e+fx)]

(a+b+ (a-b) Cos [2 (e+-Fx)]) Cscle+fx]?
b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))

_\/a+b+ (a-b) Cos[2 (e+fx)]

4b.[1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos|[2 (e+fx)]

\/ aCot[e+Fx}2\/ a(1+Cos|2(e+fx)]) Cscle+fx]?

b b

\/ (a+b+ (a-b)Cos[2 (e+fx]])Cscle+fx]? Csc[2 (e+fx)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(43\/1+C05[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )7

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

b b

Csc|2 <e+-Fx)]

(a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?
b
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(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+f x]?
b
» ArcSin| |, 1] Sin[e+fx14/

a-b NEY

EllipticPi|-

(2 (a-b) \/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] ) +

a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)] Sin [2 (e 4 'FX) ]
1+Cos[2 (e+fXx)]

(a-b) f(a+b+acCos[2 (e+fx)]|-bCos[2 (e+fx)])

Problem 342: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bTanle+fx]2)>?

Optimal (type 3, 85leaves, 4 steps):

Ar‘cTan[ \a-b Tan[e+fx ]
a+bTan[e+f x]? bTan[e + f Xx]

(a_b>3/2f a(a—b)f\/a+bTan[e+-Fx]2
Result (type 3, 189leaves):

= = i |Log|
i —
2-F <a*b)3/2 g

—((41’1\/a—b (a—ibTan[eﬂcx] +va-b \/a+bTan[e+1‘:x]2 ] -

)/ (i+Tan[e+fx])

4i+a-b (a+1‘1bTan[e+fx] +va-b \/a+bTan[e+-Fx]2

Log| 1|+

-i+Tan[e+fXx]

2bTan[e + f x]

a(a-b) \/a+bTan[e+-Fx}2

Problem 343: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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dx

J Cot[e +f x]?
(

a+bTan[e+fx]2)>?

Optimal (type 3, 128 leaves, 6 steps):

Ar‘cTan[ v a-b Tan[e+fx ]
a+b Tan[e+f x]2 b Cot[e + f X]

(a-b)>2f

a(a-b) -F\/a+bTan[e+-Fx}2

(a-2b) Cotle+fx] \/a+bTan[e+fx]2
a’ (a-b) f

Result (type 4, 760 leaves):

(a-b) f 1+Cos[2 (e+fx)]

1 ) b\/a+b+(a—b)Cos[2(e+fo

b b

\/ aCot[e+fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Fx]?

" Csc[2 (e+fx)]

J (at+b+ (a-b) Cos[2 (e+fx)]) Csce+f x]?
b
EllipticF [ArcSin|

|, 1] sinfe+fx]*
” /

1

(a(a+b+(a-b)Cos[2 (e+fx)]))

_\/a+b+ (a-b) Cos[2 (e+fx)]

4b\/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos |2 (e+fx)]

b b

\/ aCot[e+fx}2\/ a(1+Cos|2(e+fx)]) Cscle+fx]?



186 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)”~m (a+b (c tan)~n)~p.nb

. Csc[2<e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+fx)])f

b b

\/ aCot[e+fx]? \/ a(1+Cos[2(e+fx)])Csc[e+fx}2

N Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b
, ArcSin| |, 1] Sin[e+-Fx}4/
a-b A/ 2

EllipticPi-

(z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b) Cos|2 <e+-Fx)]) +

; 1+COS[2(e+‘FX”

1\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

Cot[e + f x]
S

a

b2sin|2 (e+fXx) |

a’ (a-b) (a+b+aCos[2 (e+fx)]-bCos[2 (e+Fx)])

Problem 344: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cot[e+fx]?
J( dx

a+bTan[e+-Fx]2)3/2

Optimal (type 3, 184 leaves, 7 steps):
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~/a-b Tanfe+fx]
Ar‘cTan[ a-b Tan[e+fx

Ja+bTan[e+f x]2 bCot[e+fx]3
- +
3/2
(a-b)"*f a(a—b)'FJa+bTan[e+-Fx]2

(3a-4b) (a+2b) Cot[e+fx] \/a+bTan[e+-Fx}2 (a-4b) Cot[e+-Fx}3\/a+bTan[e+-Fx]2
3a° (a-b) f 3a% (a-b) f

Result (type 4, 802 leaves):

1 ) b\/a+b+(a—b)Cos[2(e+fx)]

(a-b) f 1+Cos[2 (e+fx)]

b b

\/ aCot[e+fx]2\/ a(l1+Cos[2 (e+fx)]) Cscle+fx]?

\/ (a+b+(a-b)Cos[2 (e+fx)]) Cscle+Fx)? Csc[2 (e+Fx)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [Ar‘cSin [

|, 1] sinfe+fx]* /
V2

(afasb+ (a-b)Cos[2 (erfx)]))| - !

\/a+b+ (a-b) Cos |2 (e+-FxH

4b\/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+COS[2 <e+'FX)]

b b

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
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\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1 +Cos[2 (e+fx) \/a+b+ a-b)Cos[2 (e+fx)] )7

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]2
b
, ArcsSin| |, 1] sinfe+fx]* /
a-b /2

EllipticPi|-

(2 (a—b) \/1+Cos[ e+fx \/a+b+ a-b Cos[ (e+fx)}) +

1
.F

\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

1+Cos |2 (e+fx)]

(4aCos[e+fx] +5bCos[e+fx]) Cscle+fx]

3a3
Cot[e+fx] Csc[e+fx]?

332

b*sin[2 (e+fx) |

a®>(a-b) (a+b+aCos[2 (e+fx)]-bCos[2 (e+Fx)])

Problem 345: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cot[e+fx]®
J dx
(

a+bTan[e+-Fx]2)3/2

Optimal (type 3, 252 leaves, 8 steps):
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Ar‘cTan[ a-b Tanf[e+fx
a+b Tan[e+f x]2 b Cot[e+fx]°

(a—b)3/2f a(a—b)-F\/aerTan[ewa]2

(15a+10a’b+8ab? - 48b%) Cot[e+ fx] \/a+bTan[e+-Fx}2
15 a4 (a—b) f

+

(5a%+4ab-24b?) Cot[e+-Fx]3\/a+bTan[e+-Fx]2 (a-6b) cOt[e+fx]5\/a+bTan[e+fx12
15a% (a-b) f 5a2 (a-b) f

Result (type 4, 850 leaves):

1 ) b\/a+b+(a—b)Cos[2(e+fo

(a-b) f 1+Cos[2 (e+fx)]

b b

\/ aCot[e+-Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

J<a+b+<ab> Cos[2 (er Fx)]) Cseler FXIZ ) oy

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

1

(a(a+b+(a-b)Cos[2 (e+fx)]))

_\/a+b+ (a-b) Cos[2 (e+fx)]

4b\/1+Cos[2 (e x)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos|[2 (e+fx)]

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ <a+b+ (a—b) COS[Z (e+-Fx)]) Cscle+fx]? CSC[Z <e+'FX>]

b
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J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+fx)])f

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+(a-b)Cos[2 (e+Fx)]) Cscle+Fx]? Csc[2 (e+fx)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| ], 1] Sin[e+Fx}4/
a-b A/ 2

EllipticPi[-

(2 (a—b) \/1+Cos[ e+-Fx \/a+b+ a-b Cos[ (e+fx)]) n

1
.F

\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

1+Cos |2 (e+fx)]

1
[15a4
(-23a®Cos[e+fx] -34abCos[e+fx]-33b’Cos[e~+fx])
Csc[e+fx] +
(11acCos[e+fx] +9bCos[e+fx])Cscle+fx]>

15 a3
Cot[e+fx] Cscle+fx]*

.
5 a2

b*Sin[2 (e+FxH

a* (a-b) (a+b+aCos[2 (e+fx)]|-bCos[2 (e+Fx)])

Problem 346: Result more than twice size of optimal antiderivative.

Tan[e + fx]°
J dx
(

a+bTan[e+fx]2)>?
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Optimal (type 3, 115leaves, 6 steps):
ArcTanh [ \Ja+bTan[e+f x]? ]

- Vab . a? ) a(a-2b)
(a-b)**f 3 (a-b)b*f (a+bTan[e+fx]2)3/2 (a—b)zb21c\/a+bTan[e+1‘:x]2

Result (type 3, 497 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

Za(a73b) 4 32

3 (a—b)Bb2 +3 (a—b)3 (a+b+aCos[2 (e+fx)]-bCos[2 (e+fx>])2
2a(a-6b) ]
3(a-b)’b(a+b+acCos[2(e+fx)]-bCos[2 (e+fx)])

+

(14 cCose s £x1) J 1+Cos |2 (e+-Fx>J \/a+b+ (a-b) Cos[2 (e+fx)]

(1+Cosf[e+fx]) 1+Cos[2 (e+fx)]

Log[1+Tan[§ (e+fx”2] 7Log[afbfaTan[§ (e+fx)]2+bTan[§ (e+fx)]2+

a-b \/4bTan[1 (e+fx)]2+a (—1+Tan[
2

N |

(e+fx)]2)2]

(—1+Tan[

(e+fx)]2)

N |

4bTan[} (e Fx)]*va (10 Tan[ (er £) %)’

(1+Tan[i(e+fx)]2)2 /

[1+Tan[

N |

(e+Fx)]2)

2

[(ab)S/Zf\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[l (e+-FxH2)

2
\/4bTan[

Problem 347: Result more than twice size of optimal antiderivative.

Tan[e + fx]3
j dx
(

a+bTanle+fx]2)>?

N |

(e+-FxH2+a —1+Tan[

N |

(e+fx)]2)2]

Optimal (type 3, 103 leaves, 6 steps):
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2
Ar‘cTanh[ a+b Tan[e+f x] }

Vab . a - !
(a-b)>*f 3(a-b)bf(asbTanle£xI2)*" (5 py2¢. [a bTanfe fx)2

Result (type 3, 492 leaves):

1\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx) |

f 1+Cos[2 (e+fx)]
a+3b 4ab
[3 (a-b)’b 3(a-b)’(a+b+aCos[2 (e+fx)]-bCos|2 (e+FxH)2+
2 (2a+3b) ]+
3(a-b)’(a+b+aCos[2(e+fx)]|-bCos[2 (e+fx)])

(1+cCose s x]) J 1+Cos|2 (e+-Fx>J \/a+b+ (a-b) Cos[2 (e+fx)]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[1+Tan[§ (e+-FxH2] —Log[a—b—aTan{% (e+-Fx)]2+bTan[§ (e+fx)]2+

a-b \/4bTan[1 (e+fx>]2+a (—1+Ta”[l (e’f’cx)]z)z]

A A (—1+Tan[1(e+fx)]2)

2

4bTan[i (e+fx)]2+a (71+Tan[i <e+fx)]2)2

: /

1 2
[1+Tan[2(e+fx)] ) (1+Tan[%<e“cx)]2)

2

(e+-FxH2)

N |

[(ab)S/zf\/a+b+ (a-b) Cos[2 (e+fx)] \/(1+Tan[

2 2

\/4bTan[£ (e+fx”2+a 71+Tan[l (e+fx)]2]2]

Problem 348: Result more than twice size of optimal antiderivative.

Tan[e + f X]
J dx
(

a+bTan[e+fx]2)>?

Optimal (type 3, 99 leaves, 6 steps):
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ArcTanh { A/a+bTan[e+f x]? ]

. Jab X 1 ) 1
(a-b)>*f 3(a-b)f(asbTanle+£xI2)°* (5 pi2¢. [a bTan(er £x)2

Result (type 3, 480 leaves):

l\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx) |

f 1+Cos[2 (e+fx)]
[ 4 X 4b?
3(a-b)® 3(a-b)®(a+b+acCos[2(e+Ffx)]-bCos[2(e+Ffx)])*
10b B
3(a-b)’ (a+b+aCos[2 (e+fx)]-bCos[2 (e+fx”>]

(1+cCose s x]) J 1+Cos|2 (e+-Fx>J \/a+b+ (a-b) Cos[2 (e+fx)]

(1+Cosfe+fx]) 1+Cos[2 (e+fx)]

Log[1+Tan[§ (e+-FxH2] —Log[a—b—aTan{% (e+-Fx)]2+bTan[§ (e+fx)]2+

a-b \/4bTan[§ (e+fx>]2+a (—1+Tan[§ (e’f’cx)]z)z]

(—1+Tan[1 (e+fx)]2)

2

4bTan[i (e+fx)]2+a (71+Tan[i <e+fx)]2)2

1 2
[1+Tan[;(e+fx)] ) (1+Tan[%<e“cx)]2)2 /
[(ab)s/zf\/;ﬂb+ (a-b) Cos[2 (e+fx)] \/(1+Tan[i (e+fXH2)

2

\/4bTan[§ (e+fx”2+a 71+Tan[l (e+fx)]2]2]

Problem 349: Result more than twice size of optimal antiderivative.

Cot[e + fXx]
J dx
(

a+bTan[e+fx]2)>?

Optimal (type 3, 147 leaves, 9 steps):
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+ + 2 2
ArcTanh { a+bTan[e+f x] ] Ar‘cTanh[ a+b Tan [s+fx] ]
B a . \a-

as/2 f (a—b)s/zf

b (2a-b) b

3a(a-b)f (a+bTan[e+fx]2)3/2 a2 (afb)zf\/a+bTan[e+fx]2

Result (type 3, 1333 leaves):

l\/a+b+aCos[2 (e+fx)] -bCos[2 (e+Fx) ]

f 1+COS[2<e+'FX)]

(7a73b)b 4 b3

+

3a% (a-b)? _3a (a-b)®(a+b+acCos[2 (e+Ffx)]-bCos[2 (e+Ffx)])?
2 (8a-3b) b? J+
3 a2 (a—b)3 (a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)])

I S
2 a2 (a—b)zf

1+C 2 f
(3a®-8ab+4b?) (1+Cos[e+fx])\l +Cos2 [e+ X>3

(1+Cosf[e+fx])

\/a+b+ (a-b) Cos[2 (e+fx)]

1 R . 2
1+Cos[2 (e+fx)] Log[Tan{E (e+fx)]"] -Log[a-aTan|= (e+fx)]| +

2

2bTan[1 (e+-FxH2+\/;\/4bTan[1 (e+-FxH2+a (—1+Tan[1 (e+fx)]2)2 |+

2 2 2

Log[2b +a (—1+Tan[§ (e+fx)]2) +Va

\/4bTan[

(eﬂcx)f]

N |

(e+-Fx)]2+a [—1+Tan[

N |
N |

(e+fx)}2]2 ]] (—1+Tan[ (e+FxH2]

abTan[} (e fx]]"va (1 Tan[} (e fx]]°)"

(1+Tan[§(e+1‘x”2)2 /

[1+Tan[

N |

4\/?\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[l (e+-FxH2]2

2
\/4bTan[

N |

(e+fx>]2+a (—1+Tan[

N |

(e+fx)]2)2] +
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1 3a2\/1+Cos[2<e+fx)] \/a+b+<a—b)Cos[2(e+-FxH

\/a+b+<a—b)Cos[2(e+-FxH 1+Cos[2(e+fx”

(4Cos[e+1‘x]2 (1-Cos[2 (e+fx)])+/(2b+a (1+Cos[2 (e+fx)])-b (1+Cos|

2 (e+fx)])) Cotle+fx]

V3 arctam | (V3 A[1+Cos[2 (e #x]] | /

(v(2b+a <1+Cos[2 (e+fx”) b (1+Cos[2 (e+fx)]))” -a
Log[a\/1+Cos[2 (e+fx) | —b\/1+Cos[2 (e+fx)] +m\/(2b+
a(l+Cos[2(e+fx)])-b(1+Cos|2 (e+-FxH))]] Sin|2 (e+-FxH)/

[3\/?\/3 (1+Cos[2 (e+fx)]) \/—(—1+Cos[2 (e+fx)]) (1+Cos[2 (e+fx)])

\/a+b+ (a-b) Cos[2 (e+fx)] JlCos[Z <e+fx)]2]] + [(1+Cos[e+fx])

Jtiﬁfﬁlﬁ;i og[Tan[ (e x) 1] - Logla-aTan[ L (e ) 20
Tan[i<e+fx>]2+\/?\/[4b-ran[;(e+fx>]2+a(_1+Tan[i<e+FX)]2)2J}+

Log[2b +a [—1+Tan[1 <e+fx)]2] +\/?\/(4bTan[1 (e+fx)}2+

2 2
2

e tx)]’) ]]] 1o Tan]

a [—1+Tan[

(e+-FxH2]

N |
N |

! J svTen(} (erfx])*ra (2o Tan[} (eI’ }/

(1+Tan[§ (e+-FxH2>2

2

4\/?\/1+Cos[2 (e+fx” \/(1+Tan[

(e+fx)]2)

N |

\/4bTan[§ (e+-Fx>]2+a (—1+Tan[§ (e+fx)]2)2 ]”

Problem 350: Result more than twice size of optimal antiderivative.
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dx

J Cot[e+fx]3
(

a+bTan[e+fx]2)>?

Optimal (type 3, 206 leaves, 10 steps):

(2a+5b) Ar‘cTanh[ a+b Tan[e+f x]? }
a

2a’/2f

ArcTanh [ \Ja+bTan[e+fx]? ]

Jab (3a—5b)b

(a-b)*%f 6 a2 (a—b)-F(a+bTan[e+fx]2)3/2_
Cot[e+fx]? b (a®-8ab+5b?)

2af (a+bTan[e+fx}2)3/2 2a3 (a—b)21‘:\/a+bTan[e+fo2

Result (type 3, 1371 leaves):

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f 1+Cos[2 (e+fx)]

4 b*

' 3 a2 (a—b)3 (a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)])2
2 (11a-6b) b

3a3-9a2b+29ab2-15b3
6 a3 (a—b)3

Cscle+fx]?

3a° (a-b)’ (a+b+aCos[2 (e+fx)]-bCos[2 (e+Fx)]) ) 2a3 )
1+C 2 f
| (3a°+222b-16ab%+10b%) (1+Cosle+Ffx]) | — 0s[2 (e~ fx)]
22° (a-b)*f (1+Cos[e+fx])?

a+b+ (a-b) Cos[2 (e+fx)] 1 , L i
\/ L+ Cos|2 (e Fx)] Log[Tan[;(eJr-Fx)] ]—Log[a—aTan[;(eJrFx” +
ZbTan[i (e+fx>}2+\/?J4bTan[i (e+fx)]"+a (—1+Tan[% (e+FX)]2)2 | +

Log[2b+a (—1+Tan[

<e+-Fx)]ZJ +a

N |

\/4bTan[§ (e+fx)]2+a (71+Tan[§ (e+fx”2]2 ]] (71+Tan[1 (e+fx”2]

2

[1+Tan[1 (e+‘Fx”2] 4bTan[§ (e+-FXH2+a (*1+Tan[i (E+'FXH2)

2 (1+Tan[§(e+fx”2)2 /
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2

N |

(e+fx>]2+a (—1+Tan[

N |

4\/?\/a+b+ (a-b) Cos[2 (e+fx)] \/(—1+Tan[§ (e+-FxH2]
(e+fx)]2)2 ” +

\/4bTan[
1 3a3\/1+Cos[2<e+fx)] \/a+b+<a—b)Cos[2(e+-FxH

\/a+b+(a—b)Cos[2(e+-FxH 1+Cos[2(e+fx”

(4Cos[e+1‘x]2 (1-Cos[2 (e+fx)])+/(2b+a (1+Cos[2 (e+fx)])-b (1+Cos|

2 (e+fx)])) Cotle+fx]

Va b arctann[ [V 1+ cos[2 (e ] | /

(v(2b+a(1+Cos[2 (e+fx)])-b(1+Cos[2(e+fx)])))]-Va
Log[a\/1+Cos[2 (e+fx)] —b\/1+Cos[2 (e+fx)] +Va-b /(2b+
a(l+Cos[2(e+fx)])-b(1+Cos|2 (e+fx)”)]] Sin|2 (e+-FxH)/

[3\/?\/3 (1+Cos[2 (e+fx)]) \/—<—1+Cos[2 (e+fx)]) (1+Cos[2 (e+fx)])

\/a+b+ (a-b) Cos[2 (e+fXx) ] \/1Cos[2 <e+fx)]2]J + [(1+Cos[e+fx])

(e+'FX)]2+2b

Log[Tan[% (e+fx)]2} - Logla-aTan]|

N |

J 1+Cos |2 (e+fx)]

(1+Cosfe+fx])

2

(e+fo2)J}+

Tan[

N | R

(e+fx>]2+\/?\/[4bTan[i (e+fx>]2+a (—1+Tan[

N |

Log[2b +a [—1+Tan[1 <e+fx)]2J +\/?\/(4bTan[1 (e+fx”2+

2 2

a [—1+Tan[

(e+fx)r]7]](—1+Tan[

N |

(e+-FxH2]

N |

2

[1+Tan[1 (e+Fx”2] J 4bTan[§ (e+fx”2+a (—1+Tan[i (e+-FXH2> /

2 (1+Tan[%(e+1‘:x”2)2
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45\/1+Cos[2 (e+fx)] \/(—1+Tan[§ (e+fx)]2)2

\/4bTan[

Problem 351: Result more than twice size of optimal antiderivative.
J Cot[e+fx]°>
(

a+bTan[e+-Fx]2)5/2

(e+fx)]2+a (—1+Tan[

N |
N |

(e+fx)]2)2]

dx

Optimal (type 3, 272 leaves, 11 steps):

(8a%+20ab+35b?) ArcTanh [ a+b Tan[e+f x]? | ArcTanh| JabTan e ]
) IG5 . NS
82392 f (a_b)S/Z,F

b (12a?+15ab - 35b?) (4a+7b) Cot[e+fx]?

N
242° (a-b) f (a+bTan[e+fx]2)*? 8a2f (a+bTan[e+fx])2)>?

Cot[e+fx]* b (4a*+3a’b-50ab?+35b)

+

4af (a+bTanfe+fx]?)** 8 a* (a—b)zf\/a+bTan[e+FX12

Result (type 3, 1409 leaves):

1 a+b+aCos|2 (e+fx” -bCos |2 (e+-FxH 18a%-21a3b-45a2b2+185ab3-105b*
f 1+Cos[2(e+fx)]

24 a* (a—b)3
4 b

+

3a3 (a—b)3 (a+b+aCos[2 (e+-Fx)] -bCos|[2 <e+fx)])2
2 (14a-9b)b*

+

3a* (a—b)3 (a+b+aCos[2 (e+fx)]-bCos[2 (e+Ffx)])

(8a+11b) Cscle+Fx]? Cscle+Ffx]*

+
8a* 433

I S
43 (a—b)z-F

1+Cos|2 f
(6a*+4a’b+3a’b*>-50ab’+35b%) (1+Cosle+fx]) rCos2 (e XH
(1+Cos[e+fx])?

\/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+fx)] Log[Tan|

N |

(e+fx)]2] - Logla-aTan| (e+Fx”2+

N |-
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2bTan[

N R

(e+fx>}2+\g\/4bTan[

N |

(e+-FxH2+a (71+Tan[

N |

(e+fx)]2)2 |+

Log[2b+a (71+Tan[§ (e+fx)]2) +Va

J“’“‘”[l feefx) )P en [-aeTan[ 3 o)) 1] aran(d fesx) )]

2 2

avTan[} (e« #x)]"+a (1 Tan[} (e #x]])

1 2
[1+Tan[£(e“cxH ]J (1+Tan[§(e+‘c"”2)2 J/

2

N |-

4\/?\/a+b+ (a-b) Cos [2 (e+-Fx)] \/(1+Tan[ (e+-FxH2]

2 2

\/4bTan[1 (e+-Fx)]2+a (—1+Tan[l (e+fx)]2)2 H +

1 6a4\/1+Cos[2(e+fx)] \/a+b+<ab)Cos[2(e+-FxH

Ja+b+(a—b)Cos[2 (e+fx)] 1+Cos[2 (e+fx]]

(4C05[e+fx]2 (1-Cos[2 (e+fx)])~/(2b+a (1+Cos[2 (e+fx)])-b (1+Cos|

2 (e+fx)])) Cotle+fx]

\/ﬂAr‘cTanh[(\E\/lJrcos[z <e+fx)] )/

(\/(2b+a <1+Cos[2 (e+-FxH) -b (1+Cos[2 (e+Fx)]))H ~Ja
Log[a\/1+Cos[2 (e+Fx)] 7b\/1+Cos[2 (e+Fx)] +\/ﬂ\/(2b+

a(l1+Cos[2(e+fx)])-b(1+Cos[2(e+fx)]))]

Sin[2 (e+fx) |

/

{Sﬁm <1+Cos[2 (e+fx”) \/—(—1+Cos[2 (e+-Fx)]) (1+Cos[2 (e+-Fx)])

x/a+b+ (a-b) Cos[2 (e+fX) ] Jl—Cos[Z <e+fx)]2]] +

(1+Cosf[e+fx])

J1+Cos[2 (e+-FxH

(1+Cosfe+fx])

Log[Tan[% (e+fx)]2} —Log[a—aTan[% (e+-Fx)]2+2b
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1
Tan|—
2 2

(e+fx>]2+\/?\/[4bTan[§(e+fx>]2+a(1+Tan[1(e+fx)]2)2]}+

(e+'FX”2+

Log[2b+a (—1+Tan[§ <e+fx)]2] +\/a_\/(4bTan[

1
2

a [—1+Tan[1 <e+fx)]2)2]]} (71+Tan[l (eJer”Z]

2 2

el ey |22 RN [Tl oo e [

2 (1+Tan[i(e+fx”2)2

4ﬁ\/1+Cos[2 (e+fx)] \/(—1+Tan[1 (e+'FX)]2)2

2
\/4bTan[

Problem 352: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

N |

(e+fx>]2+a (—1+Tan[

N |

(e+1‘x)]2)2]

Tan[e + fx]®
J( dx

a+bTan[e+-Fx]2)5/2

Optimal (type 3, 171 leaves, 8steps):
Ar‘cTan[ Va-b Tanfe+fx ] Ar‘cTanh[ Vb Tan[e+fx }

a+b Tan[e+f x]? \/a+bTan[e+f x]?
<a—b>5/2‘f: bS/Z.F
aTan[e+fx]3 a(a-2b) Tan[e+fx]

3(a-b)bf (a+bTan[e+Fx12)3/2 (a—b)zb21‘:\/a+bTan[e+1‘:x]2

Result (type 4, 835leaves):

1 ) b<2a2_4ab+b2)\/a+b+(a—b)Cos[2(e+fx)]
(a-b)*b2 f 1+Cos[2 (e+fx)]

b b

\/ aCot[e+fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?
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Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos |2 (e+fx”) Cscle+fx]2
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin| |, 1] sinfe+ fx]* /

V2

1

(a(a+b+(a-b)Cos[2 (e+fx)]))

\/a+b+ (a-b) Cos[2 (e+fXx) ]

4b®\[1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+Fx)]

1+Cos[2 (e+fx)]

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+Fx]?

" Csc[2 (e+fx)]

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b
EllipticF [ArcSin| |, 1] sinfe+fx]* /

V2

(4a\/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx) ]| )7

\/ aCot[eﬂcx}Z\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

b b

Csc|2 (e+FxH

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b
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(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
N b ) b . 4
EllipticPi[- ——, ArcSin| |, 1] sinfe+fx] /

a-b NEY

(2 (a-b) \/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fX) ] ) +

.F

1 [a+b+aCos[2 (e+fx)]|-bCos[2 (e+fx)]
1+Cos |2 (e+fx)]

2a2sin|2 (e+-Fx)]

+

[_3 (a-b)’b(a+b+acCos[2(e+fx)]-bCos[2 (e+Ffx)])?
-3a2sin[2 (e+fx)]+7absin[2 (e+fx) |
3(a-b)?b? (a+b+aCos[2 (e+fx)]-bCos[2 (e+Fx)])

Problem 353: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[e + fx]*
J dx
(

a+bTanle+fx]2)>?

Optimal (type 3, 131 leaves, 6 steps):

Ar‘cTan{ +/a-b Tan[e+fx ]

atbTan(e:fx)? aTan[e + fx] (a-4b) Tan[e + fx]
- +

(a-b)*2f 3(a-b)bf (arxbTan[e+fx]?)¥* 5 (afb)zbf\/a+bTan[e+fx}2

Result (type 4, 791 leaves):

1 ) b\/a+b+(ab)Cos[2(e+Fx”

(a—b)zf 1+Cos|2 (e+fx)]

\/ aCot[e+fx]2\/ a(l1+Cos[2 (e+fx)]) Cscle+fx]?

b b

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)])Cscle+fx]?
b
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\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(afasb+ (a-b)cos[2 (erfx)])) !

_\/a+b+ (a-b) Cos[2 (e+fXx) ]

4b\/1+Cos[2 erx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+fx)]

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b b

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+Fx]?
b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1+Cos[2 (e+-Fx)] \/a+b+ (a-b) Cos |2 (e+-FxH )—

\/ aCot[eﬂcx}Z\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

b b

Csc|2 (e+FxH

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

(a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]2
b
, ArcSin| |, 1] sinfe+fx]* /

a-b \E

EllipticPi|-



204 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)”~m (a+b (c tan)~n)~p.nb

(2 (a-b) \/1+Cos[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fX) ] ) +

1 a+b+aCos[2 (e+fx)|-bCos[2 (e+fx)]
f

1+Cos|[2 (e+fx)]

[ 2asin|2 (e+-Fx>] )
3(a-b)?(a+b+aCos[2(e+fx)]-bCos[2 (e+fx)])?

4sin(2 (e+fx) ]|

3(a-b)?(a+b+aCos[2(e+fx)]|-bCos[2 (e+fx)])

Problem 354: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[e + fx]?
J dx
(

a+bTan(e+fx]2)>?

Optimal (type 3, 128 leaves, 6 steps):

ArcTan v a-b Tan[e+fx
[ a+bTan[e+f x]? ] Tan[e + f X] (Za+b> Tan[e + f x]

- + +

(a-b)*2f 3(a-b)f(a+bTanfe+fx]?)** 5, (afb)zwc\/aerTan[eJrfx}2

Result (type 4, 809 leaves):

1 ) b\/a+b+(ab)Cos[2(e+fx)]

(a—b)zf 1+Cos[2 (e+fx)]

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)])Cscle+Ffx]? csc[2 (e+£x)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [Ar‘csin [

|, 1] sinfe+fx]*
7 /
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(a(a+b+ (a-b)Cos[2 (e+fx)]))|-

4b\/1+COS[2 (e+fx)] \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos|[2 (e+fx)]

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
” /

(4a\/1+Cos (e+fx) \/a+b+ a-b COS[Z(eJr'FX)])f

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc|2 <e+-Fx)]

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]?

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| |, 1] Sin[e+Fx}4/
a-b <2

EllipticPi|-

(z(a—b)\/1+Cos[ (e+fx) \/a+b+ a-b Cos[z(e+fx)]) +

1
.F

\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

1+Cos |2 (e+fx)]
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2bsin[2 (e+fx)]

+

3(a-b)?(a+b+aCos[2 (e+fx)]-bCos|2 (e+fx)”2
3aSin[2 (e+fx)] +bSin[2 (e+fx)]
3a (a—b)2 (a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)])

Problem 355: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J(a+bTan[e+-Fx]2)5/2

dx

Optimal (type 3, 134 leaves, 6 steps):
Ar‘cTan[ \/a-b Tan[e+fx ]

A/ a+bTan[e+f x]2 bTan[e + f x] (53—2b) bTan[e + f X]
(a-b)**¢ 3a(a-b) f (a-bTanle X127 3.2 (5 b2 [a. bTan(es Fx?
Result (type 3, 381 leaves):
.
2 (a-b)>*f

ilog[(4(ia’-21ia’b+iab’-a’bTane+fx]+2ab’Tanle+fx] —b3Tan[e+fx]))/

4i (a-b)*+Ja+bT +fx]?
(m(—i+Tan[e+fX]))+ i a-b)*/a+branfe. £x] !

—i+Tan[e+ fxX] 2(a—b)5/2f

JiLog[(4(—J‘la3+2iazb—iabz—aszan[e+fx1 +2ab%Tan[e + f x] —b3Tan[e+Fx1))/

4i (a-b)? bT fx]2
(\/a—b (J‘L+Tan[e+fx]))— i (s ) \/a+ anfe - tx] ]+l
i+ Tan[e + f X] f

5 bTan[e + f x] (5a—2b>bTan[e+-Fx]
\/a+bTan[e+fx] - -

3a(a-b) (a+bTan[e+1‘:x]2)2 3 a? (a—b)2 (a+bTan[e+fx]?)

Problem 356: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J Cot[e + f x]?
(

a+bTan[e+-Fx]2)5/2

Optimal (type 3, 186 leaves, 7 steps):
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Ar‘cTan[ “a-b Tan[e+fx ]

- a+b Tan[e+f x]2 - b Cot[e + f X] B

(a-b)*%f 3a(a-b)f(a+bTan[e+fx]2)*?

(7a-4b) bCot[e+fx] (a-4b) (3a-2b) Cot[e+fx] \/a+bTan[e+fx]2
3a2(a—b)2f\/a+bTan[e+fx}2 333(a—b)2f

Result (type 4, 831 leaves):

1 . b\/a+b+(a—b)Cos[2<e+fx)]

(a—b)zf 1+Cos[2 (e+fx)]

b b

\/ aCot[e+Fx]2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

J<a+b+<a—b> Cos[2 (e fx)]) Cseler £0° (0o

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [Arcsin [

|, 1] sinfe+fx]* /
V2

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))|-

\/a+b+ (a-b) Cos |2 (e+-Fx)]

4bx/1+Cos[2 (e+fx) | \/a+b+ (2-b) Cos[2 (e~ x)]

1+COS[2 (e+‘FXH

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+Fx]2

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+Ffx]? csc[2 (e+£x)]

b
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J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(4a\/1+Cos (e+fx) \/a+b+ a-b) Cos|2 (e+fx)])f

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx]]) Cscle+fx)? Csc[2 (e+fx)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, ArcSin| ], 1] Sin[e+Fx}4/
a-b A2

EllipticPi[-

(Z(a—b)\/lJrCos[ e+-Fx \/a+b+ a-b Cos[ (e+fx)]) n

1 [a+b+aCos|2 (e+Fx)] -bCos[2 (e+fx) |
f 1+Cos[2(e+-FxH
Cot[e + f x]
,7‘33 _

2b3sin[2 (e+fx) |

+

3a2 (a-b)? (a+b+aCos[2 (e+fx)]|-bCos|2 (e+fx)])2

9ab?sin|2 (e+-Fx)] -5b*sin[2 (e+-Fx)]

3a3 (a—b)2 (a+b+aCos[2 (e+fx)|-bCos[2 (e+Ffx)])

Problem 357: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cot[e+fx]*
J dx
(

a+bTan[e+-Fx]2)5/2

Optimal (type 3, 249leaves, 8steps):
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Ar‘cTan[ \/a-b Tan[e+fx ]

Ja+bTan[e+f x]2 - bCot[e+fx]3 B
(a—b)S/Z'F 3a(afb)f(aerTan[eJr-I:x]2)3/2
(3a-2b) bCot[e+fx]? (a-2b) (3a?+8ab-8b?) Cotle+fx] \/a+bTan[e+1Cx}2
N _
a2<a—b)2f\/a+bTan[e+fx]2 3a% (a-b)*f

(a?2-12ab+8b?) Cot[e+-Fx}3\/a+bTan[e+-Fx}2
3a3 (a—b)zf

Result (type 4, 871 leaves):

1 ) b\/a+b+(a—b)Cos[2(e+-FxH

(a-b)*f 1+Cos[2 (e+fx)]

b b

\/ aCot[e+fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+Fx]?
b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b
EllipticF|[ArcSin| |, 1] sinfe+fx]* /

V2

1

(a(a+b+(a-b)Cos[2 (e+fx)]))

_\/a+b+ (a-b) Cos[2 (e+fX) ]

4b[1+Cos[2 (e+Fx)] J‘“b* (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+fx)]

\/ aCot[e+-Fx]2\/ a(1+Cos[2 (e+fx)]) Cscle+fx]?

b b

J<a+b+<ab> Cos[z (e #x)]) Cacles fI? )0y

b
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\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
7 /

(4a\/1 +Cos[2 (e+fx) \/a+b+ a-b)Cos[2 (e+fx)] )7

b b

\/ aCot[e+fx}2\/ a(1+Cos[2(e+fx)]) Cscle+fx]?

Csc[2 (e+fx)]

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]2
b
, ArcsSin| |, 1] sinfe+fx]* /
a-b /2

EllipticPi|-

(2 (a—b) \/1+Cos[ e+fx \/a+b+ a-b Cos[ (e+fx)}) +

1
.F

\/a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]

1+Cos |2 (e+fx)]

4 (aCos[e+fx]+2bCos[e+fx]) Cscle+fx]

3a*
Cot[e+fx] Cscle+fx]?

3a3

+

2b*sin|2 (e+-Fx>]

3a% (a-b)? (a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)])?
4 (3ab*sin|2 (e+fx)]|-2b*Sin[2 (e+fx)])
3a% (a-b)® (a+b+aCos[2 (e+fx)]-bCos[2 (e+Fx)])

Problem 358: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cot[e+fx]®
J dx
(a+bTanfe+fx]2)>?
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Optimal (type 3, 327 leaves, 9 steps):
Ar‘cTan[ Va-b Tan[e+fx ]

- a+b Tan[e+f x]2 - bCot[e+ fx]° -
(a-b)*%f 3a(a-b)f(a+bTanfe+fx]2)>?
(11a-8b) bCot[e+fx]® 1

3a? (a*b)zf\/a+bTan[e+fX}2 15 a° (a—b)Z-F

(15a*+10a’b+8a’b* - 176 ab® + 128 b*) Cot[e + f ] \/a+bTan[e+fx]2 +

(5a°+4a’b-88ab?+64b?) Cot[e+1‘:x]3\/a+bTan[e+1‘:x12

15 a4 (a—b)z-F

(a2-22ab+16b?) Cot[e+-Fx]5JaerTan[eJr-Fx]2
5a% (a-b)*f

Result (type 4, 921 leaves):

1 . b\/a+b+(a—b)Cos[2<e+fx)]

(a—b)Z-F 1+Cos[2 (e+fx)]

b b

\/ aCot[e+fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+(a-b)Cos[2 (e+fx)]) Cscle+Ffx]? Csc[2 (e+Fx)]

b

\/ (a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+f x]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]* /
V2

1

(a(a+b+ (a-b)Cos[2 (e+fx)]))|-
\/a+b+ (a-b) Cos[2 (e+fx)]

4b\/1+Cos[2 (e+fx) | \/a+b+ (a-b) Cos[2 (e+fx)]

1+Cos[2 (e+Fx”
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b b

\/ aCot[e+Fx}2\/ a(1+Cos|2 (e+fx)]) Cscle+Ffx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? Csc[2 (e« Fx)]

b

J (a+b+ (a-b) Cos[2 (e+fx)]) Cscle+fx]?
b

EllipticF [ArcSin|

|, 1] sinfe+fx]*
= /

(4a\/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] )7

b b

\/ aCot[e+Fx]2\/ a(l1+Cos[2(e+fx)]) Cscle+fx]?

\/ (a+b+ (a-b)Cos[2 (e+fx)]) Cscle+fx]? csc[2 (e+£x)]

b

(a+b+ (a-b) Cos[2 (e+fx)]) Csc[e+fx]?
b
, Arcsin| ], 1] Sin[e+Fx}4/

a-b 2

EllipticPi[-

(2 (a-b) \/1+Cos[2 (e+Fx)] \/a+b+ (a-b) Cos[2 (e+fx)] ) +

1 a+b+aCos[2 (e+fx)]-bCos[2 (e+fx)]
f

1+Cos |2 (e+-FxH
1
15 a®

(-23a*Cos[e+fx] -54abCos[e+fx] -73b*Cos[e+fx])
Cscle+fx] +
(11acCos[e+fx] +14bCos[e+fx]) Cscle+fx]>

15 a*
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Cot[e+fx] Cscle+fx]?

5a3
2b°sin|2 (e+-Fx>]
3a% (a-b)* (a+b+aCos[2 (e+fx)]-bCos|2 <e+fx)])2
15ab*sin[2 (e+fx)] -11b°Sin[2 (e+fX) |

3a° (a-b)® (a+b+aCos[2 (e+fx)]-bCos[2 (e+Fx)])

+

Problem 360: Result more than twice size of optimal antiderivative.

J(dTan[eﬂcx])"‘ (a+bTan[e+fx]?)Pdx

Optimal (type 6, 100 leaves, 3 steps):

1+m 3+m bTan[e + f x]?

AppellF1| , 1, -p, —, -Tan[e+fx]2, -
2

]

d'F(1+m> a

bTan[e+fx]2) P
(dTan[e+fx])*" (a+bTan[e+fx]?)P 1, 2raniextxj7

a

Result (type 6, 247 leaves):

1+m 3+m bTan[e + fx]? )

—, -p, 1, , - , -Tanle + fx]?|
2 a

[a (3+m) AppellF1|

Sin[2 (e+fx)| (dTan[e+fx])" (a+bTan[e+-Fx]2)p]/

1+m 3+m bTan[e+fx]?2 5
> —p, 1, y N —Tan[e+-Fx} ] +
2

a

5+m bTan[e + f x]? 5
,1-p,1, , - , ~Tan[e+fx]?] -
2 a

(216 (1+m)

a (3+m) AppellF1|

3+m
[——

2 (b p AppellF1

3+m 5+m bTan[e+fx]?2 5
aAppellFl| —, -p, 2, , - , ~Tan[e + fx]?]
2 2 a

Tan[e + fx]2

|

Problem 364: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCot[eﬂcx} (a+bTan[e+fx]?)Pdx
Optimal (type 5, 118leaves, 5steps):

a+bTan[e+fx]?
a-b

[Hyper‘geometr‘icZFl (1, 1+p, 2+p,

] (a+bTan[e+fx]2)1*p]/

1

2 (a-b)f (1 .

lavl e nn)) -t

) bTan[e+fx]2 2\ 1

Hypergeometric2F1[1, 1+p, 2+p, 1+ —————————| (a+bTan[e+fx]?)""P
a
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Result (type 6, 1625 leaves):

Cot[e +fx] (a+bTan[e+fx}2)2p

-p ) aCot[e+fx]?2
Hypergeometric2Fi [fp, TR el T —
b

] +

/

(1[ aCot[e+fx]?
71+—
p b

bTan[e +fx]2

(ZaAppellFl[l, -p, 1,2, - , -Tan[e +fx]?]| Sinfe + fx]?

a

bTan[e + f x]? 5
—2aAppellF1[1, -p, 1,2, -—————, -Tan[e + f x] ] +

a

bTan[e+fx]2 5
-bpAppellF1[2,1-p, 1,3, -——————, -Tan[e+ fx]?] +

a

bTan[e+fx]?2

aAppellfF1[2, -p, 2, 3, - , ~Tan[e+fx]2|| Tan[e + fx]?

a

)/

[2f (bpSec[e+fx]2Tan[e+-Fx] (a+bTan[e+1‘:x]2)’1+p
]+

/

1 aCot[e+fx]2)\P . aCot[e+fx]?
-1+ ———— Hyper‘geometrlczFl[fp, -p,1-p, - ————
p b b

bTan[e + f x]?

{ZaAppellFl[l, -p, 1, 2, - , -Tan[e+fx]2]| Sin[e +fx]?

a
bTan[e + f x]? 5
———————, -Tanle+fx]?] +
a

bTan[e + fx]?

[—ZaAppellFl[l, -p, 1,2, -

[prppellFl[Z, 1-p,1, 3, - , ~Tan[e+fx]2] +

a

bTan[e + f x]? 5 5
aAppellF1[2, -p, 2,3, -———————, -Tan[e+ fx]?| | Tan[e + f ] +
a
1 i (1 aCotf[e+fx]2)*P 5
— (a+bTan[e+fx]?)P|=2aCotle+fx] [1+— — Cscle + fx]
2 b b
. aCot[e+fx]?
Hypergeometric2F1[-p, -p, 1-p, - —— | +
b
aCot[e+fx]2)\°P aCot[e+fx]%)\P
21+ 2| cCscle+fx] ||1s — | -
b b
aCot[e+fx]?

]

Hyper‘geometr‘icZFl[—p, -p, 1-p, - Sec[e+fx] +

b

bTan[e + f x]? 5 .
—————————, -Tan[e+fx]?] Cos[e+fx] Sin[e+fx]

/

a
bTan[e + fx]?

{4aAppellF1[1, -p, 1,2, -

(ZaAppellFl[l, -p, 1, 2, - , ~Tan[e+fx]2] +

a

bTan[e + fx]?

[—prppellFl[Z, 1-p, 1,3, - , -Tan[e+ fx]2] +

a

bTan[e + fx]? 5 5
aAppellFl[Z, -p, 2,3, -—————, -Tan[e + f X] ] Tan[e+fx]°| +

a
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bTan[e + fx]?

1
[2aSin[e+fx}2 ~bpAppellF1[2,1-p, 1, 3, - , ~Tan[e + fx]?]
a

/

a
Secle+fx]2Tan[e+fx] - AppellF1[2, -p, 2, 3,
bTan[e+fx]2

, -Tan[e+fx]?]| Secle+fx]2Tan[e + fx]
a

bTan[e + fx]? 5
—2aAppe11F1[1, -p, 1,2, -————, -Tan[e + f X] } +

a

bTan[e + fx]? 5
-bpAppellF1(2,1-p, 1,3, -—————, -Tan[e+ fx]?] +

a

bTan[e + fx]? 5
_— Tan[e + f X]

aAppellfF1[2, -p, 2, 3, - , ~Tan[e +fx]?] -

a

bTan[e +fx]? 27 es 2
2aAppellFi[1, -p, 1,2, -———————, -Tan[e+ fx]?| Sin[e + fx]

a

bTan[e + fx]? 5
————————, -Tan[e+ fx]?| +aAppellF1]2,

[2 [prppellFl[z, 1-p,1, 3, -
a

bTan[e + fx]? 5 5
-p, 2,3, -——————, -Tan[e + f X] ] Sec[e+fx]“Tan[e + fXx] -
a

1 bTan[e+ fx]? 5 5
2a|~bpAppellF1[2,1-p, 1,3, -———————, -Tan[e+ fx]?] Sec[e + fx]
a

a

bTan[e +fx]?2 5
Tan[e+fx] - AppellF1[2, -p, 2,3, - —————————, -Tan[e + fx]?|

a

Sec[e+-Fx]2Tan[e+-Fx]) +Tan[e + fx]?

a
-bp [——AppellFl[B, 1-p, 2,4,
3

bTan[e+ fx]?

a 3a

bTan[e + f x]? 5 5
AppellF1[3,2-p, 1,4, -————————, -Tan[e + fx]?| Sec[e + fx]

a

1 bTan[e + f x]?2
+a —4prppellF1{3, 1_pJ 2) 4’ -
3a a

Tan[e + f x]

8
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - — AppellFi[3, -p, 3, 4,
3

)/

bTan[e+ fx]? ) 5
-———————, -Tan[e+fx]?]| Sec[e+fx]*Tan[e + fx]

a

bTan[e + fx]? 5
—2aAppe11F1[1, -p, 1,2, -————, -Tan[e + f X] } +

a

bTan[e +fx]?2 5
~bpAppellF1[2,1-p, 1,3, -———————, -Tan[e+fx]?| +

a

bTan[e + fx]?

aAppellfF1[2, -p, 2, 3, - , -Tan[e+fx]2]| Tan[e + fx]?

)

Problem 365: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a

| 215

1
, -Tan[e+fx]?]| Sec[e+fx]?Tan[e+fx] - —4b (1-p)
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JCo‘c[ewa}3 (a+bTan[e+fx]?)Pdx

Optimal (type 5, 158 leaves, 6 steps):

Cot[e +fx]2 (a+bTan[e+-Fx]2)1+p

2af
2
(Hyper‘geometr‘icZFl[l, 1+p, 2+p, a+bTan[eb+fx] ] <a+bTan[e+fx]2)1+pJ/
a_
(2 () £ (Lep) )+
- + +
2a2f (1+p)

bTan[e+fx]?2

(a-bp) Hypergeometric2F1[1, 1+p, 2+p, 1+ ] (a+bTan[e+fx]2)1+p

a
Result (type 6, 1903 leaves):

Cot[e+fx]3 (a+bTan[e+1‘:x12)2|O

-P

1 aCot[e+fx]? 5 .
( 1+ p Cot[e + f x] HypergeometrlczFl[l -p, -p, 2-p,

-1+p)p b

aCot[e+fx]2 . aCot[e+fx]2
-——————] - (-1+p) Hypergeometric2F1[-p, -p, 1-p, - ——— | | +

b b

bTan[e+fx]2 /

(ZaAppellFl[l, -p, 1,2, - , -Tan[e +fx]?]| Sinfe + fx]?

a

bTan[e + fx]? 5
2aAppellfFi[1, -p, 1,2, -——————, -Tan[e+ fx]?] +

a

bTan[e + fx]? 5
bpAppellF1[2,1-p, 1,3, -——————, -Tan[e+ fx]?] -

a

bTan[e+fx]?2
aAppellF1[2, -p, 2,3, - —

s —Tan[e+-Fx]2}) Tan[e+fx]?
a

1%

) 2\ 14p 1 aCot[e+fx]2)\7P
2f |bpSec[e+fx]*Tan[e+fx] (a+bTanle+fx]?) +
(-1+p)p b
5 . aCot[e+fx]?

p Cot[e + f x]? Hypergeometric2F1[1-p, -p, 2-p, - ————| -

b

. aCot[e+fx]?

(-1+p) Hypergeometric2F1[-p, -p, 1-p, - —————— | | +
b

bTan[e + f x]? 21 s 5
———————, -Tan[e+fx]?] Sin[e + fx]

/

(ZaAppellFl[l, -p, 1,2, -

a
bTan[e+fx]?2 5
————————, -Tan[e+fx]?] +
a

bTan[e+ fx]?

[2aAppe11F1[1, -p, 1,2, -

[prppellFl[Z, 1-p,1,3, - , ~Tan[e+ fx]?| -

a

bTan[e + f x]? 5 5
aAppellF1[2, -p, 2,3, -————————, -Tan[e+ fx]?| | Tan[e + f ] +

a
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1 - 1 aCot[e+fx]2) 1P
— (a+bTan[e+fx]?)P | —————2aCot[e+fx] 1+7

b (71+p>

N

aCot[e+fx]?
b

Cscle+fx]? |pCotle+fx]?Hypergeometric2F1[1-p, -p, 2-p, - |-

(-1+p) Hypergeometric2F1[-p, -p, 1-p, -

aCotl[e+fx]?
scotte: ).
b

1 ( aCot[e+fx]2)\?
+
(-1+p)p b
[[ aCot[e+fx]?
1+ 0

b

[2 (1-p) pCotle+fx]Cscle+fx]?

p ) aCot[e+fx]?
7Hyper‘geometr‘1c2F1[17p, -p> 2-p, *—] -
b

aCot[e+fx]2]
b

2pCotfe+fx] Csc[e+Fx]2Hyper‘geometr‘iCZFl[l—p, -p, 2-p, -

p

aCot[e+fx]? .
————————| - Hypergeometric2F1|

b

2 (-1+p)pCscle+fx] ||1+

aCot[e+fx]?
-p, -p, 1-p, 7f]

bTan[e + fx]?

Sec[e+fx]| +

, -Tan[e + fx]?| Cos[e+fx] Sin[e + fx]

/

{4aAppellF1[1, -p, 1,2, -

a

bTan[e + f x]? 5
2aAppe11F1[1, -p, 1,2, -—————, -Tan[e + f x] ] +

a

bTan[e+fx]?2 5
bpAppellF1[2,1-p, 1,3, -——————, -Tan[e+ fx]?] -
a
bTan[e + f x]?

aAppellfF1[2, -p, 2, 3, - , -Tan[e +fx]2|| Tan[e + f x]?

+

a

1 bTan[e+fx]2
~bpAppellF1[2,1-p, 1,3, -—
a a

Sec[e+fx]2Tan[e+fx] - AppellF1[2, -p, 2, 3,
bTan[e + f x]?

, ~Tan[e + fx]?]

/

(2a$in[e+1:x}2

, -Tan[e+fx]?]| Sec[e+fx]2Tan[e +fX]

a

bTan[e +fx]?2 5
2aAppellFl[1, -p, 1,2, -——————, -Tan[e+ fx]?] +

a

bTan[e + f x]? 5
prppellFl[Z, 1-p, 1,3, -————, -Tan[e + fx] ] -

a

bTan[e + fx]? 5
—_— Tan[e + f x]

aAppellFi([2, -p, 2, 3, - , ~Tan[e + fx]2] -

a

bTan[e + fx]? 27 s 2
2aAppellfFi[1, -p, 1,2, -——————, -Tan[e + fx]?] Sin[e + fx]

a

bTan[e + fx]? 5
2 |bpAppellF1[2,1-p, 1,3, -—————————, -Tan[e + fx]?] - aAppellFi|2,

a

bTan[e + f x]? ;
-p, 2,3, - —————, -Tan[e + fx] ]
a

Sec[e+fx]?Tan[e+fx] +
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1 bTan[e + fx]? 5 5
2a|~bpAppellF1[2,1-p, 1,3, -———————, -Tan[e+ fx]?| Sec[e + fx]
a

a

bTan[e +fx]2 5
Tan[e+fx] - AppellF1[2, -p, 2,3, -————————, -Tan[e + fx]?|

a

Sec[e+fx]2Tan[e+-Fx]) +Tan[e + fx]?

4
bp (——AppellFl[B, 1-p, 2,4,
3

bTan[e + fx]? 5 5 1
-, -Tan[e + fx]?] Sec[e + fx] Tan[e+fx] - —4b (1-p)
a 3a

bTan[e + f x]? 5 5
AppellF1[3,2-p, 1,4, -————————, -Tan[e + fx]?] Sec[e + fx]
a

1 bTan[e + f x]?2
—a —4prppEllF1{3) 1-p, 2,4, - —,
3a a

Tan[e + f X]

8
~Tan[e+fx]?| Sec[e+fx]2Tan[e+fx] - — AppellF1[3, -p, 3, 4,
3

)/

bTan[e+ fx]? 5 5
-, -Tan[e+fx]?]| Sec[e+fx]?Tan[e + f x]

a

bTan[e+fx]?2 5
2aAppellFi[1, -p, 1,2, -———————, -Tan[e+ fx]?] +

a

bTan[e + f x]? 5
bpAppellF1[2,1-p, 1,3, -———————, -Tan[e+fx]?] -

a

bTan[e + fx]?

aAppellfF1[2, -p, 2, 3, - , -Tan[e+fx]2]|| Tan[e + fx]?

)

Problem 366: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a

JCo‘c[emcx}5 (a+bTan[e+fx]?)Pdx

Optimal (type 5, 217 leaves, 7 steps):
(2a+b-bp) Cot[e+fx]? (a+bTan[e+fx]2)1*p Cot[e+fx]* (a+bTan[e+-Fx]2)1*'°

+

43%F 4af
. a+bTan[e+fx]? 2\ 14p
(Hyper‘geometrlczFl[l, 1+p, 2+p, . | (a+bTan[e+fx]?) )/
a7
(2(a-b)f(1+p))  —————(2a2-2abp-b? (1-p)p]

433F (1+p)

bTan[e+ fx]?

Hypergeometric2F1[1, 1+p, 2+p, 1+ | (a+ bTan[e+1Cx}2)1+p

a
Result (type 6, 2624 leaves):

Cot[e+fx]® (aerTan[eJr-Fx}Z)2p

|

bTan[e + fx]?
2aAppellFi[1, -p, 1,2, - —

, -Tan[e+fx]?| Tan[e + fx]?

/

a
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5 bTan[e + fx]? 5
(1+Tan[e+fx]?) |-2aAppellFi[1, -p, 1,2, -———————, -Tan[e+fx]?] +

a

bTan[e+fx]?2 5
-bpAppellF1[2,1-p, 1,3, -——————, -Tan[e+fx]?]| +
a
bTan[e+ fx]?

aAppellfF1[2, -p, 2, 3, - , -Tan[e+fx]2]|| Tan[e + fx]?

)+

a

4 aCot[e+fx]2\7P .
Cotle+fx]* |1+ —— - (-2 +p) pHypergeometric2F1|1 - p,
b
aCot[e+fx]? 5
-p, 2-p, ——] Tan[e+fx]“+
b
. aCot[e +fx]?
(-1+p) |pHypergeometric2F1[2-p, -p, 3-p, - ————— | +
b
. aCot[e+fx]? 4
(-2+p) Hypergeometric2F1[-p, -p, 1-p, —T] Tan[e + f x] /

-1+p

2f

((-2+p) (-1+p) p) bpSec[e+fx]*>Tan[e+fx] (a+bTan[e+fx]?)

/

, ~Tan[e+ £x]2] +

)/

[(2aAppe11F1[1, -p, 1,2, -

bTan[e + f x]? 5 5
———, -Tan[e + f X] }Tan[e+fx]
a

) bTan[e + fx]?
(1+Tan[e+fx]?) |-2aAppellF1[1, -p, 1,2, -—
a

bTan[e + f x]? 5
-bpAppellF1(2,1-p, 1,3, -——————, -Tan[e+ fx]?| +

a

bTan[e + fx]?
+

aAppellFi[2, -p, 2, 3, - , ~Tan[e + fx]?]| | Tan[e + £ x]2

a
aCot[e+fx]2)\ 7P
b

aCot[e+fx]? 5
-p,2-p, -—————— | Tan[e+fx]?+ (-1+p)
b

Cot[e + fx]* (1+

[ (-2+p) pHypergeometric2F1|1-p,

p Hypergeometric2Fi |

acCotle+fx]? .
2-p, -p,3-p, - | + (-2+p) Hypergeometric2F1|-p,

b
|/ ((-2ep) (-1ep) )| -

aCot[e+fx]? 4
-p,1-p, -——————| Tan[e + fx]
b
1 2\p bTan[e + fx]?
~ (a+bTanle+fx]?)? |- ||4aAppellFl[1, -p, 1,2, -—
2 a

-2aAppellFi|1, -p, 1, 2, -

~Tan[e + fx]?| Sec[e+fx]?Tan[e+ fx]>

bT fx]?
bTanie £XI° et fx1?]

[(1+Tan[e+1‘:x]2)Z
a

bTan[e + fx]? 5
—prppellFl[Z, 1-p,1,3, -————, -Tan[e + fx] } +

a

bTan[e + fx]?

aAppellFi[2, -p, 2, 3, - , -Tan[e + fx]?]| | Tan[e + £ x]2

]+

a
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bTan[e + f x]?

(4aAppe11F1[1, -p, 1,2, - , -Tan[e+ fx]2| Sec[e+fx]?Tan[e + fX]

/

a

5 bTan[e + fx]? ,

(1+Tan[e+fx]?) |-2aAppellF1[1, -p, 1,2, -———————, -Tan[e+fx]?] +
a

bTan[e + f x]? 5

-bpAppellF1(2,1-p, 1,3, -———————, -Tan[e+ fx]?| +
a

bTan[e + fx]?

aAppellfF1[2, -p, 2, 3, - , ~Tan[e+fx]2]| Tan[e+fx])?| | +

a

bTan[e + fx]?
CACLICES £ SE

/

, ~Tan[e+fx]2] +

(2aTan[e+1cx}2

1
~bpAppellF1[2, 1-p, 1, 3, -
a a

Sec[e+fx]2Tan[e+fx] - AppellF1[2, -p, 2, 3,
bTan[e+fx]?2

-, -Tan[e+fx]?]| Sec[e+fx]?Tan[e + fx]
a

5 bTan[e + fx]?
(1+Tanfe+fx])?) |-2aAppellFi[1, -p, 1,2, - —
a

bTan[e + fx]? 5
-bpAppellF1(2,1-p, 1,3, -———————, -Tan[e+fx]?] +
a
bTan[e + f x]?

aAppellfF1[2, -p, 2, 3, - , -Tan[e+fx]2]| Tan[e+ fx]?|| +

a
1 aCot[e+fx]2\7P
Cotle s fx]4 |1, 2cotlertx]® [2 (1-p) (-2+p) p
(-2+p) (-1+p)p b
aCot[e+fx]2\? . aCot[e+fx]?
1+ ——————| -Hypergeometric2F1[1-p, -p, 2-p, -—— ]
b b

Sec[e+fx]*Tan[e+fx] -2 (-2+p)p

aCot[e+fx]?

Hypergeometric2F1[1-p, -p, 2-p, - | secie+fx]?Tan[e+fx] +

aCotle+fx]2)° .
(-1+p) |-2(2-p) pCscle+fx] 1+f - Hypergeometric2F1|
aCot[e+fx]?
2-p, -p,3-p,-—— | [ Secle+fx] +2 (-2+p)p
b
aCot[e+fx]2\P aCot[e+fx]?

+

- Hypergeometric2F1 [—p, -p, 1-p, -

]

[ =55

Sec[e+fx]?Tan[e+fx]?+4 (-2+p) Hypergeometric2F1|-p,

b

aCot[e+fx]? 5 3
-p,1-p, -————————] Sec[e+fx]?Tan[e + fx] +
b
. aCot[e+fx]2) 1P ,
2aCot[e+fx]? |1+ ———— Cscle+fXx]

b

aCot[e+fx]?

[ (-2+p) pHypergeometric2F1[1-p, -p, 2-p, - | Tan[e + fx]2+

aCot[e+fx]?

b ] '

(_1 + p) (p Hypergeometric2Fil [2 -pP, -P, 3-p, -
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aCot[e+fx]?

(-2+p) Hypergeometric2F1[-p, -p, 1-p, - | Tan[e + £x]*

|/

aCot[e+fx]2\7P 5
1+ ——— | Csc[e+fx]

(b(-2+p) (—1+p))—(4Cot[e+fx]3 X

aCot[e+fx]?
b
aCot[e+fx]?
b
aCot[e+fx]?

[ (-2+p) pHypergeometric2F1[1-p, -p, 2-p, - | Tan[e + x]2+

]+

(-1+p) (p Hypergeometric2F1[2-p, -p, 3-p, -

(-2+p) Hypergeometric2F1[-p, -p, 1-p, - | Tan[e + fx]*

|/

2
((-2+p) (-1+p)p) - (ZaAppellFl[l, -p, 1, 2, —M, ~Tan[e +fx]?]

a

bTan[e + fx]?

Tan[e + f x]?2 , ~Tan[e+ fx]2| +

2 [prppellFl[z, 1-p,1,3, -
a

bTan[e + fx]?

aAppellFi|[2, -p, 2, 3, - , ~Tan[e + fx]?] | Secle + fx]?
a
1 bTan[e + f x]?
Tan[e+fx] -2a | ~bpAppellF1[2,1-p, 1,3, - ——,
a a

-Tanle+ fx]?| Sece+fx]?Tan[e +fx] - AppellFi[2, -p, 2,

bTan[e +fx]2

, -Tan[e+fx]?| Sec[e+fx]2Tan[e+fx] |+

3

a

4 bTan[e +fx]?
-bp 77AppellF1[3, l1-p, 2,4, - —
3 a

Tan[e + f x]?2

1
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - —4b (1-p) AppellF1][3,
3a
bTan[e+fx]? 5 5
2-p,1,4, -——————, -Tan[e+ fx]?| Sec[e+fx]2Tan[e + fx]
a

+

1 bTan[e + f x]? 5
a|—4bpAppellF1[3,1-p, 2,4, -—————, -Tan[e + fx]?|
3a a

8
Sec[e+fx]?Tan[e+fx] - — AppellF1[3, -p, 3, 4,
3

bTan[e + fx]? 5 5
-, -Tan[e+fx]?| Sec[e+fx]?Tan[e + f x]

)/

, ~Tan[e+fx]2] +

a
bTan[e + fx]?

(1+Tan[e+fx]?) (ZaAppellFl[l, -p, 1, 2, -
a

bTan[e+fx]?2 5
————————, -Tan[e + fx]?] + aAppellF1]

T[m]m]

(—prppellFl[z, 1-p,1,3, -
a

bTan[e+fx]?2 5
2, -p,2,3, - —————, -Tan[e + fx]?]
a

Problem 367: Unable to integrate problem.
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JTan[ewa}6 (a+bTan[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):

1 7 9 , bTan[e+fx]?
prpellFl[f, 1, -p, —, -Tan[e+fx]°, ——]
7f 2 2 a
bTan[e+fx]?)\ P

Tan[e+fx]” (a+bTan[e+fx]?)" |1+
a

Result (type 8, 25leaves):

JTan[eH‘:x}6 (a+bTan[e+fx]?)Pdx

Problem 368: Result more than twice size of optimal antiderivative.

JTan[ewa}4 (a+bTan[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):
bTan[e + f x]?

]

1 5 7 5
prpellFl[f, 1, -p, —, -Tan[e+fx]*, -
5f 2 2 a

bTan[e+fx]2)P
Tan[e+fx]® (a+bTan[e+fx]?)° 1+#

a
Result (type 6, 2250 leaves):

[Tan[eﬂ‘:x}5 (a+bTan[e+1‘:x12)2|O

1 3 bTan[e+fx]?2 5 5
9aAppellfFl[~, -p, 1, =, -———————, -Tan[e + fx]?] Cos[e + fx] /
2 2 a
1 3 bTan[e+ fx]? 5
3aAppellfFl[~, -p,1, =, -————————, -Tan[e + fx]?| +
2 2 a
3 5 bTan[e+fx]?2 ,
2 |bpAppellF1[=,1-p, 1, =, -————, -Tan[e+ fx]?] -
2 2 a
3 5 bTan[e + f x]? 5 ;
aAppellFl|[ =, -p, 2, =, -—————————, -Tan[e+fx]2|| Tan[e + fx]?| +
2 2 a
bTan[e+fx]2)\7P . 1 3 bTan[e + fx]?
1+ — -3 Hypergeometric2F1[~, -p, =, - ———————— | +
a 2 2 a
. 3 5 bTan[e + f x]? 5
Hypergeometric2F1[ =, -p, =, - ————————— | Tan[e + f x] /
2 2 a

2
(31‘ (bpSec[e+-Fx]2Tan[e+-Fx]2 (a+bTan[e+-Fx}2>’1+p
3

1 3 bTan[e+fx]? 5 5
9aAppellFi[~, -p, 1, =, -———————, -Tan[e + fx]?]| Cos[e + f ] /
2 2 a

1 3 bTan[e + f x]? 5
3aAppellfFi[~, -p,1, =, - ———————, -Tan[e+ fx]?| +
2 2 a
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3 5 bTan[e + f x]? 5
2 |bpAppellFl[=,1-p, 1, =, -————————, -Tan[e + fx]?] -
2 2 a
3 5 bTan[e+fx]?2 5 5
aAppellFl][ =, -p, 2, =, -————————, -Tan[e+fx]?| | Tan[e+ fx]?| +
2 2 a
bTan[e+fx]2) P . 1 3 bTan[e+ fx]?
1+ ——— -3 Hypergeometric2F1[~, -p, =, - ——————| +
a 2 2 a
. 3 5 bTan[e + fx]? 5 1 5
Hypergeometric2F1[ =, -p, =, - ——————— | Tan[e + fx]2| | + = Sec[e + f ]
2 2 a 3
1 3 bTan[e + f x]? 5
(a+bTan[e+fx]?)P | |9aAppellFl[~, -p, 1, =, -————————, -Tan[e+fx]?]
2 2 a
5 1 3 bTan[e+fx]?2 5
Cos[e +fx] / 3aAppellFi[~, -p,1, =, - ———————, -Tan[e+ fx]?| +
2 2 a
3 5 bTan[e + fx]? 5
2 [bpAppellFl|=,1-p, 1, =, -—————, -Tan[e+ fx]?] -
2 2 a
3 5 bTan[e+fx]?2 5 5
aAppellFl[f, -p, 2, -, -——————, -Tan[e + f x] ] Tan[e+fx]°| +
2 2 a
bTan[e+fx]2)P . 1 3 bTan[e+fx]2
1y ———— -3 Hypergeometric2F1| =, -p, =, - ————————— | +
a 2 2 a

bTan[e + f x]? 5
——] Tan[e + f x]
a

3
Hypergeometr1c2F1[ -p,

>
2
1
—Tan[e+fx] (a+bTan[e+fx]? (
3

1 3
18aAppe11F1[f, -p, 1, —,
2 2

bTan[e + f x]? ) .
-————————, -Tan[e+fx]?] Cos[e+fx] Sin[e + fX]

a

1 3 bTan[e+fx]?2 5
3aAppellF1[~, -p,1, =, -————————, -Tan[e+fx]?] +
2 2 a

3 5 bTan[e + f x]? 5
2 |bpAppellF1[~,1-p, 1, =, -————, -Tan[e+ fx]?| -
2 2 a
3 5 bTan[e+fx]?2 5
aAppellFl|[ =, -p, 2, =, -————————, -Tan[e + f x]?]
2 2 a

Tan[e+fx]2|| +

1 3 5 bTan[e + fx]? 5
—2bpAppellF1[~,1-p, 1, =, -———————, -Tan[e + fx]?|
3a 2 2

(9aCos[e+1cx}2
a

2

2 3 5
Sec[e+fx]2Tan[e+fx] - — AppellFl| =, -p, 2, =
3 2

bTan[e+ fx]? 5 5
-, -Tan[e+fx]?]| Sec[e+fx]?Tan[e + f x]

/

a
1 3 bTan[e+fx]?2 5
3aAppellFl[~, -p, 1, =, - ———————, -Tan[e + fx]?| +
2 2 a
3 5 bTan[e + f x]? 5
2 |bpAppellFl[=,1-p, 1, =, -———————, -Tan[e + fx]?] -
2 2 a

3 5 bTan[e+fx]?2 5
aAppellFl|[ =, -p, 2, =, -————————, -Tan[e + f x]?]
2 2 a

Tan[e + f x]?
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1 , bTan[e+fx]2) 1P
—2bpSec[e+fx]“Tan[e+fx] |1+ ————
a a
. 1 3 bTan[e + fx]?
-3 Hyper‘geometr‘lc2F1[—, -P, 7> ——} +
2 2 a

bTan[e + fx]? 5
——] Tan[e + f x]
a

3 5

Hyper‘geometr‘iCZFl[f, -p, —,

2
bTan[e +fx]?2

2

1 3 ) )
9aAppellFl[~, -p, 1, —, - , -Tan[e +fx]?| Cos[e +fx]
2 2

a
3 5 bTan[e +fx]2 5 3
4 prppellFl[f, 1-p,1, -, -————, -Tan[e + f x] ] —aAppellFl[f,
2 2 a 2
5 bTan[e +fx]?2 5 5
-p, 2, —y —-————, -Tan[e + fx] ] Sec[e+fx]“Tan[e+fXx] +
2 a

1 3 5 bTan[e + f x]? 5
3a|—2bpAppellF1[=~,1-p, 1, =, -———————, -Tan[e + fx]?
3a 2 2 a

) 2 3 5
Sec[e+fx]“Tan[e+fx] - prpellFl[f, -p, 2, —,
3

bTan[e + fx]?

, -Tan[e+fx]2| Sec[e+fx]?Tan[e+fx] |+
a

2Tan[e + fx]?

6 5 7 bTan[e+fx]2
bp ——APDEHFl[—,l—P, 2, =y -
5 2 a
1 5
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - —6b (1-p) AppellFl| -,
5a
7 bTan[e + f x]? 5 5
2-p,1, -, -————, -Tan[e + f X] }Sec[em‘x} Tan[e + f X]
2 a

1 5 7 bTan[e + f x]?
a|—6bpAppellF1[~,1-p, 2, =, - —
5a 2

, -Tan[e+ fx]?]
a

, 12 5 7

Sec[e+fx]*Tan[e+fx] - — AppellF1| =, -p, 3, —,
5

bTan[e + f x]?

, -Tan[e+fx]?| Secle+fx]2Tan[e + fx]
a

)/

3 bTan[e + fx]? 5
= -, -Tan[e+ fx]?| +
2 a

3 5 bTan[e+fx]?2 5
2 |bpAppellF1[=,1-p, 1, =, -————, -Tan[e+ fx]?] -
2 2 a

1
[3 aAppellFl|~, -p, 1,
2

3 5 bTan[e + fx]? 5 5 2
aAppellFl[—, -p,2, -, -————, -Tan[e + fx] } Tan[e + f Xx] +
2 2

a

[ bTan[e+fx]2) P
14—

a

. 3 5 bTan[e + f x]?
2Hypergeometr'1c2F1[—, -P> > *—]

2 2 a

1
Sec[e+fx]?Tan[e+fx] -3Csc[e+fx] Sec[e+fx] —Hyper‘geometr‘icZFl[—, -p,

2

3

3 bTan[e +fx]?2 [ bTan[e + fx]?
— ——}+ 1+ —
2 a

p
]+3Sec[e+fx]2Tan[e+fx]
a
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]

. 3 5 bTan[e + f x]? bTan[e + fx]?
~Hypergeometric2F1[ =, -p, =, - —————— | + [1+ —————

2 2 a a

Problem 369: Result more than twice size of optimal antiderivative.

JTan[ewa}2 (a+bTan[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):

bTan[e + f x]?

]

1 3 5 )
prpellFl[f, 1, -p, —, -Tan[e + fx]*%,
3f 2 2 a

bTan[e+fx]%) P

Tan[e+fx]> (a+bTan[e+fx]?)P |1+

a
Result (type 6, 1992 leaves):
[Tan[e+fx}3 (a+bTan[e+1‘:x}2)ZIO
. 1 3 bTan[e + fx]? bTan[e+fx]2)\7P
Hypergeometric2F1| =, -p, =, - — | |1+ — | 4
2 2 a a
1 3 bTan[e + f x]? 5 5
3aAppellfFi[~, -p, 1, =, - ————————, -Tan[e + fx]?]| Cos[e + f X] /
2 2 a
1 3 bTan[e+fx]?2 )
-3aAppellFl|~, -p, 1, =, -——————, -Tan[e+ fx]?] +
2 2 a
3 5 bTan[e + f x]? 5
2 |-bpAppellfFl[=,1-p,1, —, -————, -Tan[e+fx]?| +
2 2 a

3 5 bTan[e + fx]? 5 5
aAppellFl][ =, -p, 2, =, -——————, -Tan[e+fx]2] | Tan[e + f x]
2 2

|/

a

(f [2bpSec[e+-Fx]2Tan[e+1:x]2 (a+bTan[e+fx]2)*P

-p
+

B

. 1 3 bTan[e+fx]?2 bTan[e+fx]?2
Hypergeometric2F1[ =, -p, - ] 1+

2 2 a a
1 3 bTan[e+fx]? 5 5
3aAppellfFl[~, -p,1, =, -———————, -Tan[e +fx]?] Cos[e +fX] /
2 2 a
1 3 bTan[e + fx]? 5
-3aAppellFl|~, -p, 1, =, -————————, -Tan[e+ fx]?] +
2 2 a
3 5 bTan[e+fx]?2 5
2 |-bpAppellF1[=,1-p, 1, =, - ———, -Tan[e+ fx]?] +
2 2 a
3 5 bTan[e+fx]?2 5 5
aAppellFl[f, -p, 2, -, -——————, -Tan[e + fx] ] Tan[e + f X] +
2 2 a
) 21p . 1 3 bTan[e + fx]?
Sec[e+fx]? (a+bTan[e+fx]?)” |[Hypergeometric2F1[—, -p, =, - —— |
2 2 a

P 1 3 bTan[e + fx]? 5
+|3aAppellF1[~, -p, 1, =, - ————————, -Tan[e + fx]?]
2 2

( bTan[e + f x]
1+ —MM—
a

a
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1 3 bTan[e + f x]? 5
/ -3aAppellFl|~, -p, 1, =, -————————, -Tan[e+ fx]?] +
2 2 a

Cos[e+fx]?

3 5 bTan[e+fx]?2 ,
2 |-bpAppellF1[~,1-p,1, =, -————, -Tan[e+fx]?| +
2 2 a

5 bTan[e+ fx]? 5 5
=, -————————, -Tan[e+fx]?] | Tan[e + f ] +
2 a

3
aAppellF1l| =, -p, 2,
2

ap [ 1 . 1 3 bTan[e + fx]?
Tan[e+fx] (a+bTan[e+fx]?) =2bpHypergeometric2F1|[ =, -p, —, - —— |
a 2 2 a

5 bTan[e+fx]2) 1P
Secle+fx]“Tan[e+fx] |1+ ————— -

a
1 3 bTan[e+fx]?2 5 .
6 aAppellF1[~, -p, 1, =, - ————————, -Tan[e+ fx]?| Cos[e +fx] Sin[e + fx] /
2 2 a
1 3 bTan[e + fx]? 5
-3aAppellFl|~, -p, 1, =, -———————, -Tan[e+ fx]?]| +
2 2 a
3 5 bTan[e+fx]?2 5
2 |-bpAppellF1[~,1-p,1, =, -—————, -Tan[e+ fx]?| +
2 2 a
3 5 bTan[e+ fx]? ) 5
aAppellFl| =, -p,2, =, -————————, -Tan[e+fx]?| | Tan[e + fx]?| +
2 2 a
, (1 3 5 bTan[e + fx]? ,
3aCos[e+fx]?|—2bpAppellF1[~,1-p, 1, =, -—————, -Tan[e + fx]?]
3a 2 2 a

" 2 3 5
Sec[e+fx]“Tan[e +fXx] - prpellFl[f, -p, 2, —,
3 2 2

bTan[e+fx]?2 5 5
- ———————, -Tan[e+ fx]?| Sec[e+ fx]?Tan[e + fx]

/

a
1 3 bTan[e + fx]? 5
-3aAppellFl|~, -p, 1, =, -———————, -Tan[e+ fx]?]| +
2 2 a
3 5 bTan[e+fx]?2 5
2 |-bpAppellFi[~,1-p,1, =, -——————, -Tan[e+ fx]?| +
2 2 a
3 5 bTan[e+ fx]? 5 5
aAppellFl| =, -p, 2, =, -————————, -Tan[e+fx]?| | Tan[e + Fx]?| +
2 a

-p
Cscle+fx] Sec[e+fx] |1+ ————

) 1 3 bTan[e + f x]?2
_Hypergeometr1c2F1[—, -P> s ——] e
2 a

bTan[e +fx]?2

1

a

2
bTan[e + f x]?

1 3 ) )
3aAppe11F1[f, -p, 1, —, - , —Tan[e + f x] ] Cos[e + fx]
2 2

a
3 5 bTan[e + fx]? 5 3
4 |-bpAppellFl| =, 1-p,1, =, -——————, -Tan[e + fx]?| + aAppellF1|—,
2 2 a 2
5 bTan[e + f x]? , 5
-p, 2, —, -——————, -Tan[e + fx] ] Sec[e+fx]“Tan[e+ fXx] -
2 a

1 3 5 bTan[e + fx]? 5
3a|—2bpAppellF1[~,1-p, 1, =, -————, -Tan[e + fx]?]
3a 2 2 a
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)

) 2 3 5
Sec[e+fx]“Tan[e+fx] - prpellFl[f, -p, 2, —
3 2

bTan[e + fx]?

-, -Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] | +
a

6 5 7 bTan[e + fx]?
- —AppellFl[=,1-p,2, = - —
5 2 2

2Tan[e + fx]? (—bp
a

1 5
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - —6b (1-p) AppellFl| -,

5a
7 bTan[e + f x]? 5 5
2-p,1, -, -———————, -Tan[e+fx]?]| Sec[e+fx]?Tan[e+fx] | +
2 a
1 5 7 bTan[e+fx]2 ,
a|—6bpAppellF1|~,1-p,2, -, -—————, -Tan[e + fx]?|
5a 2 2 a

12 5 7
Secle+fx]?Tan[e+fx] - — AppellFl|~, -p, 3, —,
5 2

bTan[e +fx]?2 5 5
-, -Tan[e + fx]?]| Sec[e+ fx]?Tan[e + f x]

)/

a

1 3 bTan[e + fx]? 5
—3aAppellF1[f, -p, 1, -, -—————, -Tan[e + fx] ] +
2 2 a
3 5 bTan[e + fx]? )
2 |-bpAppellFi[=,1-p, 1, =, -—————, -Tan[e+ fx]?] +
2 2 a
3 5 bTan[e+fx]?2 5 ,)°
aAppellFl| =, -p, 2, =, -———————, -Tan[e+ fx]2| | Tan[e + fx]
2 2 a

Problem 370: Result more than twice size of optimal antiderivative.

J(a+bTan[e+fx]2)pd1x

Optimal (type 6, 78 leaves, 3 steps):

1 1 3 , bTan[e+fx]?
~AppellF1|—, 1, -p, =, -Tan[e+fx]?, - — ]
f 2 2 a
1p bTan[e+fx]2)7P
Tan[e+fx] (a+bTan[e+fx]?)? |1+ ————
a

Result (type 6, 192 leaves):

1 3  bTan[e+fx]? 27 s
[3aAppellF1[, -p, 1, —, -———————, -Tan[e+fx]?| Sin[2 (e +fX) |
2 2 a

21 p 1 3  bTan[e+fx]? 5
(a+bTan[e+fx]?) / 6afAppellFl|—, -p,1, =, -————————, -Tan[e+fx]?] +
2 2 a

3 5 bTan[e + fx]? ,

4 f prppellFl[f, 1-p,1, -, -————, -Tan[e + fX] ]—
2 2 a

3 5 bTan[e+fx]?2 5

aAppellFl[ =, -p, 2, =, -———————, -Tan[e + fx]?]

2 2

Tan[e + fx]?
a




228 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)”~m (a+b (c tan)~n)~p.nb

Problem 371: Result more than twice size of optimal antiderivative.

JCo‘c[ewa}2 (a+bTan[e+fx]?)Pdx

Optimal (type 6, 79leaves, 3 steps):
1 1 1 , bTan[e+fx]?
—prpellFl[—f, 1, -p, —, -Tan[e+fx]*, ——]
f 2 2 a

21p bTan[e+fx]?)P
Cot[e+fx] (a+bTan[e+fx]?)P |1+ —————

a
Result (type 6, 1989 leaves):
Cot[e+fx]3 (a+bTan[e+1:x12)2p
. 1 1 bTan[e + fx]? bTan[e+fx]2)P
-Hypergeometric2F1[- =, -p, —, - ] |1+ +
2 2 a a
1 3 bTan[e + f x]? 21 e 5
3aAppellfFi[~, -p,1, =, -———————, -Tan[e + fx]?] Sin[e + fX] /
2 2 a
1 3 bTan[e+fx]2 5
-3aAppellFl|~, -p, 1, =, -———————, -Tan[e + fx]?] +
2 2 a

3 5 bTan[e + fx]? 5
2 |-bpAppellfFl[=,1-p,1, —, -————, -Tan[e+fx]?] +
2 2

a

3 5 bTan[e + fx]? 5
aAppellFl| =, -p, 2, =, -————————, -Tan[e + fx]?]
2 2

Tan[e + f x]?2
a

)/

[-F [prSec[eM‘:x]2 (a+bTan[e+1‘:x]2)’1+p

-P

B

. 1 1 bTan[e + f x]? bTan[e + f x]?
-Hypergeometric2F1 [— — -P, - —] 1+ —mm +
2 2 a

a
1 3 bTan[e+fx]?2 27 es 2
3aAppellF1[~, -p, 1, =, - ———————, -Tan[e + fx]?| Sin[e + f ] /
2 2 a
1 3 bTan[e + fx]? 5
-3aAppellFl|~, -p, 1, =, -———————, -Tan[e+ fx]?]| +
2 2 a
3 5 bTan[e+fx]2 ,
2 |-bpAppellF1[=,1-p, 1, =, -—————, -Tan[e+ fx]?] +
2 2 a
3 5 bTan[e + fx]? 5 5
aAppellFl|[ =, -p, 2, =, -—————————, -Tan[e + fx]?] | Tan[e + f x] -
2 2 a
5 2\ p . 1 1 bTan[e + fx]?
Csc[e+fx]? (a+bTan[e+fx]?)P | -Hypergeometric2F1[-~, -p, —, - ——— |
2 2 a
bTan[e+fx]%)\ P 1 3 bTan[e+ fx]? 5
1+ ———————| +|3aAppellF1|~, -p,1, =, -————————, -Tan[e + fx]?]
a 2 2 a

1 3 bTan[e + fx]? 5
/ -3aAppellFl|~, -p, 1, =, -————————, -Tan[e+ fx]?] +
2 2 a

Sin[e + f x]?




Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 229

3 5 bTan[e + fx]? 5
2 |-bpAppellFil[~,1-p,1, =, -—————, -Tan[e+ fx]?| +
2 2 a

bTan[e+fx]?2

3 5 ) )
aAppellFl[;, -p, 2, E’ , —Tan[e + fx] ] Tan[e + f x] +

a
ap (1 . 1 1 bTan[e + f x]?
Cot[e+fx] (a+bTan[e+fx]?)P |=2bpHypergeometric2F1[-~, -p, =, - — |
a 2 2 a
5 bTan[e+fx]2) 1P
Sec[e+fx]“Tan[e+fx] |1+ ————— +
a
1 3 bTan[e+ fx]? 5 .
6aAppellF1[~, -p, 1, =, -—————————, -Tan[e+ fx]?| Cos[e +fx] Sin[e + f x] /
2 2 a
1 3 bTan[e + fx]? 5
-3aAppellFl|—, -p, 1, =, -————————, -Tan[e+ fx]?] +
2 2 a
3 5 bTan[e + fx]? 5
2 |-bpAppellF1[~,1-p,1, —, -—————, -Tan[e+ fx]?| +
2 2 a
3 5 bTan[e+fx]?2 5 5
aAppellFl|[ =, -p, 2, =, -————————, -Tan[e+ fx]?| | Tan[e + fx]?| +
2 2 a
. (1 3 5 bTan[e + fx]? )
3aSinfe+fx]? | —2bpAppellF1[=,1-p,1, =, -————, -Tan[e + fx]?|
3a 2 2 a

2 3 5
Secle+fx]2Tan[e+fx] - — AppellFl| =, -p, 2, —,
3 2 2

bTan[e+ fx]? 5 5
-, -Tan[e+fx]?| Sec[e+fx]*Tan[e + f x]

/

a

1 3 bTan[e + fx]? ,
-3aAppellFl|~, -p, 1, =, -———————, -Tan[e+ fx]?] +
2 2 a

bTan[e+ fx]?

3 5
2(—prppe11F1[—,1—p, 1, =, , ~Tan[e+ fx]2| +
2 2

a

bTan[e + f x]? , 5
———, -Tan[e + f x] ] Tan[e + f x]

3 5
aAppellFl[f, -ps 2, —, -
2 2

B
bTan[e + f x]?

p 1
Csc[e+fx] Sec[e+fx] |1+ (Hyper‘geometr‘icZFl[— -
a 2
1 bTan[e + fx]? bTan[e + fx]2)?
p, o, TN [y 2 EMERTXI
2 a a
1 3  bTan[e+fx]? 27 s 2
3aAppellFl[~, -p,1, =, -————————, -Tan[e+fx]?] Sin[e + fx]
2 2 a
3 5 bTan[e + fx]? 5 3
4 |-bpAppellFl[=,1-p, 1, =, -————————, -Tan[e+ fx]?| + aAppellF1| =,
2 2 a 2
5 bTan[e+fx]? 5 5
-p, 2, —y -—————, -Tan[e + fx] ] Sec[e+fx]“Tan[e+fXx] -
2 a
1 3 5 bTan[e + fx]? 5
3a fszAppellFl[f, 1-p,1, -, -————, -Tan[e + fX] ]
3a 2 2 a

) 2 3 5
Sec[e+fx]“Tan[e+fx] - prpellFl[f, -p, 2, —,
3 2 2
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bTan[e + fx]? 5 ,
-————, -Tan[e + fx] }Sec[e+fx} Tan[e+fx] | +
a

6 5 7 bTan[e + fx]?
- —AppellFl[=,1-p,2, = -—
5 2 2

2Tan[e + fx]? (—bp
a

1 5
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - —6b (1-p) AppellFl| -,
2

5a
7 bTan[e + f x]? 5 5
2-p,1, -, -———————, -Tan[e+fx]?| Sec[e+fx]?Tan[e+ fx] | +
2 a
1 5 7 bTan[e+fx]?2 ,
a|—6bpAppellF1[~,1-p, 2, =, -——————, -Tan[e + fx]?]
5a 2 2 a

12 5 7
Secle+fx]?Tan[e+fx] - — AppellFl|~, -p, 3, —,
5 2 2

bTan[e+fx]?2 5 5
-, -Tan[e+ fx]?| Sec[e+fx]?Tan[e + fx]

)/

a
1 3 bTan[e + fx]? ,
—3aAppellF1[f, -p, 1, -, -—————, -Tan[e + fx] ] +
2 2 a

—_—

3 5 bTan[e + fx]? )
2 |-bpAppellFi[=,1-p, 1, =, -——————, -Tan[e+ fx]?] +
2 2 a

3 5 bTan[e + fx]? 5 5
aAppellFl| =, -p, 2, =, -———————, -Tan[e+ fx]2| | Tan[e + f x]
2 2 a

i

Problem 372: Result more than twice size of optimal antiderivative.

JCot[eHCx}“ (a+bTan[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):

1 3 1 , bTan[e+fx]?
- ——AppellF1[- =, 1, -p, - —, -Tan[e+fx]?, - —
3f 2 2

]

a

bT Fx]2) P
Cot[e+fx]? (a+bTan[e+fx]?)° 1, 2Tanfe+fxj°

a
Result (type 6, 2468 leaves):
Co‘c[e+-Fx}7(aerTan[eJr-Fx}z)2p
1 3 bTan[e + fx]? 21 e 5 5
9aAppellF1[~, -p, 1, =, -————————, -Tan[e+ fx]?| Sin[e+ fx]?Tan[e + f X] /
2 2 a
1 3 bTan[e+fx]?2 5
3aAppellF1[~, -p, 1, =, - —————————, -Tan[e + fx]?| +
2 2 a
3 5 bTan[e + fx]? 5
2 |bpAppellF1[=,1-p, 1, =, -——————, -Tan[e+ fx]?| -
2 2 a

3 5 bTan[e + fx]? 5
aAppellFl]| =, -p, 2, =, -—————————, -Tan[e + fx]?
2 2 a

Tan[e + f x]?
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P 1 bTan[e + fx]?

3
5 P —}’

e )/

( bTan[e+ fx]?
14—

[Hyper‘geometr‘icZFl [-
a

. 1 1 bTan[e+fx]?2 ,
3 Hypergeometric2F1[- =, -p, =, - ——————— | Tan[e + f ]
2 2 a

2
(3f (—prsc[e+1cx]2 (a+bTan[e+1cx}2)’1*p
3

1 3 bTan[e + fx]? 21 e 5 5
9aAppellF1[~, -p, 1, =, -————————, -Tan[e+ fx]?| Sin[e+ fx]? Tan[e + f x] /
2 2 a
1 3 bTan[e + fx]?2 5
3aAppellfFi[~, -p,1, —, -———————, -Tan[e+fx]?] +
2 2 a
3 5 bTan[e + fx]? 5
2 |bpAppellFl[=,1-p, 1, =, -————————, -Tan[e + fx]?] -
2 2 a

3 5 bTan[e+fx]?2 5
aAppellFl| =, -p, 2, =, -——————, -Tan[e + fx]?]
2 a

Tan[e + fx]?

N

P 3 1 bTan[e+fx]?
) 7pJ ) 7—} -
2 2 a

1 1 bTan[e + fx]?

) _pJ Y -

2 2 a

Cot[e+fx]*Cscle+fx]? (a+bTan[e+fx]*)P

[ bTan[e + f x]?
14—

(Hypergeometr‘icZFl [—
a

3 Hypergeometric2F1 |- | Tanfe + £x12|| -

1 3 bTan[e + fx]? 21 e 5 5
9aAppellF1[~, -p, 1, =, -————————, -Tan[e+ fx]?| Sin[e+ fx]?Tan[e + f x] /
2 2 a
1 3 bTan[e+ fx]? 5
3aAppellfFi[~, -p, 1, —, -———————, -Tan[e+fx]?] +
2 2 a
3 5 bTan[e + fx]? 5
2 |bpAppellFl[=,1-p, 1, =, -———————, -Tan[e + fx]?] -
2 2 a
3 5 bTan[e+fx]? 5 5
aAppellFl| =, -p, 2, =, -————————, -Tan[e+ fx]?|| Tan[e + fx]?| -
2 2 a
bTan[e+fx]2)P . 3 1 bTan[e + fx]?
1+ — Hyper‘geometr‘1c2F1[—f, -p, - —, ——} -
a 2 2 a
. 1 1 bTan[e + fx]? 5
3 Hypergeometric2F1[- ~, -p, =, - ————————| Tan[e + f x] +
2 2 a

1
—Cot[e+fx]> (a+bTan[e+fx]?)°
3

1 3
18 a AppellF1|—, -p, 1, —,
2 2

bTan[e + fx]? 01 e ,5
- ———————, -Tan[e+ fx]?| Sin[e+ fx]2 Tan[e + f x]

/

a
1 3 bTan[e + fx]? 5
3aAppellfFi[~, -p,1, =, -—————————, -Tan[e+fx]?| +
2 2 a
3 5 bTan[e + fx]? 5
2 |bpAppellFl[=,1-p, 1, =, -———————, -Tan[e + fx]?] -
2 2 a

3 5 bTan[e+ fx]? 5
aAppellFl|[ =, -p, 2, =, -————————, -Tan[e + fx]?]
2 2 a

Tan[e+ fx]?| +
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1 3 bTan[e + f x]? 5 3
18 aAppellFl|~, -p, 1, =, -————————, -Tan[e + fx]?| Tan[e + f x] /
2 2 a
1 3 bTan[e+fx]?2 5
3aAppellfF1[~, -p,1, =, -————————, -Tan[e+fx]?] +

2 2 a

3 5 bTan[e + f x]? 5
2 |bpAppellFl[=,1-p, 1, =, -——————, -Tan[e + fx]?] -
2 2 a
3 5 bTan[e+fx]?2 5 5
aAppellFl|[ =, -p, 2, =, -————————, -Tan[e+ fx]?| | Tan[e + fx]?| +

2 2 a

bTan[e + fx]?

3

_ 1 3 5
(9a51n[e+-Fx]2Tan[e+1Cx}2 —2bpAppellF1[—, 1-p, 1, —,
3a 2 2 a

2 3
~Tan[e + fx]?| Sec[e+fx]?Tan[e+fx] - — AppellF1[ =, -p, 2,
3 2

5 bTan[e + fx]? 5 5
=, -————————, -Tan[e + fx]?| Sec[e + fx]? Tan[e + f x] /
2 a
1 3 bTan[e+fx]?2 5
3aAppellFl[~, -p, 1, =, - ————————, -Tan[e + fx]?| +
2 2 a
3 5 bTan[e + f x]? 5
2 |bpAppellFl[=,1-p, 1, =, -——————, -Tan[e + fx]?] -
2 2 a
3 5 bTan[e+fx]?2 5 5
aAppellFl[f, -p, 2, -y, -————, -Tan[e + fx] ] Tan[e+fx]°| +
2 2 a
1 5 bTan[e+fx]2) 1P
—2bpSec[e+fx]“Tan[e+fx] |1+ ————
a a
. 3 1 bTan[e+ fx]?
Hypergeometric2F1[- =, -p, - =, - —————— | -
2 2 a

1 bTan[e + fx]?

1
3 Hypergeometric2F1[- =, -p, —, - | Tan[e + fx]2
2

2 a
1 3 bTan[e+ fx]? 27 s 2
9aAppellFl[—, -p, 1, =, -————————, -Tan[e+ fx]?] Sin[e + fx]
2 2 a
5 3 5 bTan[e+fx]?2 5
Tan[e+fx]*° |4 prppellFl[f,l—p, 1, -, -——————, -Tan[e + f x] ]—
2 2 a
3 5 bTan[e+fx]? 5 5
aAppellFl| =, -p, 2, =, -———————, -Tan[e+ fx]?] | Sec[e + fx]
2 2 a

1 3 5 bTan[e + f x]?
Tan[e+fx] +3a fszAppellFl[f, 1-p,1, -\, - —m«—,
3a 2 2 a

2 3

—Tan[e+fx]2} Sec[e+fx]2Tan[e+fx] - prpellFl[f, -p, 2,
3 2

5 bTan[e+fx]?2

=, -, -Tan[e+ fx]?] Sec[e+ fx]?Tan[e + fx]
2 a

+

7 bTan[e + fx]?

6 5
2Tan[e+fx]% |bp [——AppellFl[—, 1-p,2, —,
5 2 2

3

a

1 5
~Tan[e+fx]?| Sec[e+fx]?Tan[e+fx] - —6b (1-p) AppellFl| -,
5a 2
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7 bTan[e + fx]? 5 5
2-p,1, -, -————————, -Tan[e+fx]?]| Sec[e+fx]?Tan[e + fx] | -
2 a
1 5 7 bTan[e +fx]?2 5
a|—6bpAppellF1[~,1-p, 2, =, -——————, -Tan[e + fx]?|
5a 2 2 a

12 5 7
Secle+fx]2Tan[e+fx] - — AppellFl[ =, -p, 3, —,
5 2 2

bTan[e + fx]? 5 5
-, -Tan[e+fx]?| Sec[e+fx]?Tan[e + fx]
a

1 3 bTan[e + fx]?
3aAppellFil[=, -p, 1, =, -—
2 2

)/

, ~Tan[e+fx]2] +
a

3 5 bTan[e+ fx]? 5
2 |bpAppellF1[=,1-p, 1, =, -——————, -Tan[e+ fx]?| -
2 2 a

3 5 bTan[e+fx]?2 2
aAppellFl[ =, -p,2, =, -~ —
2 2

s —Tan[e+fx]2}) Tan[e + fx]?

a

-P . 1 1 bTan[e + fx]?

-6 Hypergeometr‘1c2F1[—*, -P> ) ——]
2 2

[ bTan[e + fx]?
1+ —m—
a

a

1
Sec[e+fx]?Tan[e+fx] -3Sec[e+fx]?Tan[e+fx] [Hypergeometric2Fl|- -,

2
1 bTan[e + f x]? bTan[e+fx]2)\P
-P» *,*—]f 1+ — -3Csc[e+fx] Sec[e+fXx]
2 a a
. 3 1 bTan[e + fx]? bTan[e+fx]2%)\P
~Hypergeometric2F1[- =, -p, - =, - ——————— | + |1+ ———
2 2 a a

Problem 373: Unable to integrate problem.

JCo‘l:[ewa}6 (a+bTan[e+fx]?)Pdx

Optimal (type 6, 83 leaves, 3 steps):
bTan[e + f x]?

]

1 5 3 )
—prpellFl[—f, 1, -p, -—, -Tan[e+fx]*,
5f 2 2 a

bTan[e+fx]2)P
Cot[e+fx]® (a+bTan[e+fx]?)P 1+#
a

Result (type 8, 25leaves):

JCot[eH"x}6 (a+bTan[e+fx]?)Pdx

Problem 379: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(a+bTan[c+dx]3)2

Optimal (type 3, 558 leaves, 21 steps):
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pl/3 (az _2a2/3p4/3_ b2> ArcTan [ MM]

(a2 -b?) x V3 at/?
+ +
(a2+b2)2 \/3 al/3 (a2+b2)2d
1/3_ 1/3 [c+ ]
b/* (a*/? ~2b*3) ArcTan| ® Zbﬁz?accjx ] 2abloglaCos[c+dx]>+bSin[c+dx]3]
- +
34/3 a°2 (a?+b2) d 3 (a2+b2)%d

b'/3 (a2 +2a%3b*>3 - b2) Log[a'/?+ b3 Tan[c +dx] |

N
33l/3 <a2+b2)2d

bl/3 (a%/3 + 2b%3) Log[al/? + bY/3 Tan[c + d X] | 1

92a°3 (a?+b?) d 6a'/? (a? +b2)% d
b'/3 (a? +2a%3b*3 - b?) Log[a®® - a3 b3 Tan[c+dx] +b?? Tan[c+dx]?] -
(b¥3 (a*?+2b*3) Log[a*?-a'? b3 Tan[c +d x] +b*?Tan[c +d x]?]) / (18a° (a*+b*) d) +
b(a+Tan[c+dx] (b-aTan[c+dx]))

3a (a?+b?)d(a+bTan[c+dx]?)

Result (type 3, 490 leaves):
ArcTan[Tan[c+dx]] ArcTan[Tan[c +dx]]

.
Z(a—jb)zd 2(a+1‘1b)2d

-al/?+2b3 Tan[c +d x]

ﬁ al/3

]

(2 (2 a3 p-4a3’73p’/3 - a°/3p3 - a3 b13/3) Ar‘cTan[

(33 a2b?? (a2 +b?)%d) +
(2 (2311/3 b+4al/3p7/3_35/3p3 4 gl/3 b13/3) Log[a1/3+b1/3 Tan[c +dx] ”/(9 a2 p2/3 (a2+b2>2d) _

ilog[1+Tan[c+dx]2] ilog[l+Tan[c+dx]?2]
N _

4(a-ib)?d 4(a+ib)?d

< (2 a11/3 b+4a a7/3 b7/3 _ a5/3 b3 + a1/3 b13/3> Log[a2/3 _ a1/3 b1/3 Tan [C +d X} + b2/3 Tan [C +d X] 2] ) /

2ablogla+bTan[c+dx]3| ab+b2Tan[c+dx] -abTan[c+dx]2
- +

(9a%b%2 (a?+ b2)*d)
3(a2+b2)2d 3a (a?+b?)d(a+bTan[c+dx]3)

Problem 387: Result unnecessarily involves imaginary or complex numbers.

J\/a+bTan[c+dx]4 dx

Optimal (type 4, 650 leaves, 8 steps):
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\Va+b ArcTan|fab Tanfcedx)
[w/a+bTan[c+dx]4 ] A/b Tan[c +dx] \/a+bTan[c+dx]4
.

2d d(\/?+\/FTan[c+dx]2

b4 Tan[c + d x] ]

a4 b'/* EllipticE |2 ArcTan|
a1/4 2

]

+

4
(\/?+\/FTan[c+dx}2) ( arbTanfc+dx] )2 /(d\/a+bTan[c+dx]4
Va +4/b Tan[c+dx]2

bl/4 Tan[c + d x]

al/4

(\/;—\/F) pl/4 EllipticF[ZAr‘cTan[ }, 1] ('\/;+\/FTan[c+dX]2)
2

a+bTan[c+dx]*

(\/?+\/FTan[c+dx]2)2

/(Zal/“d\/aerTan[c+dx14

b4 Tan[c + d x]

al/4

b'/* (a+b) EllipticF [2ArcTan|

1 2
] ;} (\E+WTan[c+dx] )

+

a+bTan[c+dx]* /(231/4(\/?_\/F>dJa+bTan[c+dX]4
(\/?+\/FTan[c+dX]2)2

b4 Tan[c + d x] 1

e
-, 2ArcTan]| ], =]
4~/a /b al/4 2

(Va ++/b ) (a+b) EllipticPi[-

(\/?+\/3Tan[c+dx}z) a+bTan[c+dx]* /
(\/?+\/FTan[c+dx12)2

(4a1/4 (\/?—\/F) bl/“d\/a+bTan[c+dx]4

Result (type 4, 219leaves):
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Va /b EllipticE[i ArcSinh| Tan[c+dx] |, -1] +

Va

(\/?—i\/?) -V/b EllipticF[i ArcSinh| ivb Tan[c+dx] |, -1] +
Va
(—1‘1\/?+\/F) EllipticPi[—jﬁ, i ArcSinh| i Vb Tan[c+dx] |, -1]
/b VT

a .
\/1+M / \/1\/F d\/a+bTan[c+dx}4
a

Va

Problem 388: Result unnecessarily involves imaginary or complex numbers.

1
J dx
\/aerTan[Cerx]4

Optimal (type 4, 348 leaves, 4 steps):

Va+b Tanf[c+dx]
Ar‘cTan{ \/a+b Tan[c+dx

a+bTan[c+d x]*

2+a+b d

b4 Tan[c + d x]

al/4

b/* EllipticF[2ArcTan|

|, 2] (Va +/b Tan[c+dx)?)
2

+

a+bTan[c+dx]* /(231/4(\/?_W)d\/a+bTan[C+dX]4
(\/?+\/FTan[c+dX]2)2

b4 Tan[c + d x] 1

(Va -vb )
-, 2ArcTan| 1> =]
4~/a b al/4 2

(VVa ++/b | EllipticPi|-

(\E+\/FTan[c+dx}2) a+bTan[c+dx]* /
(\/?+\/FTan[c+dx}2)2

434 [Va Vb | b *d[a b Tan(c s dx)?

Result (type 4, 106 leaves):
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' i Vb bT dx]*
- jElliptiCPi[—lﬁ,iAPCsinh[ ivh Tan[c+dx]], -1] 1+M/
Vb Va a

[1W

d\/a+bTan[c+dx]4

Va

Problem 389: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTan [x]3+/a+bTan[x]* dx

Optimal (type 3, 103 leaves, 8 steps):
(a+2b) ArcTanh [ M]

a+b Tan[x]*

4+/b
1
—+a+b Ar‘cTanh[
2

+

B 2
a-bTan[x] }_1<2—Tan[x}2> a+bTan[x]*
4

a+b rJa+bTan[x]*

Result (type 4, 107 023 leaves) : Display of huge result suppressed!

Problem 390: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTan [x]\/a+bTan[x]* dx

Optimal (type 3, 90leaves, 8steps):
2 _ 2
—l\/FAr‘cTanh[M}—l\/a+b ArcTanh | a-bTan[x] ]+lx/a+bTan[x}4
2 2

a+bTan[x]* a+b r/a+bTan[x]* 2

Result (type 4, 84 341 leaves) : Display of huge result suppressed!

Problem 392: Result unnecessarily involves imaginary or complex numbers.
JTan[x]zx/aerTan[x]4 dx

Optimal (type 4, 643 leaves, 12 steps):
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\Va+b Tan[x]

a+bTan[x]*

—l\/a+b ArcTan | |+
2

b T bT 4
L ranpx yfarbTan(s - Lo Tenbd VarbTanig® 1

3 \Ja +4/b Tan[x]? a+bTan[x]*

b4 Tan[x]
al/4

1 a+bTan[x]*

1, =] (V?+\/FTan[x]2) +
2 (\/?+\/?Tan[x]2)2

a'/* b4 EllipticE[2 ArcTan|

b4 Tan[x]

a**EllipticF[2ArcTan|
al/a

1 a+bTan[x]*
» —| [Va ++/b Tan[x]?
) 2]( o o ) (Va +4/b Tan[xlz)2 /

bl/4 Tan [x]

- (\/?7\/3) b/* EllipticF[2ArcTan| B
g1/4

(3 bl/4+/a+bTan[x]*

N |

a+bTan[x]*

(\/? ++/b Tan [x]z)

+

(\EJr\/FTan[x]z) 5 /(Zal/4 a+bTan[x]*

bl/4 Tan [x]

b'/* (a+b) EllipticF[2ArcTan| L
a

], %] (Va +/b Tan[x?]

a+bTan[x]*

(\/; ++/b Tan[x] 2)

; /(231/4(\/?7\5) a+bTan[x]*

(\E*\m)z b1/4Tan[X}
", 2ArcTan|

(Va ++/b ) (a+b) EllipticPi[- —],
43 Vb al/4

]

N |

4

(\/?Jr\/FTan[x]z) a+bTan[x]

/(4a1/4 (\/;—W) bl/4+/a+bTan[x]*
(\/?Jr\mTan[x]z)z

Result (type 4, 1188 leaves):

\/3a+3b+4aCos[2x} -4bCos[2x] +aCos[4x] +bCos[4Xx] ( 1 Tan [x]

-—Sin[2x] +
3+4Cos[2x] +Cos[4Xx] 2 3

3a+3b+4acCos[2x] -4bCos[2x] +aCos[4x] +bCos[4Xx]
a
3+4Cos[2x] +Cos[4X]

(19a+6b+13aCos[2x] -3bCos[2x] +6aCos[4x] -6bCos[4x] +
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3aCos[6x] +3bCos[6x]) (1+Tan[x]?)

\/\/?—Ji\/FTan[x]z

Va
i Vb T 2 bT 4 i+b i /b
Va rib Tan(x)? fasbTanix)® [y EVE Ly (IR s
Va a a Ja
: i Vb bT 4
BjaEllipticPi[—l\/?, i ArcSinh| ivh Tan[x]], -1] L bTanix]®
Vb Va a
' i Vb bT 4
3jbEllipticPi[—1\/?, i ArcSinh| iVb Tan[x] ], -1] , pTanix]”
Vb Va a
] i b bT 4
3iaEllipticPi[—1\/?, i ArcSinh| b Tan(x]]|, -1] Tan[x]? |1+ an(x}*
Vb Va a
I i b bT 4
3jbE111pticPi[-lﬁ, i ArcSinh| iVo Tan[x]], -1] Tan[x]? |1+ an(x]*
Vb Va a
L Vb bT 4
BﬁWEllipticE[jArcSinh[ ib Tan[x] |, -1] (1+Tan[x]?) . an[x] .
Va a

(-2ia+3+/a Vb -3ib) EllipticF[i ArcSinh| | jj_? Tan(x]], -1]
a

4
(1+Tan[x]?) 1+m% /

i

Va

6

(3a+3b+4aCos[2x] -4bCos[2x] +aCos[4x] +bCos[4x])

a?Sec[x]2-a?Sec[x]?Tan[x]2-2a%Sec[x]?Tan[x]*+4abSec[x]?Tan[x]*+

2abSec[x]?Tan[x]®-2abSec[x]?Tan[x]®+3b%Sec[x]2Tan[x]®+3b%2Sec[x]?Tan[x]® -

3a2Sec[x]2 Va -i+/b Tan[x]? Va +i+/b Tan[x]2 a+bTan[x]*
Va Va

+
a

3a25ec[x}2Tan[x]2\/\/?].L\m-raﬂ[x]2 \/\EJrJ'lWTan[X]Z \/a+bTan[x]4

Va Va

a
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9abSec[x12Tan[x]4\/\/?_JILVFT""”[X]2 \/\/;Hi\/FTan[X]Z \/a+bTan[x]4 )

Va Va a
3abSec[x]?Tan[x]® Va -i+b Tan[x]2 |+a +i+b Tan[x]2 |a+bTan[x]*
Va Va a

Problem 393: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTan [x]? (a+bTan[x]*) 32 9x

Optimal (type 3, 148 leaves, 9steps):
(3a%?+12ab+8b?) ArcTanh [ T |

bT 4 1
abTanbd’ = (a+b)*?ArcTanh]
16 Vb 2 a+b +/a+bTan[x]*

a-bTan[x]? ]

E (8 (a+b) - (3a+4b) Tan[x]?) +/a+bTan[x]* L (4-3Tan[x]?) (a+bTan[x]*)>"?
16 24

Result (type 4, 168 354 leaves) : Display of huge result suppressed!

Problem 394: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JTan [x] (a+bTan[x]*) 32 9x

Optimal (type 3, 126 leaves, 9 steps):

? _ 2
,lx/F (3a+2b) ArcTanh[M] _ 1 <a+b)3/2ArcTanh[ a-bTan[x] ] X
4 a+bTan[x]* 2 . —
= (2 (a+b) -bTan[x]?) r/a+bTan[x]* L (a+bTan[x]4)?
4 6

Result (type 4, 145479 leaves) : Display of huge result suppressed!

Problem 396: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[x]3
J$ iy
a+bTan[x]*

Optimal (type 3, 74 leaves, 7 steps):
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Ar‘cTanh[M] ArcTanh[Mz—

A/ a+bTan[x]* +a+b ~/a+bTan[x]*
+
2 \/F 2+a+b

Result (type 4, 60266 leaves) : Display of huge result suppressed!

Problem 397: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J Tan[x]

————dx
a+bTan[x]*

Optimal (type 3, 41leaves, 4 steps):
ArcTanh [ —=2-2Tanbd= :

v a+b ~/a+bTan[x]*
2+a+b

Result (type 4, 38152 leaves): Display of huge result suppressed!

Problem 399: Result unnecessarily involves imaginary or complex numbers.
2
J Tan[x] n
a+bTan[x]*
Optimal (type 4, 291 leaves, 4 steps):
Ar‘cTan[ /a+b Tan[x ]

a+b Tan[x]*

2+a+b
1/4 4
a1/4EllipticF[ZArcTan[bT%m}, 1] (ﬁ+WTan[X]z) a+bTan[x] 2 /
2" 2 (\a + /b Tan(x)?)

(2 (\E—\/F) bl/4+/a+bTan[x]*

(\/;—'\/F)Z b1/4Tan[X]
T, ZAPcTan[i

(Va ++/b | EllipticPi[-
4\/;\/F a1/4

], %] (\/?+\/FTan[x]2)

a+bTan[x]*

(\/?-%—\/FT&I’][X}Z)Z

/(431/4 (x/?—\/F) b4 +/a+bTan[x]*

Result (type 4, 122 leaves):
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W |
~| |4 |E11ipticF[i Arcsinh[ | - Tan(x]], -1] - EllipticpPi[- -,
Vv /b

4 .
Vb 1+M / ib rJa+bTan[x]*
Va

i ArcSinh|

Tan(x] |, -1]

\/? a

Problem 400: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

3
J Tan [x] dx

(a+bTan[x]4)>?

Optimal (type 3, 71leaves, 6 steps):
ArcTanh[g—a’bTa” x]?

vJ/a+b +/a+bTan[x]* 1-Tan[x]?

2 (a+b)3/2

2 (a+b)+/a+bTan[x]*
Result (type 4, 61650 leaves): Display of huge result suppressed!

Problem 401: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[x]
J dx
(a+ bTan[x}“)”2
Optimal (type 3, 74 leaves, 6 steps):
ArcTanh [ —=2-2Tanbd :

Va+b \/a+bTan[x]* a+bTan[x]?
+

2 (a+b)*? 2a(a+b)+/a+bTan[x]*

Result (type 4, 61670 leaves) : Display of huge result suppressed!

Problem 403: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Tan[x]3
dx
J( 5/2

a+bTan[x]*)

Optimal (type 3, 109 leaves, 7 steps):

Ar‘cTanh[Mz—
va+b ~/arbTan[x]* 1-Tan[x]? 3a+ (—2a+b) Tan[x]?

2 (a+b)™? 6 (a+b) (a+bTan[x]*)*? 6a(a+b)2 a+bTan[x]*
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Result (type 4, 38433 leaves): Display of huge result suppressed!

Problem 404: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

j Tan[x] dx

(a+bTan[x]4)>'?

Optimal (type 3, 117 leaves, 7 steps):
Ar‘cTanh[gu—a’bTan X

\a+b +/a+bTan[x]* a+bTan[x]? 3a’+b <53+2b) Tan[x]?
- + +
2 (a+b)®? 6a(a+b] (a+bTan(x]*)** a2 (5. 4)2.[a b Tan(x)

Result (type 4, 38453 leaves): Display of huge result suppressed!

Problem 408: Result unnecessarily involves imaginary or complex numbers.

(dTanfe+fx])"
J dx

a+bycTan[e + fx]
Optimal (type 5, 460 leaves, 14 steps):

cTan[e +fx
[a (az -b%4/-c? ) Hypergeometric2F1[1, 1+m, 2+m, - #]
2

Tan[e+fx] (dTan[e+fx])"

/(2 (a*+b*c?) £ (1em)) +

cTan[e + f X]

]

(a [az +b%2/-c? ] Hypergeometric2F1 [1, 1+m, 2+m,

_c?

Tan[e+fx] (dTan[e+fx])"

/(2 (a*+b*c?) £ (2em)) +
b+ cTan[e + fx]

a

]

{b“ c? Hypergeometric2F1 [1, 2 (1 +m), 3+2m, -

Tan[e+fx] (dTan[e+fx])"

/(a (a*+b*c?) £ (1+m)) -

cTan[e + f x]

]

(b (az—b2 A\ -c? ] Hypergeometric2F1|1, 1 (3+2m), 1 (5+2m), -

2 2 —
(cTan[e+fx1>3/2 (dTan[e+fx])" / (c (a*+b%c2) £ (3+2m)) -
(b [az+b2 A/ - c? ] Hypergeometric2F1[1, 1 (3+2m), 1 (5+2m), M]
2 2 —

(cTan[e+fx])3? (dTan[e+Fx])m]/ (c (a*+b*c) £ (3+2m))

Result (type 5, 557 leaves):
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ézb\/cTan[eJﬂCx] (dTan[e+fx])"

f (1+2m)
1 ) 1 1 1 i
—Hyper‘geometr‘lczFl[—— -m, -—-m, —-m, -
-21ia%?-2b%c 2 2 2 -i+Tan[e +fx]
1
Tan[e + f X] m 1
-
-1+ Tan[e+ fx] 2ia’-2b%c
, 1 1 1 i Tan[e+fx] | 5"
Hyper‘geometr‘1c2F1[———m, -—-m, —-m, ( +
2 2 2 i+ Tan[e +f x] i+ Tan[e + f X]
) 1 1 1 a2
- Hypergeometric2F1[- = -m, -~ -m, —-m, - - ]
24— ib2¢c 2 2 2 bzc(—a—+Tan[e+fx})
b%c b2 c
1

Tan[e + f x]

2

-2~ +Tan[e+ fx] fm
b%c
Hypergeometric2F1[-m, -m, 1-m, - —————] (_.Tan erfx] | M
a (d Tan[e + f Xx] )"' -i+Tan[e+f x] —i+Tan[e+f x]
-2ia?-2b%c
s _ _ _ i Tan[e+f x] -m
Hypergeometr1c2F1[ m, -m, 1-m, i+Tan[e+f x] ] (1’1+Tan[e+fx] ) 1
2i1a%?-2b’c baz_“erzc
C
-m
i a? Tan[e + f x]
Hypergeometric2F1[-m, -m, 1-m, - . Z
bzc(_b2—+Tan[e+fx]) —bj—+Tan[e+fx]
c c

Problem 421: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(dCot[eﬂcx])m (bTan[e+fx]?)Pdx

Optimal (type 5, 78 leaves, 4 steps):
1

f(l-m+2p)

(d Cot[e +fx])"Hypergeometric2F1|1,

N |

(1-m+2p), 1 (3-m+2p), -Tan[e+fx]?]
2
Tan[e+fx] (bTan[e+fx]?)°

Result (type 6, 3103 leaves):

2 eZpLog[Cot[e+fx]]+2pLog[Tan[e+fx]] (_3 fm=2 p)
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1 m 3 m 1 2 1 2
AppellFl[;—Eer, -m+2p, 1, ;—ngp, Tan[; (e+fx)]7, —Tan[£<e+fx)] ]
]

(e+fx)| Cot[e+fx]"2P (dCotfe+Fx])" (bTan[eﬂcx]Z)p)/

N |

Cos[i (e+FxH2Cot[

(e+1:x)]2,

N |

3 m 5 m
f(-1+m-2p) |2AppellF1[=- —+p, -m+2p, 2, — - —+p, Tan|
2 2 2 2

1 2 3 m 5 m
~Tan[~ (e+fx)]"] +2 (m-2p) AppellF1[=~ - —+p,1-m+2p, 1, =~ —+p,
2 2 2 2 2

Tan[l(erFtz,—Tan[l(e+fx)]2}+(—3+m—2p)Appe11F1[l—m+p,
2 2 2 2
3 m 1 2 1 2 1 2
m+2p, 1, - “ip, Tan[ = (e+fx)]%, ~Tan[= (e« f Cot[= (e+f
m+2p A 2+p an[z(e+ XH an[2<e+ x)]] o[2<e+ x)])

Llefx)]’

1 m 3 m
([2 (-3+m-2p) AppellFl|[ = - —+p, -m+2p, 1, —- —+p, Tan|
2 2 2 2 2

(e+'Fx)]2Cot[e+-Fx]'"Tan[e+Fx]2'°]/[ 1+m-2p)

—Tan[l(eﬂcx)]z}Cos[ (-
1
2

2

N |

3 m 5 m 2 2
(2Appe11F1[7—7+p,—m+2p,2,7—7+p,Tan[ (e+fx) ], -Tan[= (e+fx)]"] +
2 2 2 2

s N R

3 m 5 1 2
2 (m-2p) AppellF1[= - ~+p,1-m+2p, 1, —- —+p, Tan[~ (e+Fx)]",
2 2 2 2 2
1 2 1 m
~Tan[ = (e+fx) ||+ (-3+m-2p) AppellFl[g—ngp, -m+2p, 1,
2
3 m 1 2 1 2 1 2
S ip,Tan[= (e+Fx)]%, -Tan[= (e+f Cot[= (e+f
A 2+p an[z(e+ x) | an[z(e+ x)]7] 0[2(e+ x)])]+
1 m 3 m 1 2
((—3+m—2p) AppellF1[ = - —+p, -m+2p, 1, —- —+p, Tan[= (e+fx) ]|,
2 2 2 2

2
—Tan[l(e+fx)]2}Cot[l(e+-Fx)]2Cot[e+fx]"‘Tan[e+fx]2p]/[(—1+m—2p)
2 2
3 m 5 m 1 2 1 2
(2AppellF1[———+p, -m+2p,2, —-—+p,Tan[= (e+fx) |, -Tan[= (e+Fx)| | +
2 2 2 2 2 2
3

m 5 m 1 2
2 (m-2p) AppellF1[=- —+p,1-m+2p, 1, —- —+p, Tan[= (e+fx) ]|,
2 2 2 2

)
1
2

2
~Tan| (e+Fx)]2]+(—3+m—2p)Appe11F1[l—m+p,—m+2p,1,
2 2
372+p,Tan[§(e+-FxH2,—Tan[%(e+fx)]2]Cot[§(e+fx)]2)]—
{2(—3+m—2p)Cos[1(e+fx)]2Cot[l(e+foCot[e+fx}'"
2 2
1 1 m 3 m 5 m 1 2
- [*—*er] AppellF1[=- —+p, -m+2p, 2, —- —+p, Tan| = (e+fx)]",
i_g.;.p 2 2 2 2 2 2 2
_Tan[i(e+fx>]2}5ec[§(e+fx)]2Tan[§(e+fx)]+2_:};+p(§—g+p]
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3 m 5 m 1 2
(-m+2p) AppellF1[ = - —~+p, 1-m+2p, 1, —- —+p, Tan[ = (e+fx)]",
2 2 2 2 2
1 2 1 2 1
~Tan| = (e+fx) | | sec[= (e+fx)] Tan[= (e+fXx)] Tan[e+-Fx]2p/
2 2 2
(-1+m-2p) 2AppellF1[i—T+p, -m+2p, Z,E—m+p,Tan[l(e+-FxH2,
2 2 2 2 2
1 2 3 m 5 m
~Tan|[= (e+Fx) | | +2 (m-2p) AppellF1[= - ~+p, 1-m+2p, 1, —- —+p,
2 2 2 2 2
Tan[l(e+fx)]2,—Tan[l(e+fx)]2]+(—3+m—2p)Appe11F1[l—m+p,—m+2
2 2 2 2
P, l,z—g+p, Tan[%(eﬂcx)]z, —Tan{%(e+Fx)]2]Cot{%(e+Fx)]2) +

1 m 3 m 1 2
[2 (-3+m-2p) AppellF1|[~ - —+p, -m+2p, 1, —- —+p, Tan[ = (e+Ffx) |,
2 2 2 2 2

(e+fx)]2Cot[ (e+fx)] Cotie+fx]™

N |

—Tan[% (e+fx)]2} Cos|

N R N (R

m 3 m 1 2
[—(—3+m—2p) AppellF1[ = - —+p, -m+2p, 1, —- —+p, Tan[ = (e+fx) ],
2 2 2 2

—Tan[l(e+fx)]2]C0t[l(e+-Fx)]Csc[E(e+fx)}2+(—3+m—2p)
2 2 2
1 2 1 1 m 3 m 5 m
Cot[ = (e+fx)| |- [—7—+p]AppellF1[—f—+p,7m+2p,2,—7—+p,
2 %_%+p 2 2 2 2 2 2
Tan[l(e+-FxH2,—Tan[l(e+fx)]2]5ec[1(e+-Fx)]2Tan[l(e+FxH+
2 2 2 2
1 1 m 3 m 5 m
(*—*+p) (—m+2p)AppellF1[f—7+p,1—m+2p,1,7—7+p,
2onpla 2 2 2 2 2

Tan{l (e+1cx)]2, —Tan[l (e+fx)}2} Sec[l (e+-FxH2Tan[l (e+fx) ]|+

2 2 2 2
1 3 m 5 m 7 m
2 —72(777+p)AppellF1{*—*+p,—m+2p, 3, — - —+p,
s_mLp 2 2 2 2 2 2
2 2
Tan[l(e+fx”2,—Tan[l(e+Fx)]2]Sec[l(e+Fx)]2Tan[l(e+-FxH+
2 2 2 2
1 3 m 5 m 7 m
(———+p) (-m+2p) AppellF1[=- —+p, 1-m+2p, 2, —- —+p,
E,%er 2 2 2 2 2 2
Tan[ = (e+fx) | ,—Tan[—(e+fx”2} Sec[l(e+fx”2Tan[—<e+fx)] +
2 2 2 2

1 3 m 5 m 7
2 (m-2p) - [;—g+p)AppellF1[£—;+p,1—m+2p,2,5—7+p,
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Tan[l(e+fx”2,—Tan[l(e+fx)]2]5ec[l(e+fx)]2Tan[l(e+-FxH+
2 2 2 2
1 3 m 5 m 7 m
(———+p) (1-m+2p) AppellF1[=- —+p, 2-m+2p, 1, —- —+p,
sonipla 2 2 2 2 2

3 m
Tan[e + f x]2P /((1+m2p) (2AppellF1[———+p, -m+2p, 2,
2 2

3_2+P:Tmﬂ%(e+fx)r"Tmﬁi(e+fxﬂz}+
3
2 (m-2p) AppellF1 [=

m 5 m 2
- —+p,1-m+2p,1, —-—+p, Tan[ = (e+fx) ]|,
2 2 2

N |

2

2
1 1 m
~Tan[ = (e+fx) ||+ (-3+m-2p) AppellFl[;—;er, -m+2p, 1,
2

3 m
= - —+p, Tan|
2

A (e+1:x)]2, ~Tan|

(e+x)]’] cot|

N |
N |

N |

2

(e+fx”2]]—
1 m 3 m 1 2
(4(73+m72p)pAppellFl[;7—+p, -m+2p, 1, ;7;+p, Tan[; (e+fx)],

—Tan[i (e+fx)]2} Cos|

Cot[e+Fx}mSec[e+fx]2Tan[e+-Fx]*1*2P)/ [(71+m72p)

2
%(e+fxﬂzcmq§(e+fxﬂ

3 m 5 m 1 2 1 2
(2AppellF1[———+p, -m+2p, 2, —-—+p,Tan[= (e+fx)|", -Tan[= (e+Fx)| | +
2 2 2 2 2 2

m 5 m 1 2
- —+p,1-m+2p, 1, —-—+p, Tan[ = (e+fx)],
2 2 2 2

2

m
(e+fx)]"]+ (-3+m-2p) AppellF1| —E+p, -m+2p, 1,

<e++@]j]+

3 m 1 2
+p, -m+2p, 1, —-—+p, Tan[ = (e+fx)]",
2 2 2 2
(

gngrp, Tan[1 (e+-FxH2, -Tan]|

1
2
A ]

(e+Fx) 2] Cot |

N |
N |

1 m
(Zm (-3+m-2p) AppellFl[g—f

—Tan[% (e+fx)]2} Cos|

Cot[e+Fx1'“Csc[e+-Fx}2Tan[e+fx11*2p]/ ((—1+m—2p)

e+-Fx)]2Cot[§ (e+-Fx)]

N |

3 m 5 m 1 2 1 2
(ZAppellFl[—f—er, -m+2p, 2, —-—+p,Tan[= (e+fx) |, -Tan[= (e+Fx)| | +
2 2 2 2 2 2

3 m 5 m 1 2
2 (m-2p) AppellF1[=- —+p,1-m+2p, 1, —- —+p, Tan[= (e+fx) ]|,
2 2 2 2 2
]

—Tan{l (e+1°x)]2 +(-3+m-2p) AppellFl[l—E+p, -m+2p, 1,
2 2 2
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3

;_g+p, Tan| (e+-FxH2, ~Tan| <e+fx)]2] Cot |

N |
N |

ol

Problem 422: Result more than twice size of optimal antiderivative.

N |

J(dCot[ewa])m (a+bTan[e+fx]2)Pdx

Optimal (type 6, 107 leaves, 4 steps):

1 1-m 3-m , bTan[e+fx]?
7AppellF1[7, 1, -p, ——, -Tan[e+fx]%, - ———
f(1-m) 2 2 a

bTan[e+fx]?2

]

-p
(dCot[e+fx])"Tan[e+fx] (a+bTan[e+fx]*)" |1+

a

Result (type 6, 2256 leaves):

1-m 3-m bTan[e + f x]? 5
a (-3+m) AppellF1[—, -p, 1, , - , -Tan[e+fx]?]
2 2 a

Cot[e+fx]>™ (dCot[e+fx])"Sin[e+fx]? (a+bTan[e+~Fx]2)2p]/

3-m 5-m bTan[e+fx]?2 5
f(-1+m) |-2bpAppellF1[——, 1-p, 1, , - , ~Tan[e+fx]?] +
2 2 a

3-m 5-m bTan[e + fx]? 5
2aAppellFl[——, -p, 2, , - , ~Tan[e+fx]?] +
2 2 a

1-m 3-m bTan[e + f x]? , 5
a(-3+m) AppellFl[——, -p, 1, , - , -Tan[e+ fx]?| Cot[e + fx]
2 2 a

1-m 3-m bTan[e + fx]? 5
-||2ab (-3 +m) pAppellF1|—, -p, 1, , - , ~Tan[e +fx]?]
2 2 a

Cot[e+fx]™ (a+bTan[e+Fx]2)1*p]/ [(1+m>

3-m
-2bpAppellFl[—,
2

5-m bTan[e + fx]? 5 3-m
1-p,1, > - , —Tan[e + f x] }+2aAppellF1[7,
2 a 2
5-m bTan[e+fx]? 5
-p, 2, y - , -Tan[e+fx]2] +a (-3 +m) AppellF1|
2 a
1-m 3-m bTan[e + fx]? 5 5
> -p, 1, y - , -Tan[e +fx]2] Cot[e +fX]
2 2 a

J+
_ _ 2

(a (-3+m) (3+m) AppellFl[lJ, -p, 1, 3 m’ _bTanfefx] , -Tan[e+fx]?]
2 2 a

Cot[e +fx]2™ (a+bTan[e+Fx]2)p]/

3-m 5-m bTan[e + f x]? 5
-2bpAppellF1[~—, 1-p, 1, , - , ~Tan[e+ fx]2] +
2 2 a

“1+m)

3-m 5-m bTan[e + fx]? 5
2aAppellF1[~——, -p, 2, , - , -Tan[e+fx]?] +a (-3+m)
2 2 a




Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 249

1-m 3-m bTan[e + fx]?2 5 5
AppellF1[——, -p, 1, , - , -Tan[e + fx]?] Cot[e + fx] -
2 2 a
1-m 3-m bTan[e + fx]? 5
2a (-3+m) AppellFl| —, -p, 1, , - , ~Tan[e +fx]?]
2 2 a

Cos[e+fx] Cot[e+fx]*>"Sin[e+fx] (a+bTan[e+fx]?)”

[(—1+m)

/

3- 5-m bTan[e+ fx]?
-2bpAppellF1[——, 1-p, 1, , -
2 2

, ~Tan[e + fx]2] +
a

3-m 5-m bTan[e +fx]2
2 aAppellFl[——, -p, 2, s -
2

, -Tan[e+fx]?] +a (-3+m)
a

1-m 3-m bTan[e + f x]?
AppellFl[T, -p, 1, - -

, -Tan[e + fx]?] Cot[e +fx]?
a

)

1
a(-3+m) Cot[e+Ffx]>"Sin[e+fx]> | ————2b (1-m) pAppellF1[1+
a(3-m 2
3-m bTan[e+fx]2
1-p,1,1+ y ~

, ~Tan[e+fx]?| Secle+fx]?Tan[e+fx] -
2 a

1
3-m

1-m 3-m bTan[e+fx]?2 5
2 (1-m) AppellF1[1+ y -p, 2,1+ , - , ~Tan[e +fx]?]
2 2

a
3- 5-m bTan[e + f x]?
2prppellF1[ N ,1-p, 1, , -

Sec[e+fx]?Tan[e + fx]

“1+m)

3-m 5-m bTan[e + f x]?
2aAppellF1[7, -p, 2, 5 -
2

(a+bTan[e+fx]?)P

, ~Tan[e+fx]2] +
a

B —Tan[e+fx}2} +a (—3+m>
a

1-m 3-m bTan[e+ fx]?
AppellFl[T, -p, 1, S

, -Tan[e+ fx]?| Cot[e+Fx]?|| +
a

1-m 3-m bTan[e + fx]?
a (-3+m) AppellF1[—, -p, 1, , -
2 2

, ~Tan[e + fx]2]
a

Cot[e+fx]>MSinf[e+fx]? (a+bTan e+fx]?)P

1- 3-m bTan[e + f x]?
-2a (-3+m) AppellF1| , -p, 1, , -
2 2

, ~Tan[e +fx]?]
a

Cot[e+fx]Cscle+fx]?+a (-3+m) Cotle+fx]?

3-m bTan[e + fx]?
, -

k]
2 a

2b (1-m) pAppellF1[1+ ,1-p, 1,1+

~Tan[e + fx]?]| Sec[e+fx]?Tan[e+fx] -

2 (1-m) AppellF1[1+

>

3-m 2
3-m bTan[e + fx]?
, -

-p, 2, 1+ , -Tan[e+fx]2| Sec[e+fx]?Tan[e+fx] | -
2 a

5-m bTan[e + fx]?
2bp |- 2 (3-m) AppellF1|1+ ,1-p, 2,1+

y -

5-m

a
-Tan[e+ fx]?| Sec[e+fx]?Tan[e + fx] 7#% (3-m) (1-p)

a(5-m
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5-m bTan[e + fx]? 5
,2-p, 1,1+ > — , —Tan[e + f x] ]
2 a

AppellF1[1 +

Sec[e+fx]%?Tan[e + fx]

1
+2a (Zb (3-m)p
a (5-m)
5-m bTan[e + fx]? 5
, - , -Tan[e +fx]?]
a

3-m
AppellF1[1+ ——, 1-p, 2, 1+
2

Sec[e+fx]2Tan[e+ fx] - 4 (3-m) AppellF1[1 +
5-m 2
5-m bTan[e + f x]? , 5
1+ s - , —Tan[e + f x] ]Sec[e+-Fx] Tan[e + f x]
2 a

-P, 3;

3- 5-m bTan[e + fx]? 5
2prppellF1[ N > 1-p,1, - - , —Tan[e + f x] } +
a

5-m bTan[e + fx]? ;
s 5 - , ~Tan[e+fx]2] +
2

Jli

Problem 423: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(—1+m)

3-m
2 aAppellFl[i, -p, 2
2

1-m
a(-3+m) AppellF1[——, -p, 1, s
2
bTan[e+fx]?2 5 5
- ———————, -Tan[e + fx]?] Cot[e+fx]
a

J(dCot[eﬂcx])m (b (cTan[e+fx])")Pdx

Optimal (type 5, 80 leaves, 4 steps):

1

f(l-m+np)

(d Cot[e +fx])"Hypergeometric2F1[1, 1 (1-m+np), 1 (3-m+np), -Tan[e+fx]?]
2 2

Tan[e+fx] (b (cTan[e+fx])")?

Result (type 6, 3282 leaves):

2 enhplog[Cotle+fx]]+nplog[Tan[e+fx]] (_3 +m-n p)

AppellFl{l (1-m+np), -m+np, 1, 1 (3-m+np), Tan[l (e+-FxH2, —Tan[1 (e+fx>]2}
2 2 2 2
Cos{1 (e+-FxH2Co’c[l (e+fx)] Cotle+Ffx]"™"P (dCotle+Ffx])" (b (cTan[e+-Fx])“)p)/
2 2

(f (-1+m-np) |2AppellF1|

1 1 1
= (3-m+np), -m+np, 2, = (5-m+np), Tan[—(e+fx)],
2 2 2
1 2 1 1
~Tan[ = (e+fx) || +2 (m-np) AppellFl[; (3-m+np),1-m+np, 1, N (5-m+np),
2
Tan[l (e+fx”2, —Tan[1 (e+fx>]2} +(-3+m-np) AppellFl[1 (1-m+np),
2 2 2
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-m+np, 1, 1 (3-m+np), Tan[% <e+fx)]2, —Tan{% (e+FxH2]Cot{§ (e+FxH2)

(1-m+np), -m+np, 1, 1 (3-m+np), Tan[1 (e+-FxH2,
2 2

N | =

([2 (-3+m-np) AppellF1]

1 2 1 2
-T — +f C — +f Cot[e+fx]"T +fx]"P
an[2 (e+Fx)]"] os[2 (e+fx) ]| Cot[e+fx]"Tan[e+fx] ]/

N |-

((—1+m—np) 2AppellF1[§ (3-m+np), -m+np, 2, = (5-m+np),

Tan[1 <e+fx>]2, 7Tan[1 (e+fx)]2] +2 (m-np) Appe]_]_Fl[l (37m+np),
2 2

1-m+np, 1, 1 (5-m+np), Tan[l (e+fx”2, —Tan[1 (e+fx)]2} +
2 2 2

1 1
(-3+m-np) AppellF1|[ = (1-m+np), -m+np, 1, = (3-m+np),
2 2
Tan[1 (e+fx)]2, —Tan[l (e+-FX)]2] Cot[1 (e+Fx)]2)] +
2 2 2
((—3+m—np) AppellFl[1 (1-m+np), -m+np, 1, 1 (3-m+np), Tan[1 (e+fx)]2,
2 2 2

(e+fx)]2} Cot | (e+-Fx)]2Cot[e+Fx]"‘Tan[e+-Fx]”P)/

N |

—Tan[

N |

(5-m+np),

N |

1
((—1+m—np) 2AppellF1[£ (3-m+np), -m+np, 2,

Tan[1 (e+fx)]2, —Tan[l (e+-Fx)]2] +2 (m-np) AppellFl[E (3-m+np),
2 2 2
1 1 2 1 2
1-m+np, 1, = (5-m+np), Tan| = (e+fx)]", —Tan[; (e+fx) ]|+
2 2

1 1
(-3+m-np) AppellFl[; (1-m+np), -m+np, 1, N (3-m+np),

Tan[1 (e+fx)]2, —Tan[1 (e+1:x)]2] Cot[1 (e+1:x)]2)] -
2 2 2
(2 (-3+m-np) Cos[1 (e+1‘x)]2Co‘c[l (e+fx)] Cotle+Ffx]m
2 2
1 1 1
(—7(1—m+np) AppellF1[1+ = (1-m+np), -m+np, 2, 1+~ (3-m+np),
3_m+np 2 2
Tan[l (e+-FxH2, —Tan[l (e+fx”2} Sec[1 (eJr-FxHZTan[1 (e+fx)] +
2 2 2 2
1 1
————(-m+np) (1-m+np) AppellF1[1+ = (1-m+np), 1-m+np,
3-m+np 2

1, 1+1 (3-m+np), Tan[1 (e+fx)]2, 7Tan[1 (e+Fx”2}
2 2 2

1 2 1
S — f T — f T fx]nP
ec[z(e+ x)} an[z(e+ x)] anfe + f x] )/

1 1
(-1+m-np) [2AppellF1[ = (3-m+np), -m+np, 2, — (5-m+np),
2 2

Tan[l (e+-Fx)]2, -Tan| (e+1cx)]2] +2 (m-np) AppellFl[l (3-m+np),
2

2

N |
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1-m+np, 1, 1 (5-m+np), Tan[l (e+-FxH2, —Tan[l (e+fx)]2} +
2 2 2

(-3+m-np) AppellF1| (L-m+np), -m+np, 1, 1 (3-m+np),
2

(e+fx)]2)) N

1 1
2 (-3+m-np) AppellFl[g (L-m+np), -m+np, 1, N (3-m+np),

N |

Tan[1 (e+fx)]2, -Tan| (e+fx)]2] Cot |

2

N |
N |

Tan[% (e+FxH2, —Tan[% (e+fx”2} Cos[% (e+-Fx>]2Cot[% (e+-Fx)]

1 1
Cot[e+fx]" |- (-3+m-np) AppellF1[ = (1-m+np), -m+np, 1, = (3-m+np),
2 2

Tan[1 (e+-Fx)]2, —Tan[l (e+fx)]2] Cot[l (e+fx)] Csc[l (e+fx)}2+

2 2 2 2
(-3+m-np) Co’c[1 (e+fx)]2 —;(1—m+np) Appe11F1[1+1 (1-m+np),
2 3-m+np 2
1 1 2 1 2
-m+np, 2,1+ = (3-m+np), Tan[; (e+fx)]", —Tan[; (e+fx)]7]
2

Sec[l (e+1cx)]2Tan[1 (e+fx)] +#(—m+np) (1-m+np)
2 2 3_menp

1 1
AppellF1[1+ = (1-m+np), 1-m+np, 1,1+~ (3-m+np),
2 2

Tan[1 (e+fx)]2, 7Tan[1 (e+fx”2} Sec[1 (e+FxH2Tan[1 (e+fx) ]|+
2 2 2 2
1 1
2|-————2(3-m+np) AppellF1[1+ = (3-m+np), -m+np, 3,
5-m+np 2

1+=(5-m+np), Tan[l (e+fx”2, —Tan[1 (e+fx)]2}
2 2
1

Sec|— (eJr-Fx)]zTan[1 (e+fx)] + ————(-m+np) (3-m+np)
2 5-m+np

N RN |k

1
AppellF1[1+ = (3-m+np), 1-m+np, 2,1+ = (5-m+np),
2

Tan| (e+-Fx)]2,—Tan[ (e+fx)}2}5ec[ (e+-FxH2Tan[ <e+-Fx)] +

N =
N =

1
2

— NPy e

1 1
2(m-np) |-———(3-m+np) Appe11F1[1+; 3-m+np),1-m+np,

m+np

2,1+ (e+fx)]2, -Tan]| (e+-FxH2]

5_
1
- (57m+np),Tan[
2

N |
N |-

(e+1:x)]2Tan[1 (e+fx) ] +#(1—m+np) (3-m+np)

Sec|
2 5-m+np

N |

1 1 1 2
AppellF1[1+ = (3-m+np), 2-m+np, 1,1+~ (5-m+np), Tan[ = (e+fx)]|",
2 2

]Tan[eﬂcx]“p)/

(5-m+np),

—Tan[% (e+fx”2} Sec[% (e+-FxH2Tan[§ (e+fx)]

1
(<1+mnp) 2AppellF1[£ (3-m+np), -m+np, 2,

N | =
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Tan|— (e+fx)]2, —Tan[1 (e+fx”2} +2 (m-np) AppellFl[1 (3-m+np),
2 2 2

1-m+np, 1, 1 (5-m+np), Tan[l <e+fx)]2, —Tan{l (e+1cx)]2] +
2 2 2
(-3+m-np) AppellF1]

N |

(1-m+np), -m+np, 1, i (3-m+np),

Tan[% (e+fx)]2, —Tan[% (e+fx”2} Cot[% (e+fx”2]2] _

1 1
(an (-3+m-np) AppellFl[; (L-m+np), -m+np, 1, N (3-m+np),
Tan[l (e+-FxH2, —Tan[l (e+fx>]2} Cos[1 (e+fx>]2
2 2 2
1

Cot[ =~ (e+fx)| Cot[e+fx]"Sec[e+fx]?Tan[e+fx] *"P
2

/

1 1
[(71+mfnp) 2 AppellF1[ = (3-m+np), -m+np, 2, = (5-m+np),
2

Tan|— (e+-Fx)]2, —Tan[1 (e+fx)]2] +2 (m-np) AppellFl[1 (3-m+np),
2 2 2

1 1 2 1 2
1-m+np, 1, = (5-m+np), Tan[; (e+fx)]", —Tan[; (e+fx)]7]+

(1-m+np), -m+np, 1, % (3-m+np),
(e+-Fx)]2,—Tan[ (e+fx)]2)]+

(L-m+np), -m+np, 1, i (3-m+np),

N

(-3+m-np) AppellF1]

N |

Tan[

N |

(e+£x)]”] cot|

N |
N |

(Zm (-3+m-np) AppellF1]

N |

Tan[% (e+FxH2, —Tan[% (e+fx>]2} Cos[% (e+fx>]2

cOt[1 (e+fx)] cOt[e+fx]'“Csc[e+ij2Tan[e+ij1+”p]/
2
1 1
((—1+m—np) 2 AppellF1[ = (3-m+np), -m+np, 2, — (5-m+np),
2

Tan|— (e+-Fx)]2, —Tan[l (e+fx)]2] +2 (m-np) AppellFl[l (3-m+np),
2 2 2

1-m+np, 1, (5—m+np),Tan[l(e+fo2,—Tan[
2

N |

(e+fx)]°] +

N |

(-3+m-np) AppellF1]

N |

(1-m+np), -m+np, 1,%(37m+np>,

(e+fx)]%, —Tan[% (e+fx)]’] Cot[i (e+f><)]2)])]]

Tan|

N |

Problem 427: Result more than twice size of optimal antiderivative.

JCos[c+dx} (a+bTan[c+dx]?) dx

Optimal (type 3, 28 leaves, 3 steps):
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bArcTanh[Sin[c+dx]] (a-b)Sin[c+dx]
+

d d

Result (type 3, 92 leaves):

bLog[Cos[% (c+dx)] —Sin[% (c+dx)]] bLog[Cos[% (c+dx)] +Sin[% (c+dx)]]
y + y +
aCos[dx]Sin[c] aCos[c]Sin[dx] bSin[c+dx]
. _

d d d

Problem 431: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (a+bTan[c+dx]?) dx

Optimal (type 3, 68 leaves, 3 steps):
aTan[c+dx] (2a+b)Tan[c+dx]® (a+2b)Tan[c+dx]® bTan[c+dx]’

d 3d 5d 7d
Result (type 3, 139leaves):

8aTan[c+dx] 8bTan[c+dx] 4aSec[c+dx]?Tan[c+dx] 4bSec[c+dx]2Tan[c+dx]

+ —

15d 105d 15d le5d

aSec[c+dx]*Tan[c+dx] bSec[c+dx]*Tan[c+dx] bSec[c+dx]®Tan[c+dx]
- +

5d 35d 7d

Problem 432: Result more than twice size of optimal antiderivative.
JSec[c+dx]4 (a+bTan[c+dx]?) dx
Optimal (type 3, 46 leaves, 3 steps):

aTan[c+dx] (a+b)Tan[c+dx]® bTan[c+dx]®
+ +

d 3d 5d

Result (type 3, 95leaves):
2aTan[c +dx] B 2bTan[c+dx] aSec[c+dx]?Tan[c+dx]

+

3d 15d 3d

bSec[c+dx]2Tan[c+dx] bSec[c+dx]*Tan[c+dx]
+

15d 5d

Problem 437: Result more than twice size of optimal antiderivative.

JSec[c+dx13 (a+bTan[c+dx]2)2d1x

Optimal (type 3, 128 leaves, 5 steps):
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(8a?-4ab+b?) ArcTanh[Sin[c+dx]] (8a?-4ab+b?) Sec[c+dx] Tan[c+dx]

+ +
16d 16d
(8a-3b)bSec[c+dx]®Tan[c+dx] bSec[c+dx]® (a- (a-b)Sin[c+dx]?) Tan[c+dXx]
+
24 d 6d

Result (type 3, 327 leaves):

(-8a%+4ab-b?) Log[Cos[i (c+dx)] —Sin[i (c+dx)]]

+

16d
(8a%-4ab+b?) Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]

+

16 d
b2 2ab-b?
+ +
48d (Cos[i (c+dx)] —Sin[i (C+dX>”6 16d (Cos[% (c+dx)] —Sin[i (CerxH)4
8a2-4ab+b? b2

- +
32d (Cos[L (c+dx)]|-sin[X (c+dx)])" 48d(cos[L (c+dx)]+sin[ (c+dx)])"
-2ab+b? -8a’+4ab-b?

+

16d (Cos[i (c+dx)] +Sin[§ (c+dx)”4 32d (Cos[% (c+dx) ] +Sin[§ (c+dx)”2

Problem 439: Result more than twice size of optimal antiderivative.

JCos[c+dx} (a+bTan[c+dx}2)2dlx

Optimal (type 3, 62leaves, 5steps):

(4a—3b)bAr‘cTanh[Sin[c+dx}] (a—b)zsin[c+dx] b2 Sec[c+dx] Tan[c +d X]
+ +

2d d 2d

Result (type 3, 146 leaves):

i -2 (4a-3b) bLog[Cos[i (c+dx)] 7Sin[§ (c+dx)]]+
2(4a—3b)bLog[Cos[%(c+dx>]+Sin[%(c+dx)H+ b? _

(Cos[% (c+dx) ] —Sin[% (c+dx)”2
bZ

(Cos[% (c+dx) ] +Sin[i (C+dx)]>2

+4 (a-b)?sin[c+dx]

Problem 449: Result unnecessarily involves imaginary or complex numbers.

JCos[c+dx]6 (a+bTan[c+dx]2)2d1x

Optimal (type 3, 122 leaves, 5 steps):
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1 5a2+2ab+b?) Cos[c+dx] Sin[c+dx
—(5a2+2ab+b2>x+< ) [ } [ ]+
16 16d
(a-b) (5a+3b) Cos[c+dx]®Sin[c+dx] (a-b)Cos[c+dx]>Sin[c+dx] (a+bTan[c+dx]?)
+
24 d 6d

Result (type 3, 87 leaves):
1 i i .
E(lZ((l—ZJl)a-%—b)<(1+21>a+b) <C+dx)+3(53—b) (3a+b>51n[2(c+dx)]+

3(a-b) (3a+b)sin[4 (c+dx)]+ (a-b)’sin[6 (c+dx)]]

Problem 450: Result more than twice size of optimal antiderivative.

Sec[c+dx]°
J dx

a+bTan[c+dx]?

Optimal (type 3, 90leaves, 5steps):

e i +
(2a—3b) ArcTanh[Sin[c+dx]] (afb)”zAr'cTanh[ = EC o }

Sec[c+dx] Tan[c +d X]
- + +
2b2d \/;bzd 2bd

Result (type 3, 207 leaves):

4I::>de 2 (2a-3b) Log{Cos[% (c+dx)] —Sin[% (c+dx)]]+

2(-2a+3b) Log[Cos[i (c+dx)] +Sin[§ (c+dx)]] -

2 (a-b)*?Log[va -Va-b Sin[c+dx]| 2 (a-b)**Log[/a ++/a-b Sin[c+dx]]

+ +

Va Va

b b

(Cos[i (c+dx)] 7Sin[i (c+dx)])2 (Cos[i (c+dx)] +Sin[i (c+dx)]>2

Problem 451: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J dx

a+bTan[c+dx]?
Optimal (type 3, 59 leaves, 4 steps):

\/HAPcTanh[L[—La’b adn codx ]

ArcTanh[Sin[c +d x]] Ja

bd Va bd
Result (type 3, 136 leaves):
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1
2+/a bd
[—Zx/a_Log[Cos[i (c+dx) ] —Sin[i (c+dx)]] +2\/a_Log[Cos[§ (c+dx) ] +Sin[§ (crdx)]]+

Ja-b (Log[\/;—\/a—b Sin[c+dx]] -Log[+/a +Va-b Sin[c+dx}]))

Problem 462: Result more than twice size of optimal antiderivative.

Sec[c+dx]’
J dx

(a+bTan[c+dx]2)2

Optimal (type 3, 167 leaves, 6 steps):
(4a—5 b) ArcTanh[Sin[c +d x]] (a _b>3/2 (4a+b) Ar‘cTanh[ = f/iaimdx }
- + +
2b3d 2a%2b3d
(a-b) (2a-b) Sin[c+dx] Sec[c+dx] Tan[c +d x]
N

2ab’d (a- (a-b)Sin[c+dx]?) 2bd(a-(a-b)Sin[c+dx]?)

Result (type 3, 343 leaves):
(4a-5b) Log[Cos[i (c+dx)] 7Sin[§ (c+dx)]]

+

2b3d
(-4a+5b) Log[Cos{% (c+dx) ] +Sin[% (c+dx)]]

2b3d
(a-b)*? (4a+b) Log[/a -+/a-b Sin[c+dx]]
423263 d
(4a*-7a2b+2ab?+b?) Log[va ++va-b Sin[c+dx]]

4a%32+/a-b b3d
1 1

+

+

4b%d (Cos[% (c+dx) ] —Sin[% (c+dx)”2 4b%d (Cos[% (c+dx)] +Sin[i (c+dx)])2
-a?sSin[c+dx] +2abSin[c+dx] -b2Sin[c+dXx]

ab?d (-a-b-aCos[2 (c+dx)|+bCos[2 (c+dx)])

Problem 475: Result more than twice size of optimal antiderivative.

J(dSec[eﬂcx])"‘ (a+bTan[e+fx]?)"dx

Optimal (type 6, 108 leaves, 3 steps):

1 1 m 3 , bTan[e+fx]? .
“AppellF1[~, 1-—, -p, =, -Tan[e+fx]?, -————————] (dSec[e+fx])
f 2

2 2 a

(secfe+fx]?) ™?Tan[e+fx] (a+bTanle+fx]2)P 1+

a
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Result (type 6, 2033 leaves):

1 m 3 , bTan[e+fx]?
3aAppellFl[~, 1-—, -p, =, -Tan[e+fx]?, - —]
2 2 2 a

(dsecfe+fx])" (Sec[e+fx]2)’1*2’Tan[e+fx] (a+bTan[e+Fx]2>2p]/

1 m 3 , bTan[e+fx]?
f|3aAppellFl[~,1-—, -p, =, -Tan[e+fx]?, -— ] +
2 2 2 a
3 m 5 , bTan[e+fx]?
2bpAppellFl[~,1-—,1-p, =, -Tan[e+fx]?, - ———
2 2 2

a

} +

3 m 5 , bTan[e+fx]? 5
a(-2+m) AppellFl[ =, 2- —, -p, =, -Tan[e+fx]?, -——————— | | Tan[e + x]
2 2 2 a
1 m 3 , bTan[e+fx]?
6abpAppellF1[~, 1-—, -p, =, -Tan[e+fx]%, - — ]
2 2 2

a

/

1 m 3 , bTan[e+fx]?
3aAppellF1[*, 1-—,-p, =, -Tan[e+fx]", ——} +
2 2 2 a

(Sec[e+-Fx]2)"'/2Tan[e+1“x]2 <a+bTan[e+fx}2)’1*p

3 m 5 , bTan[e+fx]?
2bpAppellFl|[ =, 1-—,1-p, =, -Tan[e+fx]?, -———————| +a (-2+m)
2 2 2 a
3 m 5 , bTan[e+fx]? 5
AppellFl|[ =, 2- =, -p, —, -Tan[e+fx]?, - ———————| | Tan[e + fx]?| +
2 2 2 a
1 m 3 , bTan[e+fx]?
3aAppellFi[~,1-—, -p, =, -Tan[e+fx]?, - — ]
2 2 2 a
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Problem 481: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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2 2

(3+np), Tan|

N |

2

1 (3+np), 1+np, 1, 1 (5+np),Tan[l (e+fx)]2, —Tan[l (e+-FxH2]
2 2 2 2

Tan[l <e+fx)]2J - [4AppellF1[1 (1+np), np, 2, 1 (3+np),
2 2 2



262 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)”~m (a+b (c tan)~n)~p.nb

Tan[%(e+fx)]2:_Tan[l<e+fX)]2] 1+Tan[l(e+'Fx)]2)]/

2 2
(3+np) AppellFl[% (1+np), np, 2, % (3+np), Tan[% <e+fx)]2,

—Tan[l (e+fx>]2} +2 —2AppellF1[l (3+np), np, 3, 1 (5+np),
2 2 2

—

an[l (e+-FxH2, ~Tan| (e+1°x)]2] +npAppe11F1[l (3+np),1+np,
2 2

N |

2, (5+np),Tan[ (e+fx)]2,—Tan[ (e+-FxH2] Tan[

N |

<e+fx)]2) +

(e+fx)]2]]/

NP

1
2
1 1 2
(4AppellF1[f (1+np), np, 3, N (3+np), Tan| (e+fx” , ~Tan|
2

NP N R

[(3+np) AppellFl[% (1+np), np, 3, % (3+np), Tan| <e+fx)]2,
)

N |

1 2 1 1
—Tan[; (e+fx 7] +2 —3Appe11F1[; (3+np), np, 4, N (5+np),

Tan[i (e+-FxH2, -Tan| <e+-Fx)]

N |

1
+npAppellF1[= (3+np), 1+np, 3,
2

]
1
(5+np),Tan[ ;

N |

(e+-FxH2, ~Tan|

(e+fx)]2} Tan[% (e+fx)}2]) +

; 2"° (3+np) Sec[1 (e+fx)]2
(1+np) (1+Tan[§(e+fx”2) 2

Tan[% (e+Fx)]

—1+Tan[i (e+Fx)]2

({AppellFl[l (1+np), np, 1, : (3+np), Tan[1 (e+fx”2,
2 2 2

—Tan[% (e+fx)]2} (1+Tan[% (e+‘FX)]2J2J/
.
)

1 2 1
—Tan[; (e+fx)]7]-2 (AppellFl[; (3+np), np, 2,

( (3+np) AppellF1]

(1+np), np, 1, % (3+np), Tan[ (e+-FxH2,

N |-

(5+np),

N |

Tan[1 (e+fx)]2, —Tan[l (e+‘FX)]2] 7npAppe11F1[1 (3+np), 1+np, 1,
2 2 2

N (5+np), Tan[% <e+fx)]2, —Tan[i (e+-FxH2]J Tan[% <e+fx)]2 -
[4Appe11F1[; (1+np), np, 2, % (3+np), Tan[% (e+fx)]2,
—Tan[% (e+fx)]2} (1+Tan[§ (e+-Fx)]2J]/

(<3+np) AppellFl[l (1+np), np, 2, 1 (3+np), Tan[l (e+-FxH2,
2 2 2

1 2 1 1
—Tan[; (e+fx)]7]+2 (—2AppellF1[; (3+np), np, 3, N (5+np),



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 263

—

an 1 (e+1cx)]2, —Tan[l (e+fx)}2} +npAppe11F1[l (3+np), 1+np,
2

2 2
(e+-FxH2] +

(e++x)ﬁ)/

2, L (5enp), Tan[ L (e €x)]% —Tan[ L (e+£x)]?] | Tan]
2

N[RN[R —
NIR N R

[4AppellF1[ <1+np), np, 3, 1 (3+np), Tan[ (e+1:x)]2, —Tan[
2

N [R N

((3+np) AppellFl[% (1+np), np, 3, % (3+np), Tan| (e+-FxH2,
)

N |

1 2 1 1
—Tan[g(eJr-Fx 7] +2 —3AppellF1[; (3+np), np, 4, N (5+np),

Tan[1 (e+-Fx)]2, —Tan[l (e+fx)}2 JrnpAppellFl[1 (3+np), 1+np, 3,
2 2 2

<e+fx)]2J] .

(e+fx)]2, -Tan|

]
%(em‘x”z] Tan|

1
2

N |

2""Pnp (3+np) Tan[1 (e+fx)]
2

Tan[L (e+fx)] | 77°
:1+Tan[§ (e+fx)]®
Sec[ (e« fx)]*Tan[? (e fx)] Sec[ (e+Fx) ]’
(~1+Tan[2 (e Fx)]?)° 72(—1+Tan[i(e+fx)} )J
({AppellFl[; (1+np),np, 1, % (3+np), Tan[ > (e+£x)]%

2
—Tan[l (e+fx)]2} (1+Tan[% <e+-Fx)]ZJ2J/

2
(<3+np) AppellFl[l (1+np), np, 1, ! (3+np), Tan[l (e+-FxH2,
2 2 2
1 2 1 1
—Tan{g (e+fx)]7]-2 (AppellFl{E (3+np), np, 2, N (5+np),
Tan[l (e+-Fx)]2, —Tan[1 (e+fx)]2] —npAppellFl[l (3+np), 1+np, 1,
2 2 2

(5+np), Tan[i (e+-Fx)]2, —Tan[% (e+-FxH2]J Tan| <e+-Fx)]2 -

1
2

N =

1 1 1
7<1+np),np, 2, g(3+np),Tan[g

[4AppellF1[ (e+Fx)]2,

(1+np), np, 2, % (3+np), Tan[ (e+-Fx”2,

N |

1 2 1 1
—Tan[; (e+Fx "] +2 (—ZAppellFl[g (3+np), np, 3, 5 (5+np),

Tan[1 (e+-Fx)]2, —Tan[l (e+fx)}2} JrnpAppellFl[1 (3+np), 1+np,
2 2 2



264 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)”~m (a+b (c tan)~n)~p.nb

1 1 2 2 1 2
2, = (5+np),Tan[; (e+fx)]", -Tan[= (e+fx)]"] Tan[; (e+fx)] ]+

Ll R Y

[4Appe11F1[% (1+np), np, 3, % (3+np), Tan[ = (e+1°x)]2, _Tan[i (e+fx>}2])/

N

(<3+np) AppellFl[% (1+np), np, 3, % (3+np), Tan[% (e+-FxH2,

-Tan| (e+1°x)]2] +2 —3AppellF1[l (3+np), np, 4, 1 (5+np),
2 2

N |

Tan{1 (e+1:x)]2, —Tan[1 (e+fx)}2} +npAppellF1[1 (3+np), 1+np, 3,
2 2 2

1 (5+np), Tan[% (e+fx)]2, —Tan[i (e+FxH2] Tan[% <e+-Fx)]2J] +

! 21" (3+np) Tan[l<e+fx)]
(1+np) (1+Tan[§(e+¥x”2)3 2

np

{_ Tan[i e+fx) ]

(e+£x)]"]

N |

(e+fx)]2, ~Tan]

/

(e+'FXH2,

N |

1
((ZAppellFl[ (1+np), np, 1, N (3+np), Tan|

N |

Sec| (e+'Fx)]2Tan[% (e+fx)] (1+Tan[§ (e+-FxH2]

N |

1
2
1 2 1

—Tan[; (e+fx)]7]-2 (AppellFl[g (3+np), np, 2,

N |

((3+np) AppellF1| (1+np), np, 1, % (3+np), Tan|

(5+np),

N |

Tan[ > (e £x)]%, ~Tan[ > (e +#x)]*] ~npAppellF1[ > (3+np), 14np, 1,
2 2 2
1 2 1

%(5+np),Tan[§<e+fx)]2, —Tan[;(eJr-FxH ] Tan[;<e+fx)]2 +

(1+np) AppellF1[1+§ (1+np), np, 2,1+%(3+np),

H_3+np

Tan[l(eJrfx)]z,7Tan[1(e+fx”2} Sec[l(e+fx”2Tan[1(e+fx)]+
2 2 2 2

1 1 1
np (1+np) AppellfF1[1+ = (1+np), 1+np, 1,1+~ (3+np),

3+np 2 2

Tan[l(e+fx)]2,—Tan[l(e+fx)]2]Sec[l(e+fx)]2Tan[l(e+fx”
2 2 2 2
1 2)2 1

[1+Tan[*<e+fx)] J ]/ (3+np) AppellFl[; (1+np), np, 1,

2

% (3+np), Tan[% (e+fx)}2, —Tan[i <e+’cx>]2} -

1 1 1 2
2 [AppellFl{E (3+np), np, 2, " (5+np), Tan[; (e+fx)]7,

(5+np),

N |

~Tan| (e+Fx)]2] —npAppellFl[1 (3+np), 1+np, 1,
2

N |



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 265

Tan{% (e+1cx)]2, —Tan[l (e+fx”2})

Tan[l (e+1cx)]2 -
2

1

[4Appe11F1[; (1+np), np, 2,

2
(3+np), Tan|

/

(<3+np) AppellFl[% (1+np), np, 2, % (3+np), Tan[l (e+-FxH2,

2 1 2
(e+fx)]", —Tan[; (e+fx)]7]

S
N R

Sec[% (e+-Fx)]2Tan{§ (e+fx)]

—Tan{1 (e+1:x)]2] +2 (—ZAppellFl[1 (3+np), np, 3, = (5+np),
2 2

-
Q
=}

N |
[0}
+
-+
X
.
|
-
Q
>

N |

(e+Fx) }2} +npAppellFi|

N R NP

(3+np), 1+np,
1 2
(5+np), Tan[; (e+fx” B —Tan[

N |

<e+fx)]2] Tan[1 (e+fx)}2 -
2
1 1
[4 [— 2 (1+np) AppellF1[1+ = (1+np), np, 3,1+ (3+np),
3+np 2

Tan[

N |

(e+-Fx)]2, —Tan[i (e+fx”2} Sec[i (e+-FxH2Tan[ <e+-Fx)] +
1

1 1
np (1+np) AppellF1[1+ = (1+np), 1+np, 2,1+~ (3+np),
3+np 2

N |

Tan[; (e+fx)]2, —Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]

(1+Tan[§ <e+fx)]2] /((3+np) AppellFl[% (1+np), np, 2,
5 (3+np), Tan[% (e+fx)}2, —Tan[i <e+fx)]2} +

2 [—ZAppellFl[i (3+np), np, 3, % (5+np), Tan{% (e+1:x)]2,

1 2 1 1
—Tan[; (e+fx) | }+npAppe11F1{; (3+np), 1+np, 2, N (5+np),
Tan[1 (e+-Fx)]2, —Tan[l (e+fx)}2} Tan[1 (e+-Fx)]2 +
2 2 2

1 1
[4 (— 3 (1+np) AppellFi[1+ = (1+np), np, 4,1+~ (3+np),
3+np 2

Tan[

N |

(e+-Fx)]2, —Tan[i (e+fx”2} Sec[i (e+-FxH2Tan[

N |

(e+fx)]+
1 1 1
np (1+np) AppellF1[1+ = (1+np), 1+np, 3,1+~ (3+np),
3+np 2

Tan[; (e+fx)]2, —Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]
(3+np) AppellFl[i (1+np), np, 3, % (3+np), Tan[l (e+-FxH2,

)/

2 1 1
~Tan[= (e+fx)]"]+2 —3Appe11F1[; (3+np), np, 4, = (5+np),
2

Tan| (e+Fx)]2, —Tan[l (e+fx)}2} +npAppe11F1[l (3+np), 1+np,
2 2 2



266 | Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)”~m (a+b (c tan)~n)~p.nb

3, 1 (5+np), Tan[l (e+-FxH2, —Tan[l
2 2

2 1 2
2<e+fx)]] Tan[;(eﬂcxﬂ -

[AppellFl[i (1+np), np, 1, % (3+np), Tan[% <e+fx)]2, —Tan[% (e+-FxH2]

(1+Tan[§ <e+'FX)]2 ’

(—2 (AppellFl[l (3+np), np, 2, : (5+np), Tan[l (e+fx”2,
2 2 2

-Tan| (e+1cx)]2] —npAppellFl[l (3+np), 1+np, 1, 1 (5+np),
2 2

Tan[

N [P N R

(e+Fx)]2, —Tan[1 (e+-FxH2} Sec|

5 (e+-Fx)]2Tan[

(e+'FXH +

N |

1

2

(1+np) AppellF1[1+l (1+np), np, 2, 1+1 (3+np),
2 2

(3+np) (—

3+np

Tan[i (e+-FxH2, ~Tan]| (e+fx)]2] Sec|

N |

(e+-Fx)]2Tan[

N |

(e+'FXH +

N |

1

1 1
np (1+np) AppellF1[1+ = (1+np), 1+np, 1,1+ = (3+np),
3+np 2 2

Tan[; (e+fx)]2, —Tan[% (e+1‘x>}2} Sec[% (e+fx”2Tan[§ <e+fx)] -
2Tan| !

<e+fx)]2 -

N |

1
2 (3+np) AppellF1[1+ = (3+np), np, 3,
5+np 2

1+1 (5+np), Tan[1 <e+fx)]2, 7Tan[1 (e+Fx)]2] Sec[E (e+Fx)]2
2 2 2 2

1
Tan[= (e+f
an[z(e+ X)]+5+np

1
np (3+np) AppellF1[1+; (3+np), 1+np,
2, 1+l (5+np), Tan[l (e+fx)]2, —Tan[l (e+FxH2] Sec{l (e+-FxH2
2 2 2 2

Tan[% (e+fx)]-np |-

(3+np) AppellFl[lJr1 (3+np),
5+np 2

1
1+np, 2,1+f(5+np),Tan[
2

N |

(e+-Fx)]2, ~Tan|

(e+fx)]7]

(1+np) (3+np)

N |

Sec[% (e+fo2Tan[

N |

.F
<e+ X)]+5+np

1 1 1 2
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N |
N |
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1 1
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1 1
_3(_ 4(3+np)AppellF1[1+*(3+np),np,5,1+
5+np 2

2Tan| (e+fx)]2
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Sec[% (e+fx)}2Tan[

N |

.F
(e+ X)]+5+np

1 1 1 2
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2 2 2
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Problem 484: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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JCos[ewa} (b (cTan[e+fx])")Pdx

Optimal (type 5, 79leaves, 2 steps):
1

f(l+np)

np
2

(Cosfe+fx]?)

. np
Hypergeometric2F1[ —,
2

N |

(1+np), = (3+np), Sinfe+fx]?| Sin[e+Ffx] (b (cTan[e+fx])")?
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Result (type 6, 5006 leaves):
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Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2] -2 (AppellFl[1 (3+np), np, 2, 1 (5+np),
2 2 2 2
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1+np3 (3+np) Cos[i <e+fx)]zsin[ (e+fx”2

1 1
AppellF1[= (1+np), np, 1, = (3+np),
2 2

N |

Tan[i (e+fx”2, —Tan[% (e+fx”2} Sec[% (e+1¢x”2
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( (3+np) AppellFi|

N |

(e+fx”2,

N |



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 271

—Tan[l (e+1cx)]2] -2 (AppellFl{l (3+np), np, 2, 1 (5+np),
2 2 2
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2 2 2

2, 1 (5+np), Tan[1 (e+fx”2, —Tan[1 <e+fx)]2] Tan[1 (e+fx”2 +
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2 2 2 2

Tan[1 (e+fx)]+

1
np (3+np) AppellF1[1+ — (3+np), 1+np,
2 5+np 2
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1 1 1
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o
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%(5+np), Tan[% <e+fx)]2, —Tan{l (e+1cx)]2] Tan[l <e+-Fx)]2J] +

2 2
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Problem 485: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

JCOS[E-%—'FX}B (b (cTan[e+fx])")Pdx

Optimal (type 5, 82 leaves, 2 steps):
o
f(l+np)

(Cos[e+fx]?) Hypergeometr‘icZFl[1 (-2+np), 1 (1+np), 1 (3+np), sinfe+fx]?]
2 2 2

Sin[e+fx] (b (cTan[e+fx])")P

Result (type 6, 10987 leaves):

np

Tan[% (e+Fx)]

21" (3+np) Tan[l (e+fx)]
2

~1+Tan[3 (e+fx 12

(e+fx)]2]

(1+Tan[1 (e+fx)]2)3]/ [(3+np) AppellFl[% (1+np), np, 1, % (3+np),
1
2

([AppellFl[

N |-

(1+np), np, 1, i (3+np), Tan[i (e+-FxH2, -Tan|

N |

2

Tan[

N |

e+-Fx)]2, ~Tan]| (e+-Fx)]2] -2 (AppellFl[1 (3+np), np, 2, 1 (5+np),
2 2

Tan[1 (e+fx)]2, —Tan[l (e+'FX)]2] 7npAppellF1[1 (3+np), 1+np, 1, :
2 2 2 2

(5+np), Tan[% (e+fx)]2, 7Tan[§ (e+fx”2}) Tan[% (e+fx)]2 -

1
(6AppellF1[ (1+np), np, 2, N (3+np), Tan|

N |

(e+Fx)]2, ~Tan|

(e+fx)]’]

N |

1
2
1
2

(1+Tan[ <e+fx)]2)2]/
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(3+np) AppellFl[l (1+np), np, 2, : (3+np), Tan[l (e+Fx”2,
2 2 2
,Tan{ ) <5+np)J

N |

(e+fx }2] +2 —2Appe11F1[1 (3+np), np, 3,
2

2 2

N R NP

Tan[l(eJrFxHZ,7Tan[1(e+fx”2}+npAppellF1[—(3+np),1+np, 2,1
2
1 2 1 2 1 2
(5+np), Tan[ = (e+fx)] ,—Tan[;(eﬁ’x”} Tan[;(e+fx)] +
2
(12Appe11F1[1(1+np),np, 3, 1(3+np>,Tan[1(e+1cx)]2,—Tan[l(emcx)]z]
2 2 2

2
(1+Tan[§ (e+fx)]2)]/
((3+np) AppellFl[% (1+np), np, 3, % (3+np), Tan[% (e+fx”2,

—Tan{l (e+FxH2] +2 (—BAppellFl[l (3+np), np, 4, = (5+np),
2 2

N[ NP

Tan{l (e+fx”2, —Tan[l (e+fx)}2} +npAppellFl|

(3+np), 1+np, 3, 1
2 2 2

(5+np), Tan[ (e+-Fx)]2, —Tan[

(e+fx)}2} Tan[% (e+Fx)]2

(e+fx)ﬁ)/

1
2

N |

(8AppellF1[1 (1+np), np, 4, 1 (3+np), Tan| (e+-Fx)]2, ~Tan|
2 2

N |
N |

((3+np) AppellFl[% (1+np), np, 4, % (3+np), Tan| (e+FxH2,
)

N |

1 2 1 1
—Tan[; (e+fx 7] +2 (—4AppellF1[£ (3+np), np, 5, 5 (5+np),

Tan[l (e+-FxH2, —Tan[l (e+fx”2} +npAppe11F1[1 (3+np), 1+np, 4, .
2 2 2

(5+np), Tan| (e+Fx)]2, ~Tan|

N |

(e+fx)}2} Tan[% (e+Fx)]2)J

Tan[e+fx] "P (b (cTan[e+fx])")? (—ljsin{?; (e+fx)] Tan[e+Fx]"P+
8

1
2

iSin[z (e+fx)]sin[3 (e+fx)] Tan[e+Ffx]"P+
8

iJ'lSin[Z <e+fx)]zsin[3 (e+fx)] Tan[e+Fx]"P -
8

1Sin[z (e+fx)]3sin[3 (e+fx)] Tan[e+Ffx]"P+
8

Cos[3 (e+fx)] (lTan[e+fx]“p+ziSin{2 (e+fx)] Tan[e+Fx]"P -
8 8

iSin[z (e+-Fx)]2Tan[e+fx]“p—lisin{z (e+-FxH3Tan[e+fx]“p) +
8 8

Cos|[2 (e+-FxH3 (ECOS[?: (e+fx)] Tan[e+fx1“p—lisin[3 (e+fx)] Tan[e+fx1“p) +
8 8
Cos |2 (e+1cx”2
7Ejsin[3 (e+fx)] Tan[e+fx}”p+isin[2 (e+fx)]sin[3 (e+fx)]| Tan[e+Ffx]"P+
8 8
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Cos[3 (e+fx)| (iTan[e+fx}”p+iiSin[2 (e+fx)] Tan[e+fx}“p)J +
8 8

Cos[2 (e+fx)] (—ijsin[3 (e+fx)] Tan[e+-Fx]”'°+iSin[2 (e+fx)]
8 4

]

Sin[3 (e+fx) Tan[e+fx]“p+zisin[2 (e+-Fx)]ZSin{3 (e+fx)] Tan[e+Fx]"P+
8

Cos[3 (e+fx)] (3Tan[e+fx}”p+ijsin[2 (e+fx)] Tan[e+Fx]"P -
8 4

gs:'m[z (e+fx)}2Tan[e+Fx}”P])]J/

1 214 1
£ (1+np) (1+Tan[2 (e+Fx)] ) [(1+np) (1+Tan[§(e+fx)]2)5
z%w<3+np)5a11(e+fo2qu1(e+fx)f[ renly te- )] )"
2 2 ~1+Tan[? (e+fx)]”
[[AppellFl[;(unp),np, 1, 1(3+np),Tan[§(e+-FxH2,—Tan[§<e+-Fx)]2}

2
(1+Tan[§ <e+fx)]2]3]/ [(3+np) AppellFl[% (1+np), np, 1, 1 (3+np),
1

Tan[l (e+-Fx)]2, ~Tan| (e+fx)]2] -2 AppellFl[1 (3+np), np,
2 2

N

2, = (5+np), Tan|

N |

N |

(e+fx)]2, —Tan[% (e+-FxH2] - npAppellFi|

1 1 2 1 2
= (3 ,1+np, 1, =~ (5+np), Tan[= (e+Fx)]", -Tan[~ (e+f
2< +np) +np 2( np) an[z(e+ XH an[2<e+ X)] }]
1 2 1 1

Tan| — (e+fx” )— (GAppellFl[; (1+np), np, 2, ; (3+np),
2
1 2 1 2 1 2\ 2

Tan[= (e+fx)]°, ~Tan[= (e+f 1+Tan|[= (e« f

an{z(e+ XH an[z(e+ XH} + an[z(e+ x)] ]/

(3+np) AppellFl[1 (1+np), np, 2, 1 (3+np), Tan[l (e+FxH2,
2 2

2 1 1
~Tan| = (e+fx) ]| +2 (72Appe11F1[; (3+np), np,3, = (5+np),
2

—

an 1 (e+fx)]2, —Tan[1 (e+fx”2} +npAppellF1[1 (3+np),1+np,
2 2 2

2,

Tan{l (e+-FxH2 +

2 2

12 AppellF1 1 (1+np), np, 3, 1 (3+np), Tan[l (e+-FxH2,
2 2

]/ (<3+np) AppellF1|

(e+-FxH2, ~Tan|

[
% (5+np), Tan[% (e+fXH2J —Tan[l <e+fx)]2}]
[

—Tan[% (e+fx>]2} 1+Tan[% (e+fx)]2

N |

(1+np), np, 3, % (3+np), Tan|

N |
N |

(e+fx)]°] +
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1 1 1 2
2 |-3AppellF1|[ = (3+np), np, 4, = (5+np), Tan[= (e+fx)]",
2 2 2

—Tan[l (e+fx)}2} +npAppellF1[1 (3+np),1+np, 3, 1 (5+np),
2 2 2
Tan[ - fe ] ]%, ~Tan[ > (e £x)]*] | Tan[ (e #x)]°)| - (appelira[
2 2 2 2
1

(1+np), np, 4, (3+np),Tan[

N |

(e+-FxH2, —Tan[i (e+fx>}2})/
1

2
(3+np) AppellF1[ = (1+np), np, 4, 1 (3+np), Tan]
2

N |

(e+'FXH2,

2
1 2 1 1
—Tan[g (e+-Fx)] | +2 —4Appe11F1[£ (3+np), np, 5, N (5+np),
1

Tan[ > (e £x)]%, ~Tan[ > (e +£x)]*] +npAppellF1[ > (3+np), 1+np, 4,
2 2 2

<5+np),Tan[

N | =

<e+fx)]2, —Tan[% (e+fx)]2] Tan[i <e+fx)]2J] -
1

(1+np) (1+Tan[§ (e+fx”2)

1 2
" 2" (3+np) Sec[; (e+fx)]

ranl 2 (e fx)] )" ; ;
__1+Tan[§ ot {(AppellFl[; (L+np), np, 1, N (3+np),
ol e, ol 000 172 02007 )/

((3+np) AppellFl[l (1+np), np, 1, : (3+np), Tan[l (e+-FxH2,
2 2 2

—Tan[l (e+Fx)]2] -2 AppellFl{1 (3+np), np, 2, 1 (5+np),
2 2

Tan| - (e+-FxH2, —Tan[l (e+fx)]2] —npAppellFl[l (3+np),1+np, 1,
2 2 2

1 (5+np), Tan| <e+fx)]2, -Tan]|
2

N |

<e+-Fx)]2 -

N |

(e+fx)]2]] Tan|

[6Appe11F1[1 (1+np), np, 2, 1 (3+np), Tan[l (e+fx)]2,
2 2 2

(e+fx>]2} (1+Tan[% (e+fx)]2J2]/

((3+np) AppellFl[1 (1+np), np, 2, 1 (3+np), Tan[l (e+1‘x)}2,
2 2 2

1
2

-Tan]|

N |

1 2 1 1
~Tan|[ = (e+fx) | ]+2(72Appe11F1[; (3+np), np, 3, N (5+np),
2
2 1 2 1
an|[= (e+fx) |, 7Tan[£ (e+fx)] }+npAppe11F1[;(3+np),1+np,
2

),Tan[l(eﬂcx)}z, —Tan[l<e+fx)]2} Tan[l(eﬂcx)}2 +
2 2 2
1 1 1 2
12 AppellF1[ = (1+np), np, 3, " (3+np),Tan[; (e+fx)]7,
2

[
1
2, —(5+np
2
[
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_Tan[i (e+fx>]2} 1+Tan[§ (e+fx)]2 ]/(<3+np) AppellF1|
;(1+np),np, 3,%(3+np),Tan[§(e+fo2, —Tan[%(e+fx)]2]+

1 1 2
—3Appe11F1[; (3+np), np, 4, ; (5+np), Tan| (e+Fx)] s

N |

-Tan

N |

2 1
(e+fx)]"] +npAppellF1[= (3+np), 1+np, 3, = (5+np),
2

N |

[
Tan[%

(e+Fx ]2, —Tan[i (e+FxH2} Tan[% (e+fx)]2) - (8AppellF1[%

)
(L+np), np, 4, % (3+np), Tan[% (e+FxH2, —Tan[% (e+fx”2})/
(3+np) AppellFl[1 (1+np), np, 4, % (3+np), Tan[% (e+FxH2,

2
1 2 1 1
~Tan|[ = (e+fx) ]| +2 74Appe11F1[; (3+np), np, 5, N (5+np),
2

Tan[% (e+fx)]2, 7Tan[§ (e+fx”2} +npAppe11F1[% (3+np),1+np, 4,
§<5+np), Tan[% <e+fx)]2, —Tan[% (e+-Fx)]2] Tan[% <e+fx)]2]] -
1 1
" 2'"Pnp (3+np) Tan|[ = (e+fx) |
(1+np) (1+Tan[§(e+fx”2) 2
Tan[i (e+-FxH e
—1+Tan[i (e+fx)]2
Sec[i(e+-Fx)]2Tan[i(e+FxH2 Sec[i(eJr-Fx)]2 }
(—1+Tan[%<e+fx)]2)2 2(—1+Tan[i(e+fx)]2)
[{AppellFl[i (L+np), np, 1, i (3+np), Tan[i (e+-FxH2,
1

—Tan[; (e+fx>]2} (1+Tan[§ (e+‘FX)]2J3J/

(<3+np) AppellFl[1 (1+np), np, 1, 1 (3+np), Tan] (e+-FxH2,
2

N |

2
)

1 2 1
—Tan[; (e+fx)]7] -2 (AppellFl[g (3+np), np, 2,

N |

(5+np),

Tan[1 (e+fx>]2, —Tan[l (e+fx)]2] —npAppellFl[l (3+np),1+np, 1,
2 2 2

; (5+np), Tan[% <e+fx)]2, —Tan[% (e+Fx)] ]] Tan[1

2
.F
6 AppellF1|

(1+np), np, 2, = ! (3+np), Tan|
2

1
2
(e+fx>]2} 1+Tan[% (e+fx) ]2]/

(e+fx)]%,

—Tan[

N | =
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(3+np) AppellF1[ = (1+np), np, 2, 1 (3+np), Tan[E (e+FxH2,
2 2

—Tan[ (e+-Fx

— N |

|*] +2 -2 AppellF1]

N |

1
<3+np>)np1 3, E (5+np),

—

an 1 (e+fx)]2, 7Tan[1 (e+Ffx
2

A }Z}JrnpAppellFl[%<3+np),1+np,

[
2, % (5+np), Tan[% (e+fx”2, —Tan[% (e+fx)]2}] Tan[% (e+fx”2 +
(12AppellF1[§ (1+np), np, 3, % (3+np), Tan[% (e+fx”2,

—Tan[% (e+fx”2} (1+Tan[§ (e+fx)]2]]/

((3+np) AppellFl[l (1+np), np, 3, 1 (3+np), Tan[l (e+-FxH2,
2 2 2

—Tan[l (e+Fx)]2] +2 (—BAppellFl[l (3+np), np, 4, 1 (5+np),
2 2

2
Tan[l(ewa)]z,—Tan[l(e+-FxH2}+npAppe11F1[l<3+np),1+np,
2 2 2
1 1 2 1 2 1 2
3, = (5 ,Tan[= (e« £x)]%, ~Tan[= (e+f Tan[= (e+f -
2( +np) an[z(e+ XH an[2<e+ x)]} an[z(e+ XH
1 1 1 2
[8AppellF1[f (1+np), np, 4, N (3+np),Tan[g (e+fx)] ,
2
—Tan[l(ewa) 2})/
2

(<3+np) AppellF1| (L+np), np, 4, 1 (3+np), Tan|
2

N |-

]
1 2

5 (e+'FXH R
)

1 2 1 1
—Tan[g (e+fx 7] +2 (—4AppellF1[£ (3+np), np, 5, 5 (5+np),

Tan[1 (e+-Fx)]2, —Tan[l (e+FxH2} JrnpAppellFl[1 (3+np), 1+np, 4,
2 2 2

§(5+np), Tan[i <e+fx)]2, —Tan[% (e+-Fx)]2] Tan[i (e+fx)]2J] _
= 24P (34 np) Tan[%(ewa)]

(1+np) (1+Tan[§ (e+fx)}2>4

Tan[%(eﬂcx)} "P

—1+Tan[i (e+1:x)]2

[{3AppellF1[1 (1+np), np, 1, : (3+np), Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2]
2 2 2 2

Sec[% (e+-Fx)]2Tan{§ (e+fx)] [1+Tan[§ (e+-FxH2]2 /
((3+np) AppellFl[% (L+np), np, 1, % (3+np), Tan[% (e+-FxH2,
)

(e+fx ]2] -2 (AppellFl[1 (3+np), np, 2,
2

—Tan[

N |

(5+np),

N |
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Tan| - (e+-Fx>]2, —Tan[l (e+fx)]2] —npAppellFl[l (3+np), 1+np, 1,
2 2 2

(5+np), Tan[l <e+fx)]2, —Tan{l (e+Fx)]2] Tan|
2 2

N |

<e+'FX>]2 +

1
2
1 1 1
[(— (1+np) AppellF1[1+ = (1+np), np, 2,1+~ (3+np),
3inp 2 2

Tan[ (e+-Fx)]2, —Tan[ (e+-FxH2} Sec[

N |

(e+-FxH2Tan[ <e+-Fx)] +

N R
N R
N R

1

np (1+np) Appe11F1[1+l (1+np), 1+np, 1,
3+np 2

1+§ (3+np), Tan[% <e+fx)]2, ,Tan[g (e+FxH2]

Sec[%(eﬂcx)]zTan[%(e+fx” ’

/

(3+np) AppellFl[1 (1+np), np, 1, 1 (3+np), Tan[l (e+FxH2,
2 2 2

[1+Tan[§ (e+-FxH2]

1 2 1 1
~Tan[ = (e+fx) ]| -2 (AppellFl[; (3+np), np, 2, N (5+np),
2

Tan|— (e+fx>]2, —Tan[l (e+fx)]2] —npAppellFl[1 (3+np), 1+np, 1,
2 2 2

N (5+np), Tan[% <e+fx)]2, —Tan{% (e+-Fx)]2]J Tan[% <e+fx)]2

12 AppellFl|— (1 +np), np, 2, — (3+np), Tan|— (e+fx , —Tan
i l ; (oo e

/

(e+fx”2,

<e+fx)]2]

N |

Sec[% (e+-Fx)]2Tan{§ (e+fx)] [1+Tan[§ (e+-FxH2]

(1+np), np, 2,%(3+np),Tan[

N |

(5+np),

—
Q
=}

N |
[p]
+
-+
X
-
|
=
Q
=]

N R
RN

(e+-FxH2} +npAppellF1[= (3+np), 1+np,
2

(5+np), Tan[1 (e+-FxH2, —Tan[
2

N |

<e+fx)]2} Tan[% (e+FxH2 -

1 1 1
[6 [— 2 (1+np) AppellF1[1+ = (1+np), np, 3,1+ (3+np),
3+np 2 2

Tan[; (e+fx)]2, —Tan[% (e+1‘x>}2} Sec[% (e+fx”2Tan[§ (e+fx)]+
1

1
np (1+np) Appe11F1[1+£ (1+np), 1+np, 2,

3+np

1+§ (3+np), Tan[% <e+fx)]2, —Tan[i (e+fx”2]

[1+Tan[§ (e+FxH2]2)/

(3+np) AppellFl[l (1+np), np, 2, 1 (3+np), Tan[l (e+-FxH2,
2 2 2

Sec[% (e+-Fx)]2Tan[§ (e+fx”
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—Tan[l(e+1‘:x)]2]+2 —2AppellF1[1(3+np>,np, 3,1(5+np),
2 2 2
Tan[l(ewa)]z,—Tan[l(e+-FxH2}+npAppe11F1[l<3+np),1+np,
2 2 2
2, l(5+np),Tan[l(e+-FxH2,—Tan[1<e+-Fx)]2}]Tan[l(e+-FxH2 +
2 2 2 2
1 1 1 2
(leppellFl[f (1+np), np,3, = (3+np), Tan[= (e+Fx)]",
2 2 2
—Tan[l(ewa) Z}Sec[l(e+fx>]2Tan[1(e+-Fx)]/
2 2 2

]
(<3+np) AppellFl[1 (L+np), np, 3, 1 (3+np), Tan[E (e+-FxH2,
2 2 2
1 2 1 1
—Tan[g (e+Fx 7] +2 —3Appe11F1[£ (3+np), np, 4, N (5+np),

Tan[1 (e+-Fx)]2, —Tan[l (e+FxH2} JrnpAppellFl[1 <3+np), 1+np,
2 2 2

3, 1 (5+np), Tan[1 (e+fx”2, 7Tan[1 (e+fx)]2} Tan[1 (e+1°x”2 +
2 2 2

1 1 1
Pz(- 3(1+np)AppellFi[1+ = (1+np), np, 4,1+~ (3+np),
3+np 2 2

Tan[% (e+fx)]2, —Tan[% (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx)]+

1

1
np (1+np) AppellF1[1+ = (1+np), 1+np, 3,
3+np 2

<e+fx)]2, —Tan{l (e+FXHZ]

N |

1+=(3+np), Tan|

1
2 2
Sec[% (e+-Fx)]2Tan[§ (e+fx)] [1+Tan[§ (e+FxH2] /
(3+np) AppellFl[1 (L+np), np, 3, % (3+np), Tan[% (e+-FxH2,

2
1 2 1 1
—Tan[g +-Fx)] | +2 (—3AppellF1[£ (3+np), np, 4, N (5+np),

(e
Tan[1 (e+-Fx)]2, —Tan[l (e+FxH2} JrnpAppellFl[1 (3+np), 1+np,
2 2 2

1 1 2 1 2 1 2
3, = (5+np), Tan|[= (e+fx)]|°, -Tan[= (e+f Tan[= (e+f -
2( np) an[z(e x) | an[z(e+ x)]7] an[z(e x) |

1 1 1
[8 (— 4 (1+np) Appe11F1[1+7(1+np),np, 5,1+ = (3+np),
3+np 2 2

Tan[% (e+fx)]2, —Tan[% (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx)]+
1

1 1
np (1+np) AppellF1[1+ = (1+np), 1+np, 4,1+~ (3+np), Tan|
3+np 2 2

|/

2 —Tan[% (e+fx>]2} Sec[% (e+-Fx)]2Tan{§ (e+fx)]

(e+fx”2,

N |

1+np), np, 4, 1 3+np), Tan|
2
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—Tan[l (e+1cx)]2] +2 —4Appe11F1[1 (3+np), np, 5, = (5+np),
2 2

(3+np), 1+np,

N R NP

Tan[l (e+1°x)]2, —Tan[l (e+-FxH2} +npAppellF1|
2 2
1
4, — (5+np), Tan[

| =

(e+-FxH2,—Tan[ <e+fx)]2} Tan (e+-FxH2 -

N)
N R

— N

N e

[AppellF1[1(1+np),np, 1,1<3+np),Tan[ e+-Fx)]2, -Tan| e+fx)]2]
2 2

N |
N |

1 2)3 1 1
+ — +fx - — + R y 2, — +np),
(1 Tan[2 (e+fx)] ) [ 2 [AppellFl[2 (3+np), np, 2 A (5+np)

Tan| (e+-FxH2, ~Tan]| (e+fx)]2] —npAppellFl[1 (3+np), 1+np,
2

N |

1, (e+fx)]2} Sec| (e+FxHZ

NP R

(5+np), Tan[l (e+FxH2, —Tan[
2

N |
N |

Tan{% (e+fx)]+ (3+np) (— (1+np) Appe11F1[1+§ (1+np),

3+np

np, 2, 1+1 (3+np), Tan[1 (e+-Fx)]2, —Tan[l (e+fx”2}
2 2 2

Sec| (e+Fx)]2Tan[

N |

(e+fx)]+ np (1+np)

N |

3+np

1 1 1 2
AppellF1[1+ = (1+np), 1+np, 1,1+;(3+np),Tan[;(e+fx)] s
2

—Tan[l (e+fx)}2} Sec[l (e+-FxH2Tan[l (e+fx)]|-
2 2 2
1 2 1 1
2Tan[ = (e+fx)|" |- 2 (3+np) AppellF1[1+ = (3+np), np, 3,
2 5+np 2
1+1 (5+np), Tan[l (e+-Fx)]2, —Tan{1 (e+Fx)]2] Sec{1 (e+Fx)]2
2 2 2 2
1 1 1
Tan[ = (e+fx) ]+ np (3+np) AppellF1[1+ = (3+np), 1+np, 2,
2 5+np 2
1+l (5+np), Tan[l (e+~FxH2, —Tan[l (e+fx>]2} Sec[1 (e+fx>]2
2 2 2 2
Tan[l(e+fo—np - (3+np)AppellF1[1+1(3+np),
2 5+np 2

1+np, 2, 1+1 (5+np),Tan[1 (e+fx)]2, —Tan[1 (e+fx”2}
2 2 2

Sec[i(e+-FxH2Tan[§<e+-Fx)]+ (1+np) (3+np)

5+np

1 1 1 2
AppellF1[1+ = (3+np), 2+np, 1, 1+; (5+np), Tan[; (e+fx)]",
2

)/

—Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]

(3+np) AppellFl[1 (1+np), np, 1, 1 (3+np), Tan[l (e+fx”2,
2 2 2

1 2 1 1 1
~Tan[ = (e+fx)| ] -2 AppellFl[; (3+np), np, 2, 5 (5+np), Tan[;
2
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(e+fx)]", -Tan[ = (e+-FxH2] —npAppellFl[l (3+np),1+np, 1,
2 2

2
= (5+np), Tan| = (e+-FxH2, —Tan[l (e+fx)]2} Tan{l (e+fx”2 +
2 2 2

[6AppellF1[ (1+np), np, 2, 1 (3+np), Tan| <e+1:x)]2, ~Tan|
2

N |

(e+fx)]’]

2 1 1
[2 (—ZAppellFl[— (3+np), np,3, = (5+np),
2 2

N
N |

(1+Tan[ <e+fx)]2

NP R

Tan[_ <e+'FX)] > *Tan{l (e+fx>}2] +npAppellF1[1 <3+np), 1+np,
2 2 2

2, = (5+np), Tan[1 (e+fx”2, —Tan[1 (e+fx)]2} Sec[1 (e+fx”2
2 2

2 2
(e+-Fx)] + (3+np) (—

Tan| 2 (1+np) AppellFl[lJrl (1+np),
2

N |

3+np

np, 3, 1+l (3+np), Tan[l (e+fx)]2, —Tan[l (e+fx”2}
2 2 2

Sec[l(eJrfx)]zTan[l(e+fx”+ np (1+np)
2 2 3+np

1 1
Appe11F1[1+7(1+np),1+np, 2,1+7(3+np),Tan[
2 2

N |

(e+1=x)]2,
—Tan[i (e+fx)}2} Sec[1 (e+-FxH2Tan[

2
2Tan[§ <e+fx)]2 [—2 (—

N |

(e+-Fx)] +

1
3 (3+np) AppellF1[1+ = (3+np),
5+np 2

1 1 2
np, 4,1+~ (5+np), Tan| = (e+fx” , ~Tan|
2 2

N |

<e+fx)]2]

Sec|

N R

2 1
(e+-FxH Tan[; <e+-Fx)] +

np (3+np)
5+np

1 1 2
AppellF1[1+ = (3+np), 1+np, 3,1+ = (5+np), Tan[= (e+Fx) ]|,
2 2

—Tan[% <e+fx)]2] Sec[1 (e+fx)]2Tan[§ (e+fx)]]|+

1
2 (3+np) AppellF1[1+ = (3+np), 1+np, 3,
5+np 2

N

np

1
1+= (5+np), Tan|
2

N |

(e+-FxH2, -Tan]|

N |

(e+fx)]7]

Sec[% (e+fx”2Tan[§ (e+fx)]+

(1+np) (3+np)
5+np

1 1 2
AppellF1[1+ — (3+np), 2+np, 2, 1+; (5+np), Tan| = (e+fx” ,
2

2
~Tan]| (e+fx)]2]5ec[ J) /

<e+-Fx)]2Tan[% (e+-FxH
1
2

(3+np) AppellF1[ = (1+np), np, 2,

NP R
N R NP

(3+np), Tan| (e+fx”2,

1
—Tan[f
2

(e+-FxH2} +
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1 1 1 2
2 [—ZAppellFl[— (3+np), np, 3, ; (5+np), Tan[; (e+fx)]7,
2

—Tan[1 (e+1°x)]2] +npAppellF1[l (3+np), 1+np, 2, 1 (5+np),
2 2 2
2
Tan[1 (e+-FxH2, —Tan[1 (e+fx)]2] Tan[1 (e+-FxH2 -
2 2

[12AppellF1[1 (1+np), np, 3, : 3+np), Tan[1 (e+fx”2, 7Tan[1 (e+fx)]2]
2 2 2 2

1 1
(2 (—BAppellFl[— (3+np), np, 4, = (5+np),
2 2

(1+Tan[§ <e+fx)]2

Tan[l (e+fx)]2, —Tan[1 (e+fx”2] +npAppe11F1[1 (3+np),1+np,
2 2 2

3, 1 (5+np), Tan[l (e+-FxH2, —Tan[l (e+fx)]2} Sec{l (e+-FxH2
2 2 2 2

Tmﬁl(e+f@]+(3+np)ﬁr 3(1+np)NmeHFH1+§(1+nP%

2 3+np

(e+fx”2}

N |

np, 4, 1+1 (3+np),Tan{1 (e+1:x)]2, -Tan]|
2 2

Sec[l(eﬂcx)]zTan[l(e+fx”+ np (1+np)

2 2 3:np
(e+-Fx)]2,

N |

1 1
Appe11F1[1+7<1+np),1+np, 3,1+7(3+np),Tan[
2 2

7Tan[§ (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx) ]|+
(e+fx)]2[—3(— 4(3+np)Appe11F1[1+%(3+np),

np, 5, 1+1 (5+np), Tan[1 (e+fx”2, —Tan[1 (e+fx)]2]
2 2 2

2Tan[
5+np

Sec[l(eJrfozTan[ (e+fx)]+ np (3+np)

2

N |

5+np

1 1 1 2
AppellF1[1+ = (3+np), 1+np, 4, 1+; (5+np), Tan[; (e+fx)]",
2

(e+-Fx)]2Tan[ (e+-FxH +

N |

(e+Fx)]"] sec|

N |

—Tan[

N =

1 1
np |- 3 (3+np) AppellF1[1+ = (3+np), 1+np, 4,
5+np 2

2 1 2
(e+fx)]7, —Tan[; (e+Fx)]7]

N |

1+f(5+np),Tan[

(e+fo2Tan[ (e+fx)]+ (1+np) (3+np)

N |

5+np

NR N R

Sec|

1 1 1 2
AppellF1[1+ = (3+np), 2+np, 3,1+~ (5+np), Tan[= (e+Fx) |,
2 2 2

)%

—Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]

(3+np) AppellFl[l (1+np), np, 3, : (3+np), Tan[l (e+-FxH2,
2 2 2
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—Tan[% (e+fx”2} +

(e+fx)]%,

1 1 1
2 [—3Appe11F1[f (3+np), np, 4, = (5+np), Tan[ =
2 2 2

2 1
-Tan]| (e+Fx)] ]+npAppellF1[; (3+np),1+np, 3, = (5+np),

N |
o N R

Tan[l(ewaHZ,—Tan[ (e+fx)]2] Tan[i(eJr-FxH2 +

2

N |

[SAppellFl[l (1+np), np, 4, 1 (3+np), Tan{l (e+fx)]2, —Tan[l (e+-FxH2]
2 2 2 2
1 1 1 2
(2 (—4AppellF1[; (3+np), np, 5, 5 (5+np), Tan[; (e+fx)]7,

1 (e+fx)}2} +npAppellF1|[= (3+np), 1+np, 4, 1 (5+np),
2 2

— N R
N

|| sec| (e+1cx)]2

N |

(e+Fx)]2, ~Tan[~ (e+fx)

N |

-mn[l(e+fx)]+(3+np) - 4<1+np>Amm1H1[1+l(1+np%
2

2 3+np
np, 5, 1+1 (3+np),Tan[1 (e+-Fx)]2, —Tan[l (e+fx)}2}
2 2 2
1 2 1
Sec[= (e+fx)| Tan[= (e+fx)]+ np (1+np)
2 2 3+np

1 1 1 2
AppellF1[1+ =~ (1+np), 1+np, 4, 1+~ (3+np),Tan[; (e+fx)]7,
2 2

—Tan[% (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx) ]|+

2Tan[1 <e+-Fx)]2 [—4 (— 5(3+np) AppellFl[lJrl (3+np),
2 2

5+np
np, 6, 1+l (5+np), Tan[l (e+-FxH2, —Tan[l <e+fx)]2]
2 2 2
1 2 1
Sec[~ (e+fx)| Tan[= (e+Fx) ]+ np (3+np)

2 2 S+np
(e+'FXH2,

N |

1 1
AppellF1[1+ = (3+np), 1+np, 5,1+ = (5+np), Tan|
2 2

—Tan[l <e+fx)]2] Sec[1 (e+-Fx)]2Tan[E (e+Fx” +
2 2 2
1 1
np |- 4 (3+np) AppellF1[1+ = (3+np), 1+np, 5,
5+np 2

1+l (5+np), Tan[l (e+FxH2, 7Tan[1 (e+fx”2}
2 2 2

Sec[i (e+'FxH2Tan[§ (e+fx)]+ 5+np(1+np) (3+np)

1 1 1 2
Appe11F1[1+; (3+np), 2+np, 4, 1+; (5+np), Tan[; (e+fx)]",

)/

(e+fx)]2Tan[ (e+fx)]

~Tan| (e+fx)]2] Sec|

N |

N |
N |
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(<3+np) AppellFl[l (1+np), np, 4, 1 (3+np), Tan[l (e+-FxH2,
2 2 2
—Tan[l (e+fx”2} +
2

1 1 2
2 (—4Appe11F1[; (3+np), np, 5, N (5+np), Tan[ = (e+fx)]",

1
2

—Tan[

N |

2 1 1
(e+fx)] ]+npAppellF1[; (3+np), 1+np, 4, g(5+np),

2 2 2

Tan[1 (e+fXH2: *Ta”[l <e*‘cx)]2] Tan[l (e+fXH2]2]]U

Problem 496: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(dCsc[ewa])"' (bTan[e + fx]?)Pdx

Optimal (type 5, 98 leaves, 4 steps):
1

7(Cos[e+fx}2)%p (dCscle+fx])"
f(l-m+2p)
. 1 1 1 .
Hypergeometric2F1[ = (1+2p), N (1-m+2p), N (3-m+2p), Sinfe+fx]?|
2

Tan[e+fx] (bTan[e+fx]?)P

Result (type 6, 2469 leaves):

1 m 3 m 1 2 1 2
[(—3+m—2p) AppellF1[=- —+p, 2p,1-m, —- —+p, Tan[= (e+Ffx) |, -Tan[= (e+Fx)|]
2 2 2 2 2 2

Cscle+fx] " (dCsc[e+fx])"Tan[e + fx]?P (bTan[eJer]z)p]/

1 m 3 m 1 2
f(-1+m-2p) |(-3+m-2p) AppellFl[;—;+p, 2p, 1-m, ;—;+p, Tan[; (e+fx)]",

—Tan[

N |

2 3.m 5 m
(e+fx)]"]+2|-(-1+m) AppellF1[=- = +p, 2p, 2-m, —- —+p,
2 2 2 2

Tan[i <e+fx)]2, ~Tan]| (e+-Fx)]2] - 2pAppellFi|

N |

i—erp, 1+2p,
2 2
(e+fx)]2]) Tan| (e+fx)]2]

5 1
2
1
2

m
1-my, —-—+p, Tan[
2

X <e+fx)]2, ~Tan|

N |
N |

{[(—1+m) (-3+m-2p) AppellFl[l—m+p, 2p, 1-m, i—m+p, Tan| (e+-FxH2,
2 2 2 2

7Tan[l (e+fx)]2} Cos[e + f x] Csc[e+fx}"‘Tan[e+fx]2p)/
2

1 m 3 m 1 2
((71+m72p) (-3+m-2p) AppellF1[ =~ - —+p, 2p,1-m, —- —+p, Tan[ = (e+fx) ]|,
2 2 2 2 2
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—Tan{l (e+1cx)]2] +2 (—(—1+m) AppellFl[z—Ter, 2p, 2-m, 5—m+p,
2 2 2 2 2

Tan[ X (e x)]%, ~Tan[ > (e+x)]*] ~2pappeltF1[> - " +p, 1+2p, 1-n,
2 2 2 2

5 m 1 2 1 2 1 2

Z-—wp,Tan[ = (e« fx) |, ~Tan[= (e+f Tan| = e+ f -

S eps Tan[ (e #x) ], <Tan[ > (e £x] ]| Tan| e+ x)]7),

(1—m) +

(-3+m-2p) Cscle+Ffx] 1" {

1 m 3 m

7—7+p)AppellF1[f—f

32 " 2 2 2 2
2 2

1

P;ZP;Z—m; -

2

_g+p, Tan| (e+1:x)]2, —Tan[% (e+-FxH2]

NN

Sec[% (e+fx)] Tan[% (e+fx)]+

3 m 5 m 1 2
AppellFl{;—;+p,1+2p,1—m, E—;+p, Tan[; (e+fx)]7,

—Tan[l (e+fx)]2] Sec[l (e+1cx)]2Tan[1 (e+fx)]

Tan[e + f x] 2P
2 2 2

/

1 m 3 m 1 2
(-1+m-2p) [(-3+m-2p) AppellF1[~- = +p, 2p,1-m, —- —+p, Tan[ = (e+Ffx)]|",
2 2 2 2 2

—Tan[

N |

2 3 m 5 m
(e+fx)]"]+2 |- (-1+m) AppellF1[=- = +p, 2p, 2-m, —- — +p,
2 2 2 2

1 2 1 2 3
Tan[;(eJr-Fx)] ,—Tan[;(eJrfo }—ZpAppellFl[g —+p,1+2p,1-m,
5 m 1 2 1 2 1 2
~-—+p,Tan[= (e« fx) |, -Tan[= (e+f Tan| = e+ f
A 2+p an[z(e+ x) | an[z(e+ x)]7] an[z(e+ x)])]Jr

(e+-FxH2,

1 m 3 m 1
{(3+m2p) AppellFl[~- = +p, 2p,1-m, —- —+p, Tan|[ =
2 2 2 2 2

—Tan[1 (e+fx)]2} Csc[e+fx] 1
2

3 m 5 m 1 2
2 (—(—1+m) AppellF1[=-—+p, 2p,2-m, —- —+p, Tan| = (e+fx) ]|,
2 2 2 2 2

1 (e+fx”2} - 2pAppellFi|

m 5
-—+p,1+2p,1-m, —- —+p,
2 2

’

— N W

(e+-Fx)]2,—Tan[§(e+-Fx) Sec[ (e+-Fx)]2Tan[

N |

(e+'FXH +

MRS s

1 m 3 m 5 m
7—7+p] AppellFl[f—erp, 2p,2-m, —-—+p,
2 2 2 2 2 2

Tan[i (e+-FxH2, ~Tan| (e+1°x)]2] Sec| (e+fx)]2Tan[

N |
N |

(e+fx)]+

N |

1

2p

1 m 3 m 5 m
———+p]Appe11F1[———+p,1+2p,1—m,———+p,
3om 2 2 2 2 2 2
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(e+-Fx)]2, —Tan[l (e+fx)}2} Sec[1 (e+-FxH2Tan[

5 5 (e+-Fx)]

+

Tan[

N |
N |

2Tan[l(e+fx)]2{—<—1+m) - ?ﬂ (2-m)

2

5 m
— - —+p,2p, 3-m,
2

2 1
(e+-Fx)] Tan[; (e+fx)}

-Tan| (e+fx)]2]5ec[ -2

N |
N |

pl-———(1-m]

5 m
= - =+
2 2 P

3 m 5 m
———+p] AppellF1[ = - ~+p, 1+2p, 2-m,
2 2 2 2

§—g+p, Tan[% (e+fx)]2, —Tan[i (e+FxH2] Sec[i (e+1°x”2

Tan[1 (e+fx)]+

1 (3
2 5_m
2 2+p

m 5 m
———+p) (1+2p) AppellF1[=- = +p,
2 2 2 2
2+2p,1-m, Z—m+p, Tan[1 <e+fx)]2, —Tan[1 (e+fx)]2]

2 2

/

1 m 3 m
(<1+m2p) ((—3+m—2p) AppellFl[ = - = +p, 2p,1-m, —- —+p,
2 2 2 2

Sec[l(eJr-Fx)]zTan[l(e+-FxH Tan[e + f x] 2P

2 2

Tan[

N |

(e+-FxH2, —Tan[i (e+fx”2} +

3 m 5 m 1 2
2 (7<71+m) AppellF1[=- —+p, 2p,2-m, —- —+p, Tan[= (e+Fx) ]|,
2 2 2 2 2

1 2 3 m 5 m
~Tan| = (e+fx)| | -2pAppellF1[= - —+p, 1+2p, 1-m, = -~ +p,
2 2 2 2 2
2
Tan[1 (e+-FxH2, —Tan[l <e+-Fx)]2] Tan[1 (e+fx>}2) -
2 2 2

1 m 3 m 1 2
(2 (-3+m-2p) pAppellF1[ = - —+p, 2p,1-m, —- —+p, Tan[= (e+fx)]|",
2 2 2 2 2
—Tan[l (e+fx)]2} Csc[e+fx}’“"‘Sec[e+fx]2Tan[e+fx]’1*2p]/
2
((—1+m—2p) (-3+m-2p) AppellFl[l—m+p, 2p, 1-m, i—m+p, Tan[l (e+-FxH2,
2 2 2 2 2

—Tan{l (e+1°x)]2] +2 |- (-1+m) AppellFl[z—Ter, 2p, 2-m, E—m+p,
2 2 2 2 2
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Tan[l(eﬂcx)]z,—Tan[l(e+fx”2}—2pAppe11F1[i—m+p,1+2p,1—
2 2 2 2
5 m 1 2 1 2 1 2
- - , Tan| — (e+fx , —Tan|— (e+fx Tan| — (e +fx
-2 tonl} (oo ronl ] (o)1l (e )|
Problem 497: Result more than twice size of optimal antiderivative.
J(dCsc[eﬂcx])’"(a+bTan[e+fx]2)pdlx
Optimal (type 6, 127 leaves, 4 steps):
1-m m 3-m , bTan[e+fx]?2
————AppellF1[~—,1-—, -p, —, -Tan[e+fx]?, - — ]
f(1-m) 2 2 2 a
2\ -p
(dCsc[e+fx])"‘(Sec[e+fx]2)’m/2Tan[e+fx} (a+bTan[e+fx]?)P 1+M
a
Result (type 6, 3031 leaves):
1 m m 3 m , bTan[e+fx]?
- [a (-3+m) AppellF1[~- —,1-—, -p, ~- —, -Tan[e+fx]?, -————————| Cos[e + fx]
2 2 2 2 2 a

m

Cot[e+fx]~/Sec[e+Ffx]? | Sin[e+fx] (a+bTan[e+-Fx}2>2pJ/

(dCscle+fx])"

3 m , bTan[e+fx]?
Jip)iiil 7Tan[e+'FX] 17—}

1 m m
f(-1+m) a(—3+m)AppellF1[g—£,1—; S,
a

3 m m 5 m , bTan[e+fx]?
2prppe11F1[———, 1-—,1-p, —-—, -Tan[e+fx]%, ——} +a (—2+
2 2 2 2 2 a
3 m m 5 m , bTan[e+fx]?
AppellFl[=-—,2-—, -p, = - —, -Tan[e+fx]?, -———————] | Tan[e + fx
2 2 2 2 2 a
1 m m 3 m , bTan[e+fx]?
-|{2ab (-3+m) pAppellF1[~-—~,1-—, -p, = - —, -Tan[e+fx]?, - — ]
2 2 2 2 2 a

m

Cotle+fx]+/Secfe+fx]? | Tan[efx)? (a+bTan[e+fX]2)1+pJ/

1 m m 3 m )
(-1+m) |a(-3+m) AppellF1[ = - —, 1-—, -p, —=- —, -Tan[e+fx]?,
2 2 2 2 2
bTan[e + fx]? 3 m m 5 m
-———————]-|2bpAppellF1[=-~,1-~,1-p, =~ —,
a 2 2 2 2 2
, bTan[e+fx]? 3 m m
~Tan[e+fx]?, -————————] +a (-2+m) AppellF1[ = - —, 2- —,
2 2 2

a

2
_bTanfe+Fx]® }J Tan[e + fx]2

5 m ,
-p, —-—, -Tan[e+fx]%,
2 2 a
1 m m 3 m , bTan[e+fx]?
a(-3+m)AppellFl[~- —,1-—, -p, —- —, -Tan[e+fx]?, - ——|
2 2 2 2 2 a
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m,

)
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]2m

(a+bTan[e+Fx]2)"]/

Cos[e+fx]? |Cot[e+fx]~/Sec[e+Tfx
1 m m 3 m X
(-1+m) |a(-3+m) AppellF1[—- —,1-—, -p, = - —, -Tan[e+fx]?,
2 2 2 2 2
bTan[e + fx]? 3 m m 5 m
-] - |2bpAppellF1[= - =, 1-=,1-p, - -,
a 2 2 2 2 2
, bTan[e+fx]? 3 m m
~Tan[e+fx]?, -—————————] +a (-2+m) AppellF1[ =~ - —, 2- —,
a 2 2 2
5 m , bTan[e+fx]? 5
-p, —-—, -Tan[e + fx] ,——} Tan[e + f X] -
2 a
1 m m 3 m , bTan[e+fx]2
a(-3+m)mAppellF1[~-—,1-—, -p, —-—, -Tan[e+fx]?, - —— |
2 2 2 2 2 a

-1+m

Cos[e+fx] |Cot[e+Ffx]/Sec[e+fx]?

Sin[e + f x] (a+bTan[e+Fx]2)p)/

( Sec[e+fx]? -Cscle+fx]%2+/Sec[e+Ffx]?

1 m m 3 m )
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Problem 498: Result unnecessarily involves higher level functions and more

—

than twice size of optimal antiderivative.

J(dCsc[ewa])m (b (cTan[e+fx])")Pdx

Optimal (type 5, 104 leaves, 4 steps):
;(Cos[eJr-Fx}z)%(lmp) (dCscle+fx])"
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npAppellFl[1 (3-m+np), 1+np, 1-m,
2

N |

(5-m+np),

2 2

Tan[i e+ £x)]2, Tan[ L <e++x)]2]] Tan| 2 (e+fx)}2]2] i



Mathematica 11.3 Integration Test Results for 4.3.7 (d trig)~m (a+b (c tan)”n)”p.nb | 295

(np (-3+m-np) AppellF1]

N |

NP —

1
1-m+np),np, 1-m, N (3-m+np),

(e+fx”2}

Cscle+ fx] 1 Sec[e+-Fx]2Tan[e+-Fx]’1+"P]/

Tan| (e+FxH2, ~Tan|

N |
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Summary of Integration Test Results

499 integration problems

A - 312 optimal antiderivatives

B - 95 more than twice size of optimal antiderivatives
C - 90 unnecessarily complex antiderivatives

D - 2 unable tointegrate problems

E - Ointegration timeouts



